(a) The equation can be expressed as sin(t)y” + cos(t)y’ + 3y =0.It’s a
linear differential equation.

(b) This is a linear differential equation.
(c) The term t/y is not linear.Thus this i$ not a linear differential equation.
(d) This is a linear differential equation.

(a) Divide through by the coefficient of ” to obtain g — % v +I'f—tf y=
0. The singular points are the points where either p(t) = —32&; or
q(t) = 12 are discontinuous. Thus, ¢ = *1, where 1 —t2 = 0, are

singular.
(b) The singular points are the points where g(t) = —t are discontinuous.
Thus, there is no singular points.

(c) Divide through by the coefficient of 3" to obtain y"'— é(i)‘ vy +£—§-t1)- y=
EW;?)' The singular points are the points where either p(t) = —é;s
or g(t) = %};‘5 are discontinuous. Thus, t = (k + )7, where kis a
integer, are singular points.

(d) The singular points are the points where g(t) = tan(t) are discontinu-
ous. Thus, t = (k + 1), where k is a integer, are singular points.

= ¢4(0)pa(t) — qS’ (0)d2(t). Then $(t) is a sol:ition ’of the
b ODEL:;;[J s(itlzce ¢T(20() )jiﬁfgzo) =10, ¥(0) = 0. Since ¢'(t) = ?_280)?51“) -
#1(036}(2) it follows that 4'(0) = 0. By corollary 5.1.1 $(t) =

—

-

1. Let p(t) be a function that has a fourth derivative on R (polynomials

satisfy this requirement). Then by Taylor’s theorem, for any real ¢ there is a
number £ between 1 and ¢ such that

j0.  Since Lis linear, CL(®))
. ) = CiL(yi(t) +Cellyz
Lo+ o) = G
= (C1+C)f(®)

on if and only ifC1+Ce=1

Thus Clyl(t) + CZU2(t) is a soluti R




!
14. Ify=e% theny = —3e~% and y” = 9¢~3¢. Thus.
1 V' + 4y + 3y = 9e73 — 1273 4 3673 = 0.
Ify=et theny = —e~tandy’ = et. Thus
Y +4y' +3y=et—4det+ 3t =0.

~3t -t
[ € _ —4¢
_3e-3 _t | = 2¢7% £ 0.

Therefore S is a fundamental set of solutions. The general Vsolution is

On the other hand, We™3%, e~ = det

y=cie” ¥ 4 cpet

3. The characteristic equation is s> = 0. There is a double characteristic
root, 0. The general solution is y = Cyt + C,.

5. The characteristic equation is s2 + 25 = 0, The characteristic roots are

+5:. The general solutionis y = C cos(5t) + Cy sin(5t).

13. The characteristic equation is 252 4 s — 1 = 0. The characteristic roots
are 3, —1. The general solution is y=Cie? 4 Chet.

—_—
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17. Let A = [ —q —p J - Then tr (A) = —p, det(A) = q. Thus the
characteristic equation of the equivalent system is s? + ps + ¢. It’s same as
the characteristic equation of the ODE. E

3 Puty = Ae?, then yf = 24e?, and " = 4Ae®. Substituting these in
the ODE, we find
4Ae? 1+ 6Ae? +24e™ =€
Cancelling €% and simplifying shows 124 = 1,50 A = 7;. The particular
solution is




4. Let L(y) = y" + 3y’ + 2y. The characteristic roots of £(y) = 0 are —1
and —2. Let us start by finding a particular solution 1 (£) of L(y) = e?. Put
y1 = Ae?. Then

L(y1) = A(4e® + 6e® + 26) = A(12e?) = &%

=1 = 12
s0 A= y; and y = 35€*.

A particular solution y3(t) of £(y) = —e™* will have the form y, = Bte™,
where

L(ys) = B((te™ — 2¢7*) + 3(~te* +e7t) + 2te™*) = B(e™!) = —e~t.
Thus B = —1 and y = —te~*. Therefore

1 -
Y=Yty =¥ —te”

11. Let L(y) = y” — 4y + 2y. The characteristic roots of L(y) = 0 are
2+ /2. Thus the general solution of Ly) = Ois yp = Ce@+V2)t 4

Cae@V2)t, Lgt Yp(t) = Ae? be a particular solution. Then ¥, = 24e%,

Y5 = 4Ae?, and therefore Lyp) = —24e* = 2 Thus 4 = -1
follows that y,(t) = —Le*, and the general solution is

y= *%ezt + Cpe2+V2)t + Cye(2-V2)t

15. Let L(y) = v — 4y + 2y. The characteristic roots of £(y) = 0 are
2+ v/2. Thus the general solution of Lly) = Ois yp = Cre+v2t |
Coe@-V2)t [ o Yp(t) = Ae® be a particular solution. Then Y, = 24e2
¥, = 4Ae%, and therefore L(yp) = —2Ae® = 2 Thys Ap = -1 I;
follows that 3,(t) = —Le?, and the general solution is y = 1% 4
CreP+V2)t 1 Crel@—VDt and o — _o2t + (24 V2)Crel@+v 4 (g _
V2)Cael2-V2)t, Substituting y(0) = 0, and 3/(0) = 0, we have

—3+C1+Cy=0 1
142+ V2, + (2 - VB, = 0 Thus C; = 1, and C, = and
the solution is

=12 1 oime 1 o/
y= 56 +‘4—€ +Ze( )

21. Let L(y) = v" + 2y’ + 2y. The characteristic roots of f‘,(y) = 0 are
—1 =+ i. Thus the general solution of L(y) = 0 is yn = e™*(C1cos(t) +
Cs sin(t)). ‘ .
Let y, (t) = A cos(t)+B sin(t) be a particular solution. Then yp = —Asin(t)+
Becos(t), yp = —Acos(t) ~ Bsin(t) and therefqre L(yp) = —Acos(t) —
Bsin(t)—2Asin(t)+2B cos(t)+2A cos(t)+2B sin(t) = (A+2B) cos(t)+
(B — 2A)sin(t) = 10sin(t). We get A+ 2B =0, and B.— 2A = 10. Thus
A = —4,and B = 2 It follows that y,(t) = —4 cos(t)+2sin(t), and the gen-
eral solution is y = —4 cos(t) +2sin(t)+e~*(C} cos(t) +.C'2 sin(t)), Hence
o = 4sin(t)+2 cos(t)+e~t(~C) cos(t)—Cq sin(t)—Ci sin(t)+C2 cos(t)).
Substituting y(0) = 0, and 3/(0) = —6, we obtain

—4+G1=0 = = —4. The solution is
Thus C; = 4, and C3 = —4. The solu
{2—-Cl+02=—6 1 .

= —4cos(t) + 2sin(t) + e~*(4 cos(t) — 4sin(t))




