
MATH 20D-A00 Problem Set #74.4.4. Find a fundamental matrix solution of the system( x0 = �x � yy0 = x� 3yLet v = �xy�. Then the above beomes v = ��1 �11 �3�, and the two independentsolutions for v will be the olumns of the fundamental matrix �. We determine v bytaking the eigenvalues and eigenvetors of the matrix A = ��1 �11 �3�. The harater-isti polynomial is s2 + 4s + 4, so there is a repeated eigenvalue of s = �2. SolvingA �12� = �2 �12� gives the pair of equations �1�2 = �21 and 1�32 = �21, bothof whih simplify to the relationship 1 = 2, so arbitrarily letting 1 = 1 we get the soleeigenvetor �11�. The general solution in suh a ase also requires a non-eigenvetor,so we �nd one arbitrarily letting 1 6= 2, for instane �01�. Then the two independentsolutions are, following the formula for solutions of matries with double roots,v1 = e�2t �11� = �e�2te�2t�v2 = e�2t ��11� t+ �01�� = � e�2tte�2t(t+ 1)�Using these as the olumns of the matrix solution, we get� = e�2t �1 t1 t+ 1�Note that other solutions are possible, using di�erent arbitrary non-eigenvalues.4.4.8. Use the method of variation of onstants to �nd a partiular solution of the systemof ODEs �x0y0�+ � 1 1�1 3� �xy� = �b1(t)b2(t)� ;and then write down the general solution. The fundamental matrix solution of theassoiated homogeneous system was found in Exerise 4.4.4.We will be �nding a solution by letting vp(t) = �(t)w(t). Substituting this in for �xy�,and using A as given in Exerise 4.4.4, we will �nd that v0p � Avp = b. Expandingvp = �w and v0p = �0w + �w0, we �nd that�w0 + �0w � A�w = bThursday, November 11, 2004 Page 1 of 5



MATH 20D-A00 Problem Set #7We onstruted � as a matrix solution to �0 = A�, so �0w � A�w = 0. Thus, theabove an be simpli�ed to �w0 = bor in other words, e�2t � w01 + w02tw01 + w02(t+ 1)� = �b1(t)b2(t)�(a) Find the general solution where �b1(t)b2(t)� = e�2t �13�.In this ase the above equation, after anelling e�2t, simpli�es to the systemw01 + w02t = 1w01 + w02(t + 1) = 3Subtrating these equations from eah otheryields that w02 = 2, and substitutingthat bak into either of the original equations gives w01 = 1 � 2t; on integrationit follows that w1 = t � t2 + C and w2 = 2t + D, so the general solution of thedi�erential equation is�xy� = vp = � �t� t2 + C2t+D � = e�2t � t2 + t+ C +Dtt2 + 3t+ C +Dt+D�(b) Find the general solution where �b1(t)b2(t)� = �2e�2t0 �.In this ase the above equation, after anelling e�2t, simpli�es to the systemw01 + w02t = 2w01 + w02(t + 1) = 0Subtrating these equations from eah otheryields that w02 = �2, and substitutingthat bak into either of the original equations gives w01 = 2+ 2t; on integration itfollows that w1 = t2 + 2t + C and w2 = �2t + D, so the general solution of thedi�erential equation is�xy� = vp = � �t2 + 2t+ C�2t +D � = e�2t ��t2 + 2t+ C +Dtt2 + C +Dt+D �4.4.10. Find the general solution of eah of the following inhomogeneous systems.(a) ( x0 = x + y + t�1y0 = �x � y()Thursday, November 11, 2004 Page 2 of 5



MATH 20D-A00 Problem Set #7The homogeneous assoiated problem, in matrix form, isv0h = � 1 1�1 �1�vhLet us all the matrix above A. The harateristi polynomial of A is s2, so A has arepeated eigenvalue of 0. Solving the equation Ab = 0 requires that b1 + b2 = 0, soarbitrarily we an �nd the eigenvetor b = � 1�1�, and hoose the non-eigenvetor  =�01�, again arbitrarily. Then the two linearly independent solutions to the homogeneousproblem are v1 = � 1�1� and v2 = � 1�1� t + �01�, so the matrix with these solutions asolumns is � = � 1 t�1 1� t�So now, let vp = �w, and by the same logi as in Exerise 4.4.8, we know that �w0 = r,where r is the vetor of nonhomogeneous terms, so in this ase:� w01 + w02t�w01 + (1� t)w02� = �t�10 �So by the seond row, w01 = (1� t)w02, whih plugged into the �rst row yields that w02 =t�1; thus w01 = 1�tt = t�1� 1. Integrating eah of these, we �nd that w1 = ln jtj� t+Cand w2 = ln jtj+D. Thus the solution isv = �w = � = � 1 t�1 1� t� �ln jtj � t + Cln jtj+D � = � (1 + t) ln jtj � t+ C +Dt�t ln jtj+ t� C +D �Dt�4.4.11. Let C be a onstant matrix, and suppose that �(t) is a matrix solution of v0 = A(t)v.Show that �C is also a matrix solution.�(t) is a matrix solution of v0 = A(t)v if and only if �0(t) = A(t)�(t), from whih itfollows that �0(t)C = A(t)�(t)C, whih we an rewrite as ddt(�(t)C) = A(t)(�(t)C), so�(t)C is also a matrix solution.2.2.1. Deide if the ODE (2x + 5y + 3)dx + (5x � 4y + 2)dy = 0 is exat; if it is, �nd anintegral.��y (2x+5y+3) = 5 and ��x(5x�4y+2) = 5, so sine these are equal, the ODE is exat.The integral will have the form F (x; y) = R 2x + 5y + 3dx = x2 + 5xy + 3x + H(y).We know that �F�y must be 5x � 4y + 2, so sine �F�y = 5x + H 0(y), it follows thatH 0(y) = 2� 4y, so H(y) = 2y� 2y2+C. Thus sine F (x; y) is a onstant, the solutionis x2 + 5xy + 3x + 2y � 2y2 + C = 0.2.2.2. Deide if the ODE ydx+ (x + y)dy = 0 is exat; if it is, �nd an integral.Thursday, November 11, 2004 Page 3 of 5



MATH 20D-A00 Problem Set #7��yy = 1 and ��x(x+ y) = 1. Sine these are equal, the ODE is exat. The integral willhave the form F (x; y) = R ydx = xy+H(y). We know that �F�y must be x+ y, so sine�F�y = x+H 0(y), it follows that H 0(y) = y, so H(y) = 12y2 +C. Thus sine F (x; y) is aonstant, the solution is xy + 12y2 + C = 0.2.2.15. Find an integrating fator for the ODE (x2 + xy2 + 1)dx+ 2ydy = 0, and use it todetermine an integral.Let us multiply both sides by some m(x), then ompare the partials. ��y [m(x)(x2 +xy2 + 1)℄ = 2m(x)xy, while ��x(2m(x)y) = 2ym0(x). Thus, for exatnes,s it must betrue that 2m(x)xy = 2ym0(x), whih, with terms anelled, beomes m0(x) = xm(x),so using the solution to a linear (or separable) di�erential equation we an �nd thatm(x) = ex22 . Then our di�erential equation, in exat form, beomes(x2 + xy2 + 1)ex22 dx+ 2yex22 dy = 0We will perform the easier of the two integrations, and let F (x; y) = R 2yex22 dy =y2ex22 +H(x) We know that �F�x must be (x2+xy2+1)ex22 , so sine �F�x = xy2ex22 +H 0(x),it follows that H 0(x) = (x2 + 1)ex22 . Integrating this is rather involved, we start byintegrating R x2ex22 dx by parts with u = x and dv = xex22 dx to get xex22 � R ex22 dx;rearranging, we �nd that R x2ex22 + ex22 dx = xex22 + C, so that is the value of H(x).Thus the solution of the integral is x(y2 + 1)ex22 + C = 0.2.2.16. Find an integrating fator for the ODE xdy�(y�x)dx = 0, and use it to determinean integral.Multiplying eah term by m(x) and taking partials, we �nd that ��x(m(x)x) = m(x) +xm0(x) and ��y [�(y � x)m(x)℄ = �m(x), so our exatness riterion is that m(x) +xm0(x) = �m(x), so m0(x) = � 2xm(x), whih is a linear (or separable) di�erentialequation with solution m = x�2, so the exat form of the ODE is 1xdy�( yx2 � 1x)dx = 0.Thus F (x; y) = R 1xdy = ln jxj+H(x). We know that �F�x must be yx2 � 1x .2.2.22. Show that if y0 = f(x; y) is a separable ODE, with f(x; y) = g(x)h(y), then [h(y)℄�1is an integrating fator for dy � f(x; y)dx = 0:Thus, the method for solving separable ODEs is a speial ase of the integrating fatormethod.Multiplying dy � g(x)h(y)dx = 0 by the fator 1h(y) yields dyh(y) � g(x)dx = 0. To showthat this is exat, note that ��x 1h(y) = 0 and ��y (�g(x) = 0. Sine these are equal, theresulting di�erential equation is exat, so our multiplier served as an integrating fator.2.2.23. Write the linear ODE, y0 + p(x)y = q(x) in the equivalent formdy + [p(x)y � q(x)℄dx = 0;Thursday, November 11, 2004 Page 4 of 5



MATH 20D-A00 Problem Set #7and �nd a one-variable integrating fator m(x).Considering m(x)dy + [p(x)y � q(x)℄m(x)dx = 0, let us observe that ��xm(x) = m0(x)and ��y [p(x)y � q(x)℄m(x) = p(x)m(x). Thus our m(x) is subjet to the di�erential equation m0(x) = p(x)m(x), whih is alinear (or separable) di�erential equation with solution m(x) = eR p(x)dx.4.3.1. Find the reiproal of 2 + i.We multiply by the omplex onjugate to make the denominator real:12 + i = 2� i(2 + i)(2� i) = 2� i5 = 25 � 15i4.3.3. Find the sixth roots of 1 and loate them on the omplex plane.1 = e2�ni, so 6p1 = e 2�ni6 = e�3 n. For values of n from 0 to 5, this takes on the followingvalues: 1, 12 + p32 i, �12 + p32 i, �1, �12 � p32 i, and 12 � p32 i.4.3.5. Show that je�+i!j = e�je�+i!j = je�(os! + i sin!)j = je�j � j os! + i sin!j. Notie that j os! + i sin!j =pos2 ! + sin2 ! = 1, so the above is simply je�j, and sine � is real, this is positive,so it is simply e�.
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