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ABSTRACT. In this article we present a coherent rigorous overview of the main proper-
ties of Sobolev-Slobodeckij spaces of sections of vector bundles on compact manifolds;
results of this type are scattered through the literature and can be difficult to find. A spe-
cial emphasis has been put on spaces with noninteger smoothness order, and a special
attention has been paid to the peculiar fact that for a general nonsmooth domain €2 in R”,
0<t<l,and1 < p < oo, it is not necessarily true that W1?(Q2) < WHP(Q). This
has dire consequences in the multiplication properties of Sobolev-Slobodeckij spaces
and subsequently in the study of Sobolev spaces on manifolds. We focus on establish-
ing certain fundamental properties of Sobolev-Slobodeckij spaces that are particularly
useful in better understanding the behavior of elliptic differential operators on compact
manifolds. In particular, by introducing notions such as “geometrically Lipschitz at-
lases” we build a general framework for developing multiplication theorems, embedding
results, etc. for Sobolev-Slobodeckij spaces on compact manifolds. To the authors’
knowledge, some of the proofs, especially those that are pertinent to the properties of
Sobolev-Slobodeckij spaces of sections of general vector bundles, cannot be found in
the literature in the generality appearing here.
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2 A. BEHZADAN AND M. HOLST

1. INTRODUCTION

Suppose s € R and p € (1,00). With each nonempty open set 2 in R™ we can
associate a complete normed function space denoted by W*P((2) called the Sobolev-
Slobodeckij space with smoothness degree s and integrability degree p. Similarly, given
a compact smooth manifold M and a vector bundle £ over M, there are several ways to
define the normed spaces W*?(M) and more generally W*?(E). The main goal of this
manuscript is to review these various definitions and rigorously study the key properties
of these spaces. Some of the properties that we are interested in are as follows:

e Density of smooth functions

e Completeness, separability, reflexivity
e Embedding properties

e Behavior under differentiation

e Being closed under multiplication by smooth functions

u e WP pis smooth — pu € WP,

e Invariance under change of coordinates

ue WP T is adiffeomorphism — uoT € WP,

e Invariance under composition by a smooth function

we WP, Fis smooth = F(u) e W#P.

As we shall see, there are several ways to define W*P(E). In particular, ||u||ysrx) can
be defined using the components of the local representations of u with respect to a fixed
augmented total trivialization atlas A, or it can be defined using the notion of connection
in /. Here are some of the questions that we have studied in this paper regarding this
issue:

e Are the different characterizations that exist in the literature equivalent? If not,
what is the relationship between the various characterizations of Sobolev-Slobodeckij
spaces on M ?

e In particular, does the corresponding space depend on the chosen atlas (more pre-
cisely the chosen augmented total trivialization atlas) used in the definition?

e Suppose f € W*P(M). Does this imply that the local representation of f with
respect to each chart (U, o) is in W*P(p,(U,))? If g is a metric on M and g €
W*P, can we conclude that g;; o @' € WP(p,(U,))?

e Suppose that P : C°(M) — C>°(M) is a linear differential operator. Is it possible to
gain information about the mapping properties of P by studying the mapping proper-
ties of its local representations with respects to charts in a given atlas? For example,
suppose that the local representations of P with respect to each chart (U, ¢, ) in an
atlas is continuous from W*? (¢, (U,)) to W?(p,(U,)). Is it possible to extend P
to a continuous linear map from W*? (M) to WP (M)?

To further motivate the questions that are studied in this paper and the study of the key
properties mentioned above, let us consider a concrete example. For any two sets A
and B, let Func(A, B) denote the collection of all functions from A to B. Consider the
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differential operator
div, : C*°(T'M) — Func(M,R), divy X = (tr o sharp, o V o flat) X,

on a compact Riemannian manifold (), g) with g € W*P. Let {(U,, ¢.)} be a smooth
atlas for M. It can be shown that for each «

(divgX) 0 it = L2 [(Vdetga) (X7 03],
V/det g, Ox7
j=1 “

where g, () is the matrix whose (4, j)-entry is (g;; 0 ¢, )(x). As it will be discussed in
detail in Section 10, we call Q : C*°(p,(U,), R™) — Func(p, (U, ), R) defined by

0°(Y) = ;ﬁ%[(@)@ﬂﬂ

J/

-

Qs (v9)
the local representation of div, with respect to the local chart (U,, p,). Let’s say we
can prove that for each v and j, Q5 maps Wi (¢ (Ua)) to W H9(4(U,)). Can we

conclude that div, maps W*(T'M) to W %9(M)? And how can we find exponents e
and ¢ such that

Q;y W (palUa)) — We_l’q(90a<Ua))
is a well-defined continuous map? We will see how the properties we mentioned above
play a key role in answering these questions.

Since W°?(Q) = LP(1), Sobolev-Slobodeckij spaces can be viewed as a generaliza-
tion of classical Lebesgue spaces. Of course, unlike Lebesgue spaces, some of the key
properties of W*P(Q) (for s # 0) depend on the geometry of the boundary of 2. Indeed,
to thoroughly study the properties of WP ()) one should consider the following cases
independently:

(1) Q = R”
2a)bounded
2b)unbounded

3a)bounded
3b)unbounded

Let us mention here four facts to highlight the dependence on domain and some atypical
behaviors of certain fractional Sobolev spaces. Let s € (0,00) and p € (1, 00).

e Fact 1:

(2) €21is an arbitrary open subset of R” {

(3) €2 is an open subset of R™ with smooth boundary {

. a . S, n s—1, n

is a well-defined bounded linear operator.
e Fact 2: If we further assume that s # i and 2 has smooth boundary then

. 8 . S, s—1,

is a well-defined bounded linear operator.
e Fact3: If 5 < s, then
WHP(R™) < WP (R™).
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e Fact4: If 2 does NOT have Lipschitz boundary, then it is NOT necessarily true that
WP(Q) — W5P(Q)

for0 < 5 < 1.

Let M be an n-dimensional compact smooth manifold and let {(U.,, ¢,)} be a smooth
atlas for M. As we will see, the properties of Sobolev-Slobodeckij spaces of sections of
vector bundles on M are closely related to the properties of spaces of locally Sobolev-
Slobodeckij functions on domains in R". Primarily we will be interested in the prop-
erties of W%P(p,(U,)) and WP (o, (U,)). Also, when we want to patch things to-
gether consistently and move from “local” to “global”, we will need to consider spaces
WP (0o (Uy NUg)) and W*P(ps(U, N Up)). However, as we pointed out earlier, some
of the properties of W*?()) depend heavily on the geometry of the boundary of €.
Considering that the intersection of two Lipschitz domains is not necessarily a Lipschitz

domain, we need to consider the following question:

e Isitpossible to find an atlas such that the image of each coordinate domain in the atlas
(and the image of the intersection of any two coordinate domains in the atlas) under
the corresponding coordinate map is either the entire R™ or a nonempty bounded set
with smooth boundary? And if we define the Sobolev spaces using such an atlas, will
the results be independent of the chosen atlas?

This manuscript is an attempt to collect some results concerning these questions and
certain other fundamental questions similar to the ones stated above, and we pay special
attention to spaces with noninteger smoothness order and to general sections of vector
bundles. There are a number of standard sources for properties of integer order Sobolev
spaces of functions and related elliptic operators on domains in R" (cf. [2, 18, 34]), real
order Sobolev spaces of functions ([21, 41, 37, 32, 11]), Sobolev spaces of functions
on manifolds ([42, 25, 4, 26]), and Sobolev spaces of sections of vector bundles on
manifolds ([33, 17]). However, most of these works focus on spaces of functions rather
than general sections, and in many cases the focus is on integer order spaces. This paper
should be viewed as a part of our efforts to build a more complete foundation for the
study and use of Sobolev-Slobodeckij spaces on manifolds through a sequence of related
manuscripts [7, 8, 9].

Outline of Paper. In Section 2 we summarize some of the basic notation and con-
ventions used throughout the paper. In Section 3 we will review a number of basic
constructions in linear algebra that are essential in the study of function spaces of gen-
eralized sections of vector bundles. In Section 4 we will recall some useful tools from
analysis and topology. In particular, a concise overview of some of the main properties
of topological vector spaces is presented in this section. Section 5 deals with reviewing
some results we need from differential geometry. The main purpose of this section is to
set the notation, definitions, and conventions straight. This section also includes some
less well-known facts about topics such as higher order covariant derivatives in the con-
text of vector bundles. In Section 6 we collect the results that we need from the theory
of generalized functions on Euclidean spaces and vector bundles. Section 7 is concerned
with various definitions and properties of Sobolev spaces that are needed for developing
a coherent theory of such spaces on the vector bundles. In Section 8 and Section 9 we
introduce Lebesgue spaces and Sobolev-Slobodeckij spaces of sections of vector bun-
dles and we present a rigorous account of their various properties. Finally in Section 10
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we study the continuity of certain differential operators between Sobolev spaces of sec-
tions of vector bundles. Although the purpose of sections 3 through 7 is to give a quick
overview of the prerequisites that are needed to understand the proofs of the results in
later sections and set the notation straight, as it was pointed out earlier, several theorems
and proofs that appear in these sections cannot be found elsewhere in the generality that
are stated here.

2. NOTATION AND CONVENTIONS

Throughout this paper, R denotes the set of real numbers, N denotes the set of positive
integers, and Ny denotes the set of nonnegative integers. For any nonnegative real num-
ber s, the integer part of s is denoted by |s|. The letter n is a positive integer and stands
for the dimension of the space.

(2 is a nonempty open set in R™. The collection of all compact subsets of 2 will be
denoted by K(€2). Lipschitz domain in R™ refers to a nonempty bounded open set in R"
with Lipschitz continuous boundary.

Each element of Nj is called a multi-index. For a multi-index oo = (v, - -+ , o) € N,
we let
o o] :==a;+ -+ ap,
o al =04l

() = mam= () ()

Suppose that o € Njj. For sufficiently smooth functions « : 2 — R (or for any distribu-
tion u) we define the ath order partial derivative of u as follows:

0 ooy
U = =———.
a1 n
ox{'---0x&

We use the notation A < B to mean A < ¢B, where c is a positive constant that
does not depend on the non-fixed parameters appearing in A and B. We write A ~ B if
A< Band B < A.

If o, p € NI, we say 5 < « provided that 5; < o; forall 1 < < n.If < a, we let

For any nonempty set X and r € N, X*" stands for X x --- x X.

For any two nonempty sets X and Y, Func(X,Y") denotes the collection of all func-
tions from X to Y.

We write L(X,Y’) for the space of all continuous linear maps from the normed space
X to the normed space Y. L(X, R) is called the (topological) dual of X and is denoted by
X*. We use the notation X — Y to mean X C Y and the inclusion map is continuous.

GL(n, R) is the set of all n x nn invertible matrices with real entries. Note that GL(n, R)
can be identified with an open subset of R™ and so it can be viewed as a smooth manifold
(more precisely, GL(n,R) is a Lie group).

Throughout this manuscript, all manifolds are assumed to be smooth, Hausdorff, and
second-countable.

Let M be an n-dimensional compact smooth manifold. The tangent space of the man-
ifold M at point p € M is denoted by 7),M, and the cotangent space by T;M. If
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(U, = (z")) is a local coordinate chart and p € U, we denote the corresponding coor-
dinate basis for 7,,M by 0;|, while % « denotes the basis for the tangent space to R™ at
r = ¢(p) € R™; that is,

0
7 ozt
Note that for any smooth function f : M — R we have
0
ai -1 == : -1 .
(0if) o &ﬁﬁow )

The vector space of all k-covariant, [-contravariant tensors on 7, M is denoted by T}*(T,,M ).
So, each element of 7}*(T,,M) is a multilinear map of the form

F:\T;M><-~~><T;MJ><\T],M><~~><TPMJ%R.

~\~ VT
[ copies k copies

We are primarily interested in the vector bundle of (’;) -tensors on M whose total space
1s
THM) = || THT,M).
peEM

A section of this bundle is called a (¥)-tensor field. We set TM = T¥(M). TM
denotes the tangent bundle of M and 7™ M is the cotangent bundle of M. We set

(M) = C>(M,T}(M)) = collection of smooth (]f )-tensor fields on M
and
X(M) = C*(M,TM) = the collection of smooth vector fields on M .

A symmetric positive definite section of 72 is called a Riemannian metric on M. If
M is equipped with a Riemannian metric g, the combination (M, g) will be referred to as
a Riemannian manifold. If there is no possibility of confusion, we may write (X,Y’) in-
stead of g(X,Y’). The norm induced by ¢ on each tangent space will be denoted by ||. ||,
We say that g is smooth (or the Riemannian manifold is smooth) if g € C* (M, T?M).

d denotes the exterior derivative and grad : C*°(M) — C°°(M,TM) denotes the
gradient operator which is defined by g(grad f, X)) = d f(X) for all f € C°°(M) and
X € C®(M, TM).

Given a metric g on M, one can define the musical isomorphisms as follows:

flat, : T,M — Ty M
X=X =g(X, ),
sharp,, : TyM — T,M
¥ pf = flat ! (¥) .

Using sharp, we can define the (g) -tensor field g~! (which is called the inverse metric
tensor) as follows

g~ (th1,12) 1= g(sharp, (v1), sharp, (112)) .

Let { E;} be a local frame on an open subset U C M and {n'} be the corresponding dual
coframe. So we can write X = X'F; and v = ;n". It is standard practice to denote the
™™ component of flat, X by X; and the i*" component of sharp g(@/)) by ¢

flat, X = X;n', sharp ¢y = ¢'E; .
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It is easy to show that

X =gy X7, ' =g"Y;,
where g;; = g(E;, E;) and g = g~ '(n*, ). It is said that flat, X is obtained from X by
lowering an index and sharp, is obtained from ¢ by raising an index.

3. REVIEW OF SOME RESULTS FROM LINEAR ALGEBRA

In this section we summarize a collection of definitions and results from linear algebra
that play an important role in our study of function spaces and differential operators on
manifolds.

There are several ways to construct new vector spaces from old ones: subspaces, prod-
ucts, direct sums, quotients, etc. The ones that are particularly important for the study of
Sobolev spaces of sections of vector bundles are the vector space of linear maps between
two given vector spaces, the tensor product of vector spaces, and the vector space of all
densities on a given vector space which we briefly review here in order to set the notation
straight.

e Let V and IV be two vector spaces. The collection of all linear maps from V' to W is
a new vector space which we denote by Hom(V, W). In particular, Hom(V, R) is the
(algebraic) dual of V. If V and W are finite-dimensional, then Hom(V, W) is a vector
space whose dimension is equal to the product of dimensions of V' and W. Indeed, if
we choose a basis for V' and a basis for IV, then Hom(V, W) is isomorphic with the
space of matrices with dim W rows and dim V' columns.

e Let U and V' be two vector spaces. Roughly speaking, the tensor product of U and V'
(denoted by U @ V') is the unique vector space (up to isomorphism of vector spaces)
such that for any vector space W, Hom(U ® V, W) is isomorphic to the collection of
bilinear maps from U x V' to W. Informally, U @ V' consists of finite linear combinations
of symbols u ® v, where u € U and v € V. Itis assumed that these symbols satisfy the
following identities:

(U1 +u) @V —u Qv —us v =0,
u® (V1 4+ 1) UV —u®Rvy =0,
a(u®@v) — (au) ®@v =10,
a(u®v) —u® (aw) =0,
for all u, uy,us € U, v,v1,v9 € V and a € R. These identities simply say that the map
R:UXxV-URV, (u,v)—u®u,
is a bilinear map. The image of this map spans U @ V.

Definition 3.1. Let U and V be two vector spaces. Tensor product is a vector space
U ® V together with a bilinear map @ : U x V. — U ® V, (u,v) — u ® v such that
given any vector space W and any bilinear map b : U x V. — W, there is a unique
linear map b : U @ V — W with b(u ® v) = b(u,v). That is, the following diagram
commutes:

UV

bJ
UxV — W
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For us, the most useful property of the tensor product of finite dimensional vector
spaces is the following property:

Hom(V,IW) =2V @ W .

Indeed, the following map is an isomorphism of vector spaces:

F:V*®@W — Hom(V, W), Fuo'@w) (v)= ' (v)] w.
an element of Hom(V, W) a real number

It is useful to obtain an expression for the inverse of ' too. That is, given T’ €
Hom(V, W), we want to find an expression for the corresponding element of V* & V.
To this end, let {e; }1<;<, be a basis for V and {e’},<;<,, denote the corresponding dual
basis. Let {s,}1<q< be a basis for W. Then {¢’ ® s} is a basis for V* @ . Suppose
D ia Rl ® s, is the element of V* @ W that corresponds to 7. We have

F() Rie®s,)=T=YuecV Y RiFle'®s,)(u)=T(u)

—=VueV Z Rée'(u)s, = T(u) .
In particular, forall 1 < 5 <mn,

T(e;) = ZR“ “ e] ZRGSG.

1,a 51
J

That is, R? is the entry in the o row and i"* column of the matrix of the linear trans-
formation 7'.

e Let 1 be an n-dimensional vector space. A density on Visafunctionp: V X --- x V —
————

n copies

R with the property that
w(Twvy, - To,) = |detT|u(vy, -+ o),

for all T € Hom(V, V).

We denote the collection of all densities on V' by D(V). It can be shown that D(V') is
a one dimensional vector space under the obvious vector space operations. Indeed, if

(e1,--+ ,ey,) is a basis for V, then each element ;1 € D(V') is uniquely determined by
its value at (e, - - - ,e,) because for any (vy,--- ,v,) € VX", we have (v, - ,v,) =
|detT'|uu(eq, - ,e,) where T : V' — V is the linear transformation defined by 7'(e;) = v;

forall 1 < i < n. Thus
F:DV) =R, F(p) =pler, - ,en),

will be an isomorphism of vector spaces.

Moreover, if w € A™(V)) where A"(V) is the collection of all alternating covariant
n-tensors, then |w| belongs to D(V'). Thus if w is any nonzero element of A™(V'), then
{|w|} will be a basis for D(V) ([31], Page 428).
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4. REVIEW OF SOME RESULTS FROM ANALYSIS AND TOPOLOGY

4.1. Euclidean Space. Let ) be a nonempty open set in R"” and m € N,. Here is a list
of several useful function spaces on 2:

C(Q)={f:Q—R: fis continuous}
C"() ={f:Q=>R:V]a|<m 0feC(Q)} (CY(Q) = C(Q))
BC(R2) ={f :Q — R: fis continuous and bounded on 2}
BC™(Q)={feC™Q):V|a] <m 0%fisbounded on Q}
BC(Q) ={f:Q—=>R: fe BC(Q)and f is uniformly continuous on Q}
(Q) ={f:Q—=>R: feBC"Q),Y|a|<m 0“fis uniformly continuous on {2 }
Q=) C™Q), BC*(Q)= () BC™(Q), BC¥(Q)= () BC™(
meNy meNy meNy

Remark 4.1. (2] If g : Q@ — R is in BC (Q), then it possesses a unique, bounded,
continuous extension to the closure <) of 2.

Notation : Let () be a nonempty open set in R”. The collection of all compact sets in €2
is denoted by K(2). If f : 2 — R is a function, the support of f is denoted by supp f.
Notice that, in some references supp f is defined as the closure of {x € Q : f(z) # 0}
in €2, while in certain other references it is defined as the closure of {x € Q0 : f(z) # 0}
in R". Of course, if we are concerned with functions whose support is inside an element
of K(£2), then the two definitions agree. For the sake of definiteness, in this manuscript
we always use the former interpretation of support. Also, support of a distribution will
be discussed in Section 6.

Remark 4.2. If F(2) is any function space on 2 and K € K(S), then F(€)) denotes
the collection of elements in F(S)) whose support is inside K. Also,

}—C(Q> = comp U -FK

Kek()

Let 0 < A\ < 1. A function F : Q C R® — R* is called \-Holder continuous if there
exists a constant L such that

|F(z) = F(y)| < Llz —y[* Ya,yeQ.

Clearly, a A-Holder continuous function on 2 is uniformly continuous on 2. 1-Holder
continuous functions are also called Lipschitz continuous functions or simply Lipschitz
functions. We define

BC™ Q) ={f:Q —=R:V|a| <m 0“f is \-Holder continuous and bounded}
={f e BC™(Q):V]a|] <m 0”fis \-Holder continuous }
={f € BC™Q):Y]a| <m 0°fis \-Holder continuous}

and
BC¥(Q) == (] BC™(Q)

meENy

Remark 4.3. Let F : Q CR" — R¥ (F = (F',--- | F*)). Then
Fis Lipschit; <= V1 <i <k F'is Lipschitz .
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Indeed, for each 1

|[Fi(x) = F'(y)| < ZIFJ W)? = [F(z) = F(y)| < Llz —yl,

which shows that if F'is szschltz so will be its components. Also, if for each 1, there
exists L; such that ' '
|F(x) = F'(y)| < Ll =y,

then

ZIF] Hy)|? < nlPle -yl
where L = max{Lq,- -, Lk}. This proves that if each component of F' is Lipschitz so
is F itself.

Theorem 4.4. [24] Let ) be a nonempty open set in R" and let K € K(2). There is a
function i € C°(Q) taking values in [0, 1] such that 1 = 1 on a neighborhood of K.

Theorem 4.5 (Exhaustion by Compact Sets). [24] Let () be a nonempty open subset of
R™. There exists a sequence of compact subsets (K;);en such that UjenK; = Q and

Ky CKyCKyC--CK;CK;C-
Moreover, as a direct consequence, if K is any compact subset of the open set (2, then
there exists an open set V such that K C'V CV C Q.

Theorem 4.6. [24] Let 2 be a nonempty open subset of R". Let { K;};en be an exhaus-
tion of ) by compact sets. Define
Vo = K, VieN Vi=Kju\K;.
Then
(1) each V; is an open bounded set and €} = U;V/,

(2) the cover {V;}jen, is locally finite in ), that is, each compact subset of () has nonempty
intersection with only a finite number of the V;’s,
(3) there is a family of functions 1p; € C°(Q) taking values in [0, 1] such that supp 1); C
V; and
Zz/)j(x)zl forallx € Q.
Jj€Ng

Theorem 4.7 ([19], Page 74). Suppose 2 is an open set in R" and G : Q@ — G(Q) C
R" is a C'-diffeomorphism (i.e. G and G=' are both C* maps). If f is a Lebesgue
measurable function on G(Q), then f o G is Lebesgue measurable on Q. If f > 0 or
f e LYG()), then

/ f(x)dx=/foG(x)\derG’(g;)ux.
G() Q

Theorem 4.8 ([19], Page 79). If f is a nonnegative measurable function on R™ such that
f(x) = g(|z|) for some function g on (0, 00), then

[ sayie = otsmy | " gty dr,

where o(S™1) is the surface area of (n — 1)-sphere.
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Theorem 4.9. ([3], Section 12.11) Suppose U is an open set in R" and [ : U — R is
differentiable. Let x and y be two points in U and suppose the line segment joining x and
y is contained in U. Then there exists a point z on the line joining x to y such that

fy) = f(@) =V [(z).(y —2).
As a consequence, if U is convex and all first order partial derivatives of f are bounded,

then f is Lipschitz on U.

Warning: Suppose f € BC*(U). By the above item, if U is convex, then f is Lipschitz.
However, if U is not convex, then f is not necessarily Lipschitz. For example, let U =
U y(n,n + 1) and define

f:U—R, flx)=(-D)",Vx e (n,n+1).

Clearly, all derivatives of U are equal to zero, so f € BC*°(U). But f is not uniformly
continuous and thus it is not Lipschitz. Indeed, forany 1 > § > 0, wecanletx = 2—§/4
and y = 2+ §/4. Clearly |x — y| < 6, however, |f(z) — f(y)| = 2.

Of course, if f € C}(U), then f can be extended by zero to a function in C}(R").
Since R™ is convex, we may conclude that the extension by zero of f is Lipschitz which
implies that f : U — R is Lipschitz. As a consequence, C}(U) C BC%(U) and
C>(U) C BC*'(U). Also, Theorem 7.27 and the following theorem provide useful
information regarding this issue.

Theorem 4.10. Let U C R™ and V C R* be two nonempty open sets and let T : U — V
(T = (T",---,T%)) be a C" map (that is, for each 1 < i < k, T* € C'(U)). Suppose
B C U is a bounded set such that B C B C U. Then'l' : B — V is Lipschitz.

Proof. By Remark 4.3 it is enough to show that each T" is Lipschitz on B. Fix a function
¢ € C%(R") such that ¢ = 1 on B and ¢ = 0 on R™\ U. Then ©T" can be viewed as an
element of C}(R™). Therefore, it is Lipschitz (R is convex) and there exists a constant
L, which may depend on ¢, B and 1%, such that

T (x) — T (y)| < Llz —y| Y,y e R".
Since ¢ = 1 on B, it follows that
T (x) = T'(y)| < Lz —y| Vz,yeB.

4.2. Normed Spaces.

Theorem 4.11. Let X and Y be normed spaces. Let A be a dense subspace of X and B
be a dense subspace of Y. Then

e AX Bisdensein X xXY;

o ifT : Ax B — Risa continuous bilinear map, then T has a unique extension to a
continuous bilinear operatorT : X XY — R.

Theorem 4.12. [2] Let X be a normed space and let M be a closed vector subspace of
X.

(1) If X is reflexive, then X is a Banach space.
(2) X is reflexive if and only if X* is reflexive.
(3) If X* is separable, then X is separable.
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(4) If X is reflexive and separable, then so is X*.
(5) If X is a reflexive Banach space, then so is M.
(6) If X is a separable Banach space, then so is M.

Moreover, if X1,--- , X, are reflexive Banach spaces, then X, X - - - X X, equipped with
the norm
(1, = Nl + -+ el x,

is also a reflexive Banach space.

4.3. Topological Vector Spaces. There are different, generally nonequivalent, ways to
define topological vector spaces. The conventions in this section mainly follow Rudin’s
functional analysis [36]. Statements in this section are either taken from Rudin’s func-
tional analysis, Grubb’s distributions and operators [24], excellent presentation of Reus

[35], and Treves’ topological vector spaces [39] or are direct consequences of statements
in the aforementioned references. Therefore we will not give the proofs.

Definition 4.13. A topological vector space is a vector space X together with a topology
T with the following properties:
(i) For all x € X, the singleton {x} is a closed set.
(ii) The maps
(x,y) —z+y (from X x X into X),
(A, z) = Az (fromR x X into X),

are continuous where X X X and R x X are equipped with the product topology.

Definition 4.14. Suppose (X, 7) is a topological vector space and Y C X.

e Y is said to be convex if for all y;,y» € Y and t € (0, 1) it is true that ty; + (1 — t)y, €
Y.

e Y is said to be balanced if for ally € Y and |\| < 1 it holds that \y € Y. In particular,
any balanced set contains the origin.

o We say Y is bounded if for any neighborhood U of the origin (i.e. any open set contain-
ing the origin), there exits t > 0 such that Y C tU.

Theorem 4.15 (Important Properties of Topological Vector Spaces).
e Every topological vector space is Hausdorff.

e If (X, 7) is a topological vector space, then
(1) foralla € X: E € 1 <= a+ E € 7 (that is, T is translation invariant),
(2) forall \ € R\ {0}: E € 71 <= \E € 7 (that is, T is scale invariant),
(3) if A C X is convex and x € X, then sois A + =,
(4) if {A;}ier is a family of convex subsets of X, then N;c; A; is convex.

Note: Some authors do not include condition (i) in the definition of topological vector
spaces. In that case, a topological vector space will not necessarily be Hausdorff.

Definition 4.16. Let (X, 7) be a topological space.

e A collection B C T is said to be a basis for T, if every element of T is a union of elements
in B.
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o Letp € X. If v C 7 is such that each element of v contains p and every neighborhood
of p (i.e. every open set containing p) contains at least one element of vy, then we say y
is a local base at p. If X is a vector space, then the local base vy is said to be convex if
each element of v is a convex set.

e (X, 7) is called first-countable if each point has a countable local base.
e (X, 1) is called second-countable if there is a countable basis for T.

Theorem 4.17. Let (X, 7T) be a topological space and suppose for all © € X, v, is a
local base at x. Then B = U, cx", is a basis for T.

Theorem 4.18. Let X be a vector space and suppose T is a translation invariant topology
on X. Then for all x1,r5 € X we have

the collection 7y, is a local base at x1 <= the collection {A + (z2 — 1)} A, is a local base at x5
Remark 4.19. Let X be a vector space and suppose T is a translation invariant topology

on X. As a direct consequence of the previous theorems the topology T is uniquely
determined by giving a local base vy, at some point x, € X.

Definition 4.20. Ler (X, T) be a topological vector space. X is said to be metrizable if
there exists a metric d : X x X — [0, 00) whose induced topology is T. In this case we
say that the metric d is compatible with the topology T.

Theorem 4.21. Let (X, 7) be a topological vector space.

o X is metrizable <= there exists a metric d on X such that forall v € X, {B(z, 1)} en
is a local base at x.

e A metric d on X is compatible with T <= forall x € X, {B(x, %)}neN is a local base
at x.

(B(z, %) is the open ball of radius % centered at x.)

Definition 4.22. Let X be a vector space and d be a metric on X. d is said to be
translation invariant provided that

Vo,y,a€ X  d(x+a,y+a)=d(z,y).

Remark 4.23. Let (X, T) be a topological vector space and suppose d is a translation
invariant metric on X. Then the following statements are equivalent:

(1) Forallz € X, {B(z, %)}neN is a local base at x.
(2) There exists xo € X such that { B(xy, %)}neN is a local base at x.

Therefore, d is compatible with T if and only if { B(0, %)}neN is a local base at the origin.

Theorem 4.24. Let (X, ) be a topological vector space. Then (X, T) is metrizable if
and only if it has a countable local base at the origin. Moreover, if (X, T) is metrizable,
then one can find a translation invariant metric that is compatible with 7.

Definition 4.25. Let (X, 7) be a topological vector space and let {x,} be a sequence in
X.

e We say that {x,} converges to a point x € X provided that
vUer,zeU dN Vn>N =xz,€U.

e We say that {x,} is a Cauchy sequence provided that
vUer,0eU dN Vmn>N xz,—x,€U.
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Theorem 4.26. Let (X, 7) be a topological vector space, {x,} be a sequence in X, and
x,y € X. Also suppose v is a local base at the origin. The following statements are
equivalent:

(1) v, - x

(2) (x, —x) =0

(3) zn+y—>x+y

(4)vVVey dN Vn>N x,—xz€V

Moreover, {x,} is a Cauchy sequence if and only if
vVey dN Vonm>N x,—z,€V.

Remark 4.27. In contrast with properties like continuity of a function and convergence
of a sequence which depend only on the topology of the space, the property of being a
Cauchy sequence is not a topological property. Indeed, it is easy to construct examples
of two metrics dy and dy on a vector space X that induce the same topology (i.e. the
metrics are equivalent) but have different collection of Cauchy sequences. However, it
can be shown that if d, and ds are two translation invariant metrics that induce the same
topology on X, then the Cauchy sequences of (X, d;) will be exactly the same as the
Cauchy sequences of (X, d).

Theorem 4.28. Let (X, T) be a metrizable topological vector space and d be a transla-
tion invariant metric on X that is compatible with T. Let {x,} be a sequence in X. The
following statements are equivalent:

(1) {x,} is a Cauchy sequence in the topological vector space (X, T).
(2) {x,} is a Cauchy sequence in the metric space (X, d).

Definition 4.29. Let (X, 7) be a topological vector space. We say (X, 1) is locally
convex if it has a convex local base at the origin.

Note that, as a consequence of theorems (4.15) and (4.18), the following statements
are equivalent:

(1) (X, 7) is alocally convex topological vector space.
(2) There exists p € X with a convex local base at p.
(3) For every p € X there exists a convex local base at p.

Definition 4.30. Let (X, 7) be a metrizable locally convex topological vector space. Let
d be a translation invariant metric on X that is compatible with 7. We say that X is
complete if and only if the metric space (X, d) is a complete metric space. A complete
metrizable locally convex topological vector space is called a Frechet space.

Remark 4.31. Our previous remark about Cauchy sequences shows that the above defi-
nition of completeness is independent of the chosen translation invariant metric d. Indeed
one can show that the locally convex topological vector space (X, T) is complete in the
above sense if and only if every Cauchy net in (X, T) is convergent.

Theorem 4.32. ([13], Page 63) A linear continuous bijective mapping of a Frechet space
X onto a Frechet space Y has a continuous linear inverse.

Definition 4.33. A seminorm on a vector space X is a real-valued functionp : X — R
such that

i Vo,ye X plr+y) <plr)+py)
i. Vze XVaeR  plax) = |alp(x)



SOBOLEV SPACES ON COMPACT MANIFOLDS 15

If P is a family of seminorms on X, then we say P is separating provided that for all
x # 0 there exists at least one p € P such that p(x) # 0 (that is, if p(x) = 0 for all
p € P, then x = 0).

Remark 4.34. It follows from conditions (i) and (ii) that if p : X — R is a seminorm,
then p(x) > 0 forall x € X.

Theorem 4.35. Suppose P is a separating family of seminorms on a vector space X.
Forallp € Pandn € N let

Vip,n):={re X :p(x) < %}
Also, let 7y be the collection of all finite intersections of V (p,n)’s. That is,
Acy<=3keN, 3p,- ,pr €P, Ing, - ,np € N such that A = 0F_,V(p;,n;)
Then each element of 7y is a convex balanced subset of X. Moreover, there exists a unique

topology T on X that satisfies both of the following properties:

(1) T is translation invariant (that is, if U € T and a € X, thena+ U € 7).
(2) v is a local base at the origin for T.

This unique topology is called the natural topology induced by the family of seminorms
P. Furthermore, if X is equipped with the natural topology T, then

i) (X, ) is a locally convex topological vector space,
ii) every p € P is a continuous function from X to R.

Theorem 4.36. Suppose P is a separating family of seminorms on a vector space X. Let
T be the natural topology induced by P. Then

(1) 7 is the smallest topology on X that is translation invariant and with respect to
which every p € P is continuous,

(2) T is the smallest topology on X with respect to which addition is continuous and
every p € P is continuous.

Theorem 4.37. Let X and Y be two vector spaces and suppose P and Q are two sepa-
rating families of seminorms on X and Y, respectively. Equip X and Y with the corre-
sponding natural topologies.

(1) A sequence x,, converges to x in X if and only if for all p € P, p(x, — x) — 0.

(2) A linear operator T : X — Y is continuous if and only if

Vge @ Jec>0,keN, p1,--,pxr €P  suchthat Vxre X |qu(x)|§clrga<xkpi(x).

(3) A linear operator T : X — R is continuous if and only if

Je>0,keN, p1,-- ,pr €P suchthat Yr e X |T(x)| <cmax p;(z).

1<i<k
Theorem 4.38. Let X be a Frechet space and let Y be a topological vector space. When
T is a linear map of X into Y, the following two properties are equivalent:
(1) T is continuous.
(2) x, > 0in X = Tx, > 0inY.

Theorem 4.39. Let P = {py.}ren be a countable separating family of seminorms on a
vector space X. Let T be the corresponding natural topology. Then the locally convex
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topological vector space (X, T) is metrizable and the following translation invariant
metric on X is compatible with T:

Let (X, 7) be alocally convex topological vector space. Consider the topological dual

of X,
X*:={f: X — R: fislinear and continuous} .

There are several ways to topologize X*: the weak® topology, the topology of convex
compact convergence, the topology of compact convergence, and the strong topology
(see [39], Chapter 19). Here we describe the weak* topology and the strong topology on
X*.
Definition 4.40. Let (X, 7) be a locally convex topological vector space.

e The weak™ topology on X* is the natural topology induced by the separating family of
seminorms {p, }.cx where

VeeX  p,: X" =R, p(f):=1f(2)].

A sequence { f,,} converges to f in X* with respect to the weak* topology if and only if
fm(z) = f(x)inR forall x € X.

o The strong topology on X* is the natural topology induced by the separating family of
seminorms {pp } B Xboundea Where for any bounded subset B of X

pg: X" — R pe(f) :=sup{|f(z)|: z € B}.

(It can be shown that for any bounded subset B of X and f € X*, f(B) is a bounded
subset of R.)

Remark 4.41.

(1) If X is a normed space, then the topology induced by the norm
vieX®  |flle= Sup | ()]
x||x=1

on X* is the same as the strong topology on X* ([39], Page 198).

(2) In this manuscript we always consider the topological dual of a locally convex topo-
logical vector space with the strong topology. Of course, it is worth mentioning that
for many of the spaces that we will consider (including X = £(Q) or X = D(Q)
where () is an open subset of R") a sequence in X* converges with respect to the
weak™ topology if and only if it converges with respect to the strong topology (for more
details on this see the definition and properties of Montel spaces in section 34.4, page
356 of [39]).

The following theorem, which is easy to prove, will later be used in the proof of
completeness of Sobolev spaces of sections of vector bundles.

Theorem 4.42 ([35], Page 160). If X and Y are topological vector spaces and I :
X - Yand P : Y — X are continuous linear maps such that P o I = idy, then
I: X — I(X) CY is a linear topological isomorphism and 1(X) is closed in Y .

Now we briefly review the relationship between the dual of a product of topological
vector spaces and the product of the dual spaces. This will play an important role in our
discussion of local representations of distributions in vector bundles in later sections.
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Let Xy, .-, X, be topological vector spaces. Recall that the product topology on X; X
-+ x X, is the smallest topology such that the projection maps

T‘—k:Xlx"'XXr%ka 7Tk(£17'“7x7‘):xk7

are continuous for all 1 < k < r. It can be shown that if each X} is a locally convex
topological vector space whose topology is induced by a family of seminorms P, then
X7 x -+ x X, equipped with the product topology is a locally convex topological vector
space whose topology is induced by the following family of seminorms

{prom~+- - +pom pp €PVI<k<r}.

Theorem 4.43 ([35], Page 164). Let X4,--- , X, be locally convex topological vector
spaces. Equip Xy X --- X X, and X{ X - - - x X with the product topology. The mapping
L:X{x- - x X (Xyx--xX,)* defined by

f}(ul,--~ JUp) =Up0m + -+ U0,
is a linear topological isomorphism. Its inverse is
L) = (Woir, -+ ,v0i,),
where forall 1 < k <, i : X — Xy X -+ X X, is defined by
ir(z) = (0,---,0, Z ,0,-+-,0).
kth position

The notion of adjoint operator, which frequently appears in the future sections, is
introduced in the following theorem.

Theorem 4.44 ([35], Page 163). Let X and Y be locally convex topological vector
spaces and suppose ' : X — Y is a continuous linear map. Then

(1) the map
T Y* = X* <T*y7$>X*><X = <y,T§C>y*Xy,
is well-defined, linear, and continuous. (T is called the adjoint of T'.)
(2) If T(X) is dense in'Y, then T* : Y* — X* is injective.

Remark 4.45. In the subsequent sections we will focus heavily on certain function spaces
on domains () in the Euclidean space. For approximation purposes, it is always desirable
to have D(Q)(= C°(2)) as a dense subspace of our function spaces. However, there is
another, may be more profound, reason for being interested in having D(S)) as a dense
subspace. It is important to note that we would like to use the term “function spaces” for
topological vector spaces that can be continuously embedded in D' () (see Section 6 for
the definition of D'())) so that concepts such as differentiation will be meaningful for
the elements of our function spaces. Given a function space A(SY) it is usually helpful to
consider its dual too. In order to be able to view the dual of A(S2) as a function space we
need to ensure that [A(Q)]* can be viewed as a subspace of D'(Q)). To this end, according
to the above theorem, it is enough to ensure that the identity map from D(2) to A(Q) is
continuous with dense image in A(f2).

Let us consider more closely two special cases of Theorem 4.44.

(1) Suppose Y is a normed space and H is a dense subspace of Y. Clearly, the identity
map ¢ : H — Y is continuous with dense image. Therefore, :* : Y* — H* (F' —
F|p) is continuous and injective. Furthermore, by the Hahn-Banach theorem for all
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@ € H* there exists F' € Y* such that F|y = ¢ and ||F|ly- = ||¢|lg-. So the
above map is indeed bijective and Y* and H* are isometrically isomorphic. As an
important example, let {2 be a nonempty open set in R”, s > 0, and 1 < p < oc.
Consider the space W;*(Q2) (see Section 7 for the definition of W (2)). C°(Q) is
a dense subspace of W;?(Q). Therefore, W=7 (Q) := [W;P(Q)]* is isometrically
isomorphic to [(C(Q), ||.||s,)]*. In particular, if ' € W~ (Q), then

|F(v)]
| E|ly-sw' () =  Sup .
W) T peczo) Ul

(2) Suppose (Y, ||.||y) is a normed space, (X, 7) is a locally convex topological vector
space, X C Y, and the identity map i : (X,7) — (Y, ||.||y) is continuous with dense
image. Soi* : Y* — X* (F — F|x) is continuous and injective and can be used to
identify Y* with a subspace of X™.

e Question: Exactly what elements of X* are in the image of ¢*? That is, which
elements of X* “belong to” Y*?
e Answer: ¢ € X* belongs to the image of ¢* if and only if ¢ : (X, |.|ly) —

R is continuous, that is, ¢ € X* belongs to the image of ¢* if and only if

SUPzex\ {0} Hﬁfﬁ' < 00.

So, an element ¢ € X* can be considered as an element of Y* if and only if
(@)l _
zex\(oy [[zlly
Furthermore if we denote the unique corresponding element in Y* by ¢ (normally we
identify ¢ and ¢ and we use the same notation for both) then since X is dense in Y
2(y)| (@)

|@lly= = sup = sup “—~4 < oo
yeY\{0} ||yHy zeX\{0} ||ZL"HY

Remark 4.46. 7o sum up, given an element ¢ € X* in order to show that ¢ can
o ()]

be considered as an element of Y we just need to show that sup,c x\ (o} Ty <
and in that case, norm of  as an element of Y™ is sup,¢ x\ oy %. However, it is

important to notice that if ' : Y — R is a linear map, X is a dense subspace of Y,
and F|x : (X,||.|ly) — R is bounded, that does NOT imply that F' € Y*. It just
shows that there exists G € Y* such that G|x = F|x.

We conclude this section by a quick review of the inductive limit topology.

Definition 4.47. Let X be a vector space and let { X, } nc1 be a family of vector subspaces
of X with the property that
e for each o € I, X, is equipped with a topology that makes it a locally convex
topological vector space, and
o U, Xo = X.
The inductive limit topology on X with respect to the family { X, }ac; is defined to be
the largest topology with respect to which

(1) X is a locally convex topological vector space, and
(2) all the inclusions X, C X are continuous.

Theorem 4.48. ([35], Page 161) Let X be a vector space equipped with the inductive
limit topology with respect to { X, } as described above. If Y is a locally convex vector
space, then a linear map T : X — Y is continuous if and only if T'|x, : Xo — Y is
continuous for all o € 1.
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Theorem 4.49. ([35], Page 162) Let X be a vector space equipped with the inductive
limit topology with respect to {X,} as described above. A convex subset W of X is a
neighborhood of the origin (i.e. an open set containing the origin) in X if and only if for
all a, the set W N X, is a neighborhood of the origin in X,,.

Theorem 4.50. ([35], Page 165) Let X be a vector space and let { X} cn, be a nested
family of vector subspaces of X :

XoCXi G- CX;Coee

Suppose each X is equipped with a topology that makes it a locally convex topological
vector space. Equip X with the inductive limit topology with respect to {X;}. Then the
following topologies on X" are equivalent (=they are the same):

(1) The product topology
(2) The inductive limit topology with respect to the family { X" }. (For each j, X"
is equipped with the product topology.)
As a consequence, if Y is a locally convex vector space, then a linear mapT : X*" — Y
is continuous if and only if T'| v xr ij — Y is continuous for all j € Ny.
J

5. REVIEW OF SOME RESULTS FROM DIFFERENTIAL GEOMETRY

The main purpose of this section is to set the notation and terminology straight. To
this end we cite the definitions of several basic terms and a number of basic properties
that we will frequently use. The main reference for the majority of the definitions is one
of the invaluable books by John M. Lee ([31]).

5.1. Smooth Manifolds. Suppose M is a topological space. We say that M is a topolog-
ical manifold of dimension n if it is Hausdorff, second-countable, and locally Euclidean
in the sense that each point of M has a neighborhood that is homeomorphic to an open
subset of R". It is easy to see that the following statements are equivalent ([31], Page
3):

(1) Each point of M has a neighborhood that is homeomorphic to an open subset of R".
(2) Each point of M has a neighborhood that is homeomorphic to an open ball in R".
(3) Each point of M has a neighborhood that is homeomorphic to R".

By a coordinate chart (or just chart) on M we mean a pair (U, ), where U is an
open subset of M and ¢ : U — Uisa homeomorphism from U to an open subset
U = p(U) C R™ U is called a coordinate domain or a coordinate neighborhood of
each of its points and ¢ is called a coordinate map. An atlas for ) is a collection of
charts whose domains cover M. Two charts (U, ) and (V1) are said to be smoothly
compatible if either UNV = () or the transition map o1 is a C*°-diffeomorphism. An
atlas A is called a smooth atlas if any two charts in .A are smoothly compatible with each
other. A smooth atlas A on M is maximal if it is not properly contained in any larger
smooth atlas. A smooth structure on )/ is a maximal smooth atlas. A smooth manifold
is a pair (M, .A), where M is a topological manifold and A is a smooth structure on M.
Any chart (U, ¢) contained in the given maximal smooth atlas is called a smooth chart.
If M and N are two smooth manifolds, a map /' : M — N is said to be a smooth
(C*°) map if for every p € M, there exist smooth charts (U, ¢) containing p and (V1))
containing F'(p) such that F(U) C V and ¢ o F o o' € C*®(p(U)). It can be shown
that if F' is smooth, then its restriction to every open subset of M is smooth. Also, if
every p € M has a neighborhood U such that F'|;; is smooth, then F' is smooth.
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Remark 5.1.

o Sometimes we use the shorthand notation M™ to indicate that M is n-dimensional.

o Clearly, if (U, ) is a chart in a maximal smooth atlas and V' is an open subset of

U, then (V1)) where 1 = |y is also a smooth chart (i.e. it belongs to the same
maximal atlas).

e Every smooth atlas A for M is contained in a unique maximal smooth atlas, called

the smooth structure determined by A.

o If M is a compact smooth manifold, then there exists a smooth atlas with finitely

many elements that determines the smooth structure of M (this is immediate from the
definition of compactness).

Definition 5.2.

o We say that a smooth atlas for a smooth manifold M is a geometrically Lipschitz

(GL) smooth atlas if the image of each coordinate domain in the atlas under the cor-
responding coordinate map is a nonempty bounded open set with Lipschitz boundary.

o We say that a smooth atlas for a smooth manifold M" is a generalized geometrically

Lipschitz (GGL) smooth atlas if the image of each coordinate domain in the atlas
under the corresponding coordinate map is the entire R" or a nonempty bounded
open set with Lipschitz boundary.

o We say that a smooth atlas for a smooth manifold M" is a nice smooth atlas if the

image of each coordinate domain in the atlas under the corresponding coordinate
map is a ball in R".

o We say that a smooth atlas for a smooth manifold M" is a super nice smooth atlas if

the image of each coordinate domain in the atlas under the corresponding coordinate
map is the entire R".

o We say that two smooth atlases {(Uy, 00 ) }acr and {(Us, $5)} ses for a smooth man-

ifold M" are geometrically Lipschitz compatible (GLC) smooth atlases provided
that each atlas is GGL and moreover for all o € I and 5 € J with U, N 05 # 0,
0o (UaNUg) and $5(U,NUg) are nonempty bounded open sets with Lipschitz bound-
ary or the entire R™.

Clearly, every super nice smooth atlas is also a GGL smooth atlas; every nice smooth

atlas is also a GL smooth atlas, and every GL smooth atlas is also a GGL smooth atlas.

Also, note that two arbitrary GL smooth atlases are not necessarily GLC smooth atlases
because the intersection of two Lipschitz domains is not necessarily Lipschitz (see e.g.

[5], pages 115-117).

Given a smooth atlas {(U,, ¢,)} for a compact smooth manifold M, it is not neces-

sarily possible to construct a new atlas {(U,, Po)} such that this new atlas is nice; for

instance if U,, is not connected we cannot find ¢, such that ¢, (U,) = R" (or any ball in
R™). However, as the following lemma states, it is always possible to find a refinement

that is nice.

Lemma 5.3. Suppose {(U,, ¢a) }1<a<n is a smooth atlas for a compact smooth manifold

M. Then there exists a finite open cover {V}1<s<r, of M such that

V5 1 <a(f) <N st Vs CUyp), @ap(Vp)isaballinR™.
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Therefore, {(Vs, ua(s)lvs) }1<p<L is a nice smooth atlas.

Proof. Foreach1 < o < N and p € U,, there exists 7, > 0 such that B, (¢.(p)) C
Pa(Us). Let Vap := 03" (Br,, (9a(P))- Uicacy Uper, Vap is an open cover of M and
so it has a finite subcover { Vo, -+, Vayp, }- Let Vg = Vi, p,. Clearly, Vg C Uy, and
®as(Va) is a ball in R,

Remark 5.4. Every open ball in R" is C*°-diffeomorphic to R". Also, compositions of
diffeomorphisms is a diffeomorphism. Therefore, existence of a finite nice smooth atlas
on a compact smooth manifold, which is guaranteed by the above lemma, implies the
existence of a finite super nice smooth atlas.

Lemma 5.5. Let M be a compact smooth manifold. Let {U,}1<o<n be an open cover
of M. Suppose C' is a closed set in M (so C is compact) which is contained in Ug
for some 1 < B < N. Then there exists an open cover {A,}1<a<n of M such that
C CAg gAﬁ C Ugand A, C A, C U, forall o # p.

Proof. Without loss of generality we may assume that 5 = 1. Foreach1 < o < N
and p € U,, there exists 7, > 0 such that By, (¢a(p)) € ¢a(Us). Let Vg, =
ot (Bro, (a(p))). Cleatly, p € Vo, C V,, C U,. Since M is compact, the open
cover |J,.,<n U, e, Vap of M has a finite subcover A. For each 1 < o < N let
E,={peU,:V,, € A} and

L ={a:E,#0}.

If « € I, welet W, = | Vap. For a & I, choose one point p € U, and let

Wy = Vap.
C' is compact so 1(C') is a compact set inside the open set ¢, (U;). Therefore, there
exists an open set I3 such that

©1(C) C BC BCp(l).
Let W = ¢, }(B). Clearly, C C W C W C U,. Now Let
Ay =w i,
A, =W, Va>1.

pEE.

Clearly, A; contains W which contains C'. Also, union of A,’s contains fovzl Up6 £, Vap
which is equal to M. Closure of a union of sets is a subset of the union of closures of

those sets. Therefore, for each o, A, C U, O

Theorem 5.6 (Exhaustion by Compact Sets for Manifolds). Let M be a smooth manifold.
There exists a sequence of compact subsets (K ;) jen such that UjeNf(j =M, f(jﬂ \K; #
0 for all j and

Ky CKyCKy € CKCR;Caee

Definition 5.7. A C'™ partition of unity on a smooth manifold is a collection of nonneg-
ative C* functions {1, : M — R} ,ca such that

(i) the collection of supports, {supp s }aca is locally finite in the sense that every
point in M has a neighborhood that intersects only finitely many of the sets in
{Supp wa}aEA-

(i) D nea Vo = 1.

Given an open cover {U, }aca of M, we say that a partition of unity {14 }aca is subor-
dinate to the open cover {U, }oca if supp b, C U, for every o € A.
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Theorem 5.8. ([44], Page 146) Let M be a compact smooth manifold and {U, },ca an
open cover of M. There exists a C* partition of unity {1, }neca subordinate to {U, } oe a.
(Notice that the index sets are the same.)

Theorem 5.9. ([44], Page 347) Let {U, } ac 4 be an open cover of a smooth manifold M.

(i) There is a C™ partition of unity {py}3, with every o, having compact support
such that for each k, supp o C U, for some o € A.

(ii) If we do not require compact support, then there is a C* partition of unity {1, }aca
subordinate to {U, } 4e a-

Remark 5.10. Let M be a compact smooth manifold. Suppose {U, }oc 4 is an open cover
of M and {1s, }aca is a partition of unity subordiante to {U, } e a-

o Forallm e N, {1/?01 =5 %:wm} is another partition of unity subordinate to {Uy, } e a-
ac @

o If {Vs}sen is an open cover of M and {&g} is a partition of unity subordinate to
{Vis}sen, then {1a&s}(apycaxp is a partition of unity subordinate to the open cover
{Ua N VB}(a,B)eAxB-

Lemma 5.11. Let M be a compact smooth manifold. Suppose {U,}1<a<n is an open
cover of M. Suppose C'is a closed set in M (so C'is compact) which is contained in Ug
for some 1 < B < N. Then there exists a partition of unity {\, }1<a<n subordinate to
{Ua}lsoé]v such that 1[)5 =1lonC.

Proof. We follow the argument in [16]. Without loss of generality we may assume J = 1.
We can construct a partition of unity with the desired property as follows: Let A, be a
collection of open sets that covers M and such that C C A; C A, C U, and for a > 1,
A, € A, C U, (see Lemma 5.5). Let n, € C>°(U,) be such that 0 < 7, < 1 and
Ne = 1 on a neighborhood of A,. Of course Zgzl 7)o 18 not necessarily equal to 1 for all
x € M. However, if we define ¢; = n; and for o > 1

Vo =1l —m) - (1= na-1),
by induction one can easily show that for 1 <[ < N

1—2%_ T—m)---(1—n).
In particular,
1—2%— L—m)--(1—ny) =0,

since for each x € M there exists « such that x € A, and so 7, (x) = 1. Consequently,

SN . =1 0

5.2. Vector Bundles, Basic Definitions. Let M/ be a smooth manifold. A (smooth real)
vector bundle of rank r over M is a smooth manifold F together with a surjective
smooth map 7 : £ — M such that

(1) foreach x € M, E, = 7=~ !(x) is an r-dimensional (real) vector space,
(2) for each x € M, there exists a neighborhood U of z in M and a smooth map
p=(p -, p") from E|y := 771 (U) onto R" such that
e forevery z € U, p|g, : E, — R” is an isomorphism of vector spaces,
o &= (7|g,,p): By — U x R is a diffeomorphism.
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We denote the projection onto the last 7 components by 7’. So 7’ o & = p. The expres-
sions “F is a vector bundle over M”, or “E — M is a vector bundle”, or “m : E — M
is a vector bundle” are all considered to be equivalent in this manuscript.

If 7 : E — M is a vector bundle of rank r, U is an open set in M, p : Fy =
7Y U) = R and ® = (7|g,,p) : By — U x R" satisfy the properties stated in item
(2), then we refer to both @ : £y — U x R"and p : Ey — R" as a (smooth) local
trivialization of £ over U (it will be clear from the context which one we are referring
to). We say that F|y is trivial. The pair (U, p) (or (U, ®)) is sometimes called a vector
bundle chart. It is easy to see that if (U, p) is a vector bundle chart and ) # V' C U is
open, then (V, p|g,, ) is also a vector bundle chart for £. Moreover, if V' is any nonempty
open subset of M, then £y is a vector bundle over the manifold V. We say that a triple
(U, ¢, p) is a total trivialization triple of the vector bundle 7 : £ — M provided that
(U, ¢) is a smooth coordinate chart and p = (p',- -+, p") : Eyy — R" is a trivialization of
E over U. A collection {(U,, ¢a, pa)} is called a total trivialization atlas for the vector
bundle £ — M provided that for each «, (U,, ¢4, pa) is a total trivialization triple and
{(Ua, ¢a)} is a smooth atlas for M.

Lemma 5.12. ([31],Page 252) Let m : E — M be a smooth vector bundle of rank r over
M. Suppose ® : 77 (U) - U x R" and ¥ : 7= 4(V) — V x R" are two smooth local
trivializations of E with U NV # (). There exists a smoothmap 7 : U NV — GL(r,R)
such that the composition

PoVU ! (UNV)xR = (UNV)xR"

has the form
® o0 (p,v) = (p,7(p)v).

Remark 5.13. Let E be a vector bundle over an n-dimensional smooth manifold M.
Suppose {(Uy, Pa, Pa) tacr is a total trivialization atlas for the vector bundle 7 : E —
M. Then for each o € I, the mapping

Ey, = 7T_l(UOz) - Spa(UOJ x R" C Rn—i—r’ St (9004(”(5))7 pa(s))

will be a coordinate map for the manifold E over the coordinate domain Ey_,. The
collection {(Ey,, (¢a © T, pa)) tacr will be a smooth atlas for the manifold E.

The following statements show that any vector bundle has a total trivialization atlas.

Lemma 5.14. ([45], Page 77) Let E be a vector bundle over an n-dimensional smooth
manifold M (M does not need to be compact). Then M can be covered by n + 1 open
sets Vo, - -, V,, where the restriction E|y; is trivial.

Theorem 5.15. Let E be a vector bundle of rank r over an n-dimensional smooth man-
ifold M. Then E — M has a total trivialization atlas. In particular, if M is compact,
then it has a total trivialization atlas that consists of only finitely many total trivialization
triples.

Proof. Let Vy,--- ,V,, be an open cover of M such that F is trivial over Vs with the
mapping ps : By, — R". Let {(Ua, ¥a) }acr be a smooth atlas for M (if M is compact,
the index set I can be chosen to be finite). Foralla € I and 0 < 3 < nlet W,5 =
Us N Vs Let J = {(a,8) : Wag # 0}. Clearly, {(Was, Pag, Pas)}(a,8es Where
Pap = g0a|Wa5 and p,5 = p5|ﬂ_1(Wa5) is a total trivialization atlas for £ — M. [

Definition 5.16.
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o We say that a total trivialization triple (U, p, p) is geometrically Lipschitz (GL) pro-
vided that p(U) is a nonempty bounded open set with Lipschitz boundary. A total
trivialization atlas is called geometrically Lipschitz if each of its total trivialization
triples is GL.

e We say that a total trivialization triple (U, v, p) is nice provided that p(U) is equal to
a ball in R™. A total trivialization atlas is called nice if each of its total trivialization
triples is nice.

e We say that a total trivialization triple (U, p, p) is super nice provided that ¢(U)
is equal to R™. A total trivialization atlas is called super nice if each of its total
trivialization triples is super nice.

e A total trivialization atlas is called generalized geometrically Lipschitz (GGL) if
each of its total trivialization triples is GL or super nice.

e We say that two total trivialization atlases {(Un, Yo, po) }acr and {(Us, &, ps)} ses
are geometrically Lipschitz compatible (GLC) if the corresponding atlases

{(Uom Spa)}ael and {(Uﬁ, 955)}56] are GLC.

Theorem 5.17. Let E be a vector bundle of rank r over an n-dimensional compact
smooth manifold M. Then E has a nice total trivialization atlas (and a super nice total
trivialization atlas) that consists of only finitely many total trivialization triples.

Proof. By Theorem 5.15, E — M has a finite total trivialization atlas {(Us,, ®a, Pa) }-
By Lemma 5.3 (and Remark 5.4) there exists a finite open cover {Vjs}1<p<, of M such
that

V5 1< af) S Nst. VzCUyp, @ap(Vp)isaballinR"
(orvg 1 <af) < Nst. VzCUsp), ¢ap(Vs)=R"),

and thus {(V3, ©a(s)|vs) }1<p<r is a nice (resp. super nice) smooth atlas. Now, clearly,
{(Vs, 0ad) v, pas)| By, ) h1<p<1 is a nice (resp. super nice) total trivialization atlas. [J

Theorem 5.18. Let E be a vector bundle of rank r over an n-dimensional compact
smooth manifold M. Then E admits a finite total trivialization atlas that is GL compat-
ible with itself. In fact, there exists a total trivialization atlas {(Uy, Pa, Po) 1<a<n Such
that

o foralll < a < N, ¢,(U,) is bounded with Lipschitz continuous boundary, and,

o foralll < a, < N, U,NUg is either empty or else p,(U, NUg) and ¢3(U, NUp)
are bounded with Lipschitz continuous boundary.

Proof. The proof of this theorem is based on the argument presented in the proof of
Lemma 3.1 in [27]. Equip M with a smooth Riemannian metric g. Let r;,; denote the
injectivity radius of M which is strictly positive because M is compact. Let Vj, -, V,
be an open cover of M such that F is trivial over V3 with the mapping ps : Ey, — R".
For every © € M choose 0 < i(z) < n such that x € V). Forallz € M letr, be a
positive number less than “22 such that exp, (B,,) C Vi) where B, denotes the open
ball in T, M of radius r, (with respect to the inner product induced by the Riemannian
metric ¢g) and exp, : T, M — M denotes the exponential map at z. For every z € M
define the normal coordinate chart centered at x , (U,, ¢,.), as follows:

U, =exp,(B.,), ©.:=\, " oexp,':U, = R",



SOBOLEV SPACES ON COMPACT MANIFOLDS 25

where )\, : R" — T, M is an isomorphism defined by A\, (y',-- ,y") = y'Ej,; Here
{Ei;}?_, is a an arbitrary but fixed orthonormal basis for 7, M. It is well-known that
(see e.g. [29])

b SOI('T) = (Oa T 70)’
e g;;(x) = 4;; where g;; denotes the components of the metric with respect to the
normal coordinate chart (U, ),

o [, = 0i|, where {0; }1<i<, is the coordinate basis induced by (U,, ¢, ).

As a consequence of the previous items, it is easy to show that if X € T, M (X =
X"0;|.), then the Euclidean norm of X will be equal to the norm of X with respect to
the metric g, that is, | X |, = |X|; where

[Xlg = VX2 +- (X)X = V(X X).
Consequently, for every x € M, o, (U,) will be a ball in the Euclidean space, in partic-

ular, {(U,, ¢x)}zen is a GL atlas. The proof of Lemma 3.1 in [27] in part shows that
the atlas {(Uy, ©.) }zen is GL compatible with itself. Since M is compact there exists

r1,--+, 2y € M such that {U,, }1<j<n also covers M.
Now, clearly, {(Us;, ¥e; Pi(x;) \Uzj ) }1<j<n is a total trivialization atlas for £ that is GL
compatible with itself. U

Corollary 5.19. Let E be a vector bundle of rank r over an n-dimensional compact
smooth manifold M. Then E admits a finite super nice total trivialization atlas that is
GL compatible with itself.

Proof. Let {(Uy, ¥as Pa) }1<a<n be the total trivialization atlas that was constructed above.
For each «, ¢, (U, ) is a ball in the Euclidean space and so it is diffeomorphic to R"; let
£a @ pa(Us) — R™ be such a diffeomorphism. We let ¢, := &, 0 ¢, : U, — R™.
A composition of diffeomorphisms is a diffeomorphism, so for all 1 < «,8 < N,
Pa 0 @5 @p(Ua NUs) = @a(Us N Up) is a diffeomorphism. So {(Ua, @a; pa) <a<n
is clearly a smooth super nice total trivialization atlas. Moreover, if 1 < «, < N are
such that U, N Uy is nonempty, then ¢, (U, N Us) is R™ or a bounded open set with
Lipschitz continuous boundary. The reason is that @, = &, © ¥4, and ¢, (U, N Up) is R™
or Lipschitz, &, is a diffeomorphism and being equal to R™ or Lipschitz is a property that
is preserved under diffeomorphisms. Therefore, {(U,, Pa; pa) }1<a<n is a finite super
nice total trivialization atlas that is GL compatible with itself. U

A section of // is amap v : M — FE such that m o u = Id,;. The collection of
all sections of £ is denoted by I'(M, E). A section u € I'(M, E) is said to be smooth
if it 1s smooth as a map from the smooth manifold M to the smooth manifold £. The
collection of all smooth sections of £ — M is denoted by C*°(M, E). Note that if
{(Ua; @a; pa) taer is a total trivialization atlas for the vector bundle 7 : E — M of rank
r, then for u € I'(M, E') we have u € C°(M, FE) if and only if for all « € I, the local
representation of u with respect to the coordinate charts (Us, ¢o) and (Ey,,, (oo, pa))
is smooth, that is,

ue C®(M,E)<=Vael z+ (paomouop,’, pyouoyp,")issmooth
< Vael z+ (z,paouoyp,’)issmooth
<=Vacl z+ p,ouoy,"issmooth
—=Vael,V1<I<r plouop,t e C®p,(U,)).
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A local section of E over an open set U € M is amap v : U — E where u has the
property that m o u = Idy (that is, u is a section of the vector bundle £y, — U). We
denote the collection of all local sections on U by I'(U, E) or I'(U, Ey).

Remark 5.20. As a consequence of p|g, : E, — R” being an isomorphism, if u is a
section of E|y — U and f : U — R is a function, then p(fu) = fp(u). In particular,

p(0) = 0.

Given a total trivialization triple (U, ¢, p) we have the following commutative diagram:

Ely ¥ o(U) xR

[ |
U—"= o(U) CR"

If s is a section of E|y — U, then by definition the pushforward of s by p’ (the ;"
component of p) is a section of ¢(U) x R — (U) which is defined by

pls)=posop™ (ie.z2€ pU)r (2,0 0s0p(2))).

Let £ — M be a vector bundle of rank » and U C M be an open set. A (smooth)
local frame for £ over U is an ordered r-tuple (si,--- ,s,) of (smooth) local sections
over U such that for each z € U, (s1(z),- -, s.(z)) is a basis for E,. Given any vector
bundle chart (V, p), we can define the associated (smooth) local frame on V" as follows:

Vi<i<rvzeV  s(z)=pl5(a),

where (eq, - - - , e,) is the standard basis of R". The following theorem states the converse
of this observation is also true.

Theorem 5.21. ([31], Page 258) Let E© — M be a vector bundle of rank r and let
(s1,---, ) be a smooth local frame over an open set U C M. Then (U, p) is a vector
bundle chart where the map p : Ey — R" is defined by

VeeUVu€eE, pu) =u'e; + - +ue,,
where u = utsi(z) 4+ -+ + u” s, ().
Theorem 5.22. ([31], Page 260) Let E — M be a vector bundle of rank r and let
(s1,-++,8,) be a smooth local frame over an open set U C M. If f € T'(M, E), then

f is smooth on U if and only if its component functions with respect to (s, - ,s,) are
smooth.

A (smooth) fiber metric on a vector bundle £ is a (smooth) function which assigns to
each x € M an inner product

(,)p:E,x E, —R.
Note that the smoothness of the fiber metric means that for all u,v € C*°(M, E) the
mapping
M — R, x— (u(z),v(z))E
is smooth. One can show that every (smooth) vector bundle can be equipped with a
(smooth) fiber metric ([38], Page 72).

Remark 5.23. If (M, g) is a Riemannian manifold, then g can be viewed as a fiber
metric on the tangent bundle. The metric g induces fiber metrics on all tensor bundles; it
can be shown that ([29]) if (M, g) is a Riemannian manifold, then there exists a unique
inner product on each fiber of TF(M) with the property that for all x € M, if {e;}
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is an orthonormal basis of T, M with dual basis {n'}, then the corresponding basis of
TF(T, M) is orthonormal. We denote this inner product by (., .)r and the corresponding
norm by |.|p. If A and B are two tensor fields, then with respect to any local coordinate
system

(A, B)p = g™ -+ githg, gy AT B

211k 1Tk
Theorem 5.24. Let m : EE — M be a vector bundle with rank r equipped with a fiber
metric {.,.)p. Then given any total trivialization triple (U, @, p), there exists a smooth
map p . Ey — R” such that with respect to the new total trivialization triple (U, p, p)
the fiber metric trivializes on U, that is,
VeeUVu,v € E, (u,v)p = urv' 4+ - Fu"v",

where for each 1 < | < r, u' and v' denote the I'" components of u and v, respectively
(with respect to the local frame associated with the bundle chart (U, p)).

Proof. Let (t1,--- ,t,) be the local frame on U associated with the vector bundle chart
(U, p). That is,

VeeUVI<I<r t(z) = plg(er) .
Now, we apply the Gram-Schmidt algorithm to the local frame (¢1,- - ,t,) to construct
an orthonormal frame (sy, - - - , s,) where

b= Yyt 85 Bsj

Vi<i<r = = )
[t = 22521 (b 85) 5]

s; : U — E is smooth because

(1) smooth local sections over U form a module over the ring C*>(U),

(2) the function z +— (t;(x), s;(z))g from U to R is smooth,

(3) since Span{sy,---,s,_1} = Span{ty,--- ,t;_1}, t; — Zé;ll (ti, sj) ps; is nonzero
on U and x — |t;(z) — Zé;ll (ti(z), s;(z))ps;(z)| as a function from U to R is
nonzero on U and it is a composition of smooth functions.

Thus for each [, s; is a linear combination of elements of the C*°(U )-module of smooth
local sections over U, and so it is a smooth local section over U. Now, we let (U, p) be
the associated vector bundle chart described in Theorem 5.21. For all € U and for all
u,v € F, we have

(u,v)g = <ulsl,vjsj)E = v’ (s, Sj)E = ulvj5lj =ulvt U

U

Corollary 5.25. As a consequence of Theorem 5.24, Theorem 5.18, and Theorem 5.17
every vector bundle on a compact manifold equipped with a fiber metric admits a nice
finite total trivialization atlas (and a super nice finite total trivialization atlas and a finite
total trivialization atlas that is GL compatible with itself) such that the fiber metric is
trivialized with respect to each total trivialization triple in the atlas.

5.3. Standard Total Trivialization Triples. Let M/™ be a smooth manifold and 7 :
E — M be a vector bundle of rank r. For certain vector bundles there are standard
methods to associate with any given smooth coordinate chart (U, p = (z*)) a total trivi-
alization triple (U, ¢, p). We call such a total trivialization triple the standard total triv-
ialization associated with (U, ). Usually this is done by first associating with (U, ¢)
a local frame for Fy and then applying Theorem 5.21 to construct a total trivialization
triple.
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e E = TJ(M): The collection of the following tensor fields on U forms a local frame for
FEy associated with (U, p = (x))

aiil ®---®%®da£ﬁ®---®da§jk.
So, given any atlas {(U,, ¢,)} of a manifold M™", there is a corresponding total trivi-
alization atlas for the tensor bundle 7}*(M), namely {(Ua; Pas pa)} where for each a,
po has n**! components which we denote by (p,)7'7". Forall F € (M, T}(M)), we
have

(p) iy (F) = (F)IL
Here (F, )fll f’ denotes the components of F' with respect to the standard frame for

TFU, described above. When there is no possibility of confusion, we may write Ffl ' Zil
instead of (F,)7' 7.

Q1 ig

e E = A*(M): This is the bundle whose fiber over each = € M consists of alternating
covariant tensors of order k. The collection of the following forms on U form a local
frame for Ey associated with (U, ¢ = (z%))

dz’ A+~ Adx’*  ((ji,--- ,jx) is increasing) .

e [/ = D(M) (the density bundle): The density bundle over M is the vector bundle whose
fiber over each x € M is D(T, M ). More precisely, if we let

= [[ oM,

then D(M) is a smooth vector bundle of rank 1 over M ([31], Page 429). Indeed, for
every smooth chart (U, ¢ = (z')), |[dz' A --- A dz"| on U is a local frame for D(M ).
We denote the corresponding trivialization by pp ., that is, given u € D(T, M), there
exists a number a such that

p=a(ldz' A+ Adz"|,)
and pp,, sends yi to a. Sometimes we write D instead of D(M) if M is clear from the
context. Also, when there is no possibility of confusion we may write pp instead of
PD,p-
Remark 5.26 (Integration of densities on manifolds). Elements of C.(M,D) can be
integrated over M. Indeed, for ;1 € C.(M, D) we may consider two cases

e Case 1: There exists a smooth chart (U, ) such that suppp C U.

/u —/ ppp oo dV.

e Case 2: If p is an arbitrary element of C.(M, D), then we consider a smooth atlas
{(Uas ¥a) Yaer and a partition of unity {14 } acr subordinate to {U,} and we let

[ n=3 [ an.

ael

It can be shown that the above definitions are independent of the choices (charts and
partition of unity) involved ([31], Pages 431 and 432).
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5.4. Constructing New Bundles From Old Ones.
5.4.1. Hom Bundle, Dual Bundle, Functional Dual Bundle.

e The construction Hom(., .) can be applied fiberwise to a pair of vector bundles £ and
E over a manifold M to give a new vector bundle denoted by Hom(E, E) The fiber
of Hom(E, E) at any given point p € M is the vector space Hom(E,, E »). Clearly, if
rank ' = 7 and rank £ = 7, then rank Hom(E, E) = r7.

If{(Uas Pa: pa) } and { (U, ¢a, fa) } are total trivialization atlases for the vector bundles
7:E—> Mand7: E — M, respectively, then {U,, p., po} Will be a total trivializa-
tion atlas for e : Hom(E, E) — M where Pa : Taa (Us) — Hom(R”, R™) = R is
defined as follows: for p € U,, A, € Hom(E,, E,) is mapped to [Palg,] 0 Ao [palE,]

eletnm : £ — M be a vector bundle. The dual bundle E* is defined by E* =
Hom(E, E = M x R).

e Let 7 : EF — M be a vector bundle and let D denote the density bundle of M. The
functional dual bundle £V is defined by £Y = Hom(FE, D)(see [35]). Let’s describe
explicitly what the standard total trivialization triples of this bundle are. Let (U, ¢, p) be
a total trivialization triple for £. We can associate with this triple the total trivialization
triple (U, ¢, p¥) for EY where p¥ : Eyj — R is defined as follows: forp € U, L, €
Hom(E,, D,) is mapped to pp , o L, o (p|g,)”" € (R")* ~ R". Note that (R")* ~ R"
under the following isomorphism

(R")" — R", u— uler)er + -+ +uler)e, .

That is, u as an element of R" is the vector whose components are (u(e;),--- ,u(e,)).
In particular, if 2z = z1e; + - - - + z,e, is an arbitrary vector in R", then

U,(Z) = u<2161 + .+ Z,,GT) = Z1U(€1) + .+ Zru(er) =z-u,

where on the LHS w is viewed as an element of (R”)* and on the RHS u is viewed as an
element of R".
In short, p¥ : Ef — R" is given by

VISI<r  (0)(Ly) = (oo Lyo (pls,) ) (e).

5.4.2. Tensor Product Of Bundles. Letm : EF — M and 7 : E — M be two vector
bundles. Then £ ® E is a new vector bundle whose fiber at p € M is £, ® E If
{(Ua; ¢a; pa)} and {(Ua; ¢a, fa)} are total trivialization atlases for the vector bundles
7:E — Mand 7 : E — M, respectively, then {(Us, ©a, o))} Will be a total trivializa-
tion atlas for Tngr : £ @ E — M where fy : Miopor(Ua) — (R” @ R7) = R'7 is defined
as follows: for p € U,, a, ® @, € E, ® E, is mapped to p,|z, (a,) ® Palp, (Gp).

It can be shown that Hom (£, E) >~ F* @ E (isomorphism of vector bundles over M).

Remark 5.27 (Fiber Metric on Tensor Product). Consider the inner product spaces
(U, (., .)v) and (V,{.,.)v). We can turn the tensor product of U and V, U ® V into
an inner product space by defining

(U1 @ v1,u2 ® V2)ygy = (U1, U2)y (U1, Va)v

and extending by linearity. As a consequence, if I is a vector bundle (on a Riemann-
ian manifold (M, g)) equipped with a fiber metric {.,.)g, then there is a natural fiber
metric on the bundle (T*M V®% and subsequently on the bundle (T*M)** @ E. If
F=F _di"® ---@dt"™ @s,and G = G% . do" @ --- ® dz’* ® s, are two

i1l JiJk
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local sections of this bundle on a domain U of a total trivialization triple, then at any
point in U we have

<F7 G)(T*M)®k®E =F., G

i1 jl-~~jk<dxi17 d$j1>T*M T <d$ik7 dxjk>T*M<5a> Sh)E

= gi1j1 . .gikjk habﬂ?~~~ikG§1~--jk 7
where hgy, = (Sa,Sp)p. (Here {s, = p~(es)}1<a<r is a local frame for E over

U.{€q}1<a<r is the standard basis for R" where r = rank E.)

5.5. Connection on Vector Bundles, Covariant Derivative.

5.5.1. Basic Definitions. Let m : . — M be a vector bundle.
Definition 5.28. A connection in E is a map
V:C®M,TM) x C*(M,E) - C*(M,E), (X,u)— Vxu

satisfying the following properties:
(1) Vxu is linear over C>*(M) in X

Vf,g€ C®(M) Vixitexot = fVx,u+ gVx,u.
(2) Vxuis linear over R in u.:
Va,beR Vx(auy + bus) = aVxus + bVxus .
(3) V satisfies the following product rule
VfeC™®(M) Vx(fu) = fVxu+ (Xf)u.

A metric connection in a real vector bundle E with a fiber metric is a connection V such
that

VX e C®M,TM),Yu,ve C®M,FE) X(u,v)p = (Vxu,v)g + (u, Vxv)g.

Here is a list of useful facts about connections:

o ([28],Page183) Using a partition of unity, one can show that any real vector bundle with
a smooth fiber metric admits a metric connection

e ([31], Page 50) If V is a connection in abundle F, X € C*°(M,TM),u € C*(M, E),
and p € M, then V xu|, depends only on the values of  in a neighborhood of p and the
value of X at p. More precisely, if © = @ on a neighborhood of p and X, = )~(p, then
qu‘p = VXﬂ]p.

e ([31], Page 53) If V is a connection in 7'M, then there exists a unique connection in
each tensor bundle T/“(M ), also denoted by V, such that the following conditions are
satisfied:

(1) On the tangent bundle, V agrees with the given connection.

(2) On T°(M), V is given by ordinary differentiation of functions, that is, for all real-
valued smooth functions f : M — R: Vxf = Xf.

B) Vx(F®G)=(VxF)® G+ F® (VxG).

(4) If tr denotes the trace on any pair of indices, then Vx (trF') = tr(Vx F).
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This connection satisfies the following additional property: forany T' € C*°(M, T} (M)),
vector fields Y;, and differential 1-forms w’,

(VxT)(w', ... W'Yy, ) = X(T(W ..., o' Y1, .. YR))

!
—ZT(wl,...,Vij,...,wl,Yl,...,Yk)
j=1

k
=) T, WY VXYY
=1

Definition 5.29. Let V be a connection in m : & — M. We define the corresponding
covariant derivative on F, also denoted V, as follows

V:C®M,E)— C°(M,Hom(TM,E)) = C*(M, T"M ® E), u— Vu
where for all p € M, Vu(p) : T,M — E, is defined by
X, — Vxul,,
where X on the RHS is any smooth vector field whose value at p is X,

Remark 5.30. Let V be a connection in T'M. As it was discussed V induces a con-
nection in any tensor bundle E = T}(M), also denoted by V. Some authors (including
Lee in [31], Page 53) define the corresponding covariant derivative on E = TF(M) as
follows:

V:C®(M,TH(M)) = C*(M,T}*"(M)),  F~—VF
where

VF(WI,"' 7wl7Y17"' )kaX):<vXF)(w17 7wl7)/17"' 7}/}9)

This definition agrees with the previous definition of covariant derivative that we had for
general vector bundles because

TMOTIM 2T MOT'M®- - @ T"M@TM@ - @ TM = T} M.

vV Vv
k factors l factors

Therefore,
C>(M,Hom(TM,T}M)) = C®(M,T*M @ Tf M) = C=(M, T} M).

More concretely, we have the following one-to-one correspondence between
C=(M,Hom(TM,TFM)) and C®(M, T} M):

(1) Given u € C*(M, leHM), the corresponding element a € ¢ (M, Hom(TM,T}M))
is given by

VpeM  a(p): T,M — THT,M), X —u)(--, -, X).

(2) Given @ € C>(M,Hom(TM,TFM)), the corresponding element u € C>(M, T} M)
is given by

Vpe M u(p)(wl,--- Wi Yy, Y, X) = [a(p)(X)](wl,--- LWl Yy, ,Yi) .
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5.5.2. Covariant Derivative on Tensor Product of Bundles. ([33], Page 87)If E an E are
vector bundles over M with covariant derivatives VE : C*°(M, E) — C*°(M, T*M®FE)

and VE : C°(M,E) — C®(M,T*M ® E), respectively, then there is a uniquely
determined covariant derivative
VFEEE . (M, E® E) —» C®(M,T*M ® E ® E)
such that ) )
VEE( @) =Viue i+ Viiou.

The above sum makes sense because of the following isomorphisms:
(T"MQE)QE=2T"MRFEQE=2T"MQEQE=(T"MQE)®FE.
Remark 5.31. Recall that for tensor fields covariant derivative can be considered as
a map from C®(M,TFM) — C=(M, T M). Using this, we can give a second de-
scription of covariant derivative on E @ FE when E = T} M. In this new description we

have

VIMEE . 0o\ TFM @ E) — C®(M, TF'"M ® E) .
Indeed, for F € C°(M, TFM) and u € C=(M, E)

VIMOE(F @ y) = (VIVYFYou+ F ® VFu .

——— ~ =~
TEHL TFM  T*M®E
~—— —

/1—\lk+1M®E

In particular, if f € C=(M) and v € C*(M, E) we have V¥(fu) € C®(M,T*MQE)
and it is equal to
VE(fu) =df @ u+ fVFu.

5.5.3. Higher Order Covariant Derivatives. Let m : EE — M be a vector bundle. Let

V'~ be a connection in E and V be a connection in 7'M which induces a connection in
T M. We have the following chain

00 VE o'} * VT*JM(@E
C®(M,E) Y= C®(M,T*M ® E) ~———»

v(T*M)®2QE

C™®(M,(T*M)** ® E)

v m)®Fk-gp v(T*M)®FeE
. % oo

C> (M, (T*M)®* @ E)

In what follows we denote all the maps in the above chain by VZ. That s, for any k € N,
we consider V¥ as a map from C=(M, (T*M)®* @ E) to C®(M, (T*M)®*+) @ E).
So,

(VEYE . C®°(M,E) = C*(M,(T*"M)** ® E).
As an example, let’s consider (VEZ)*(fu) where f € C*°(M) and u € C*(M, E). We
have

VE(fu) =df @ u+ fV¥u.
(VP2 (fu) = VMO df @ u+ fVP0]
= [VIM(df) @ u + df @ VFu] + [df © VPu+ f(VF)?]

3 () e e

In general, we can show by induction that

k
(VEYE(fu) = (lj) (VEMYi f @ (V)

Jj=0
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where (VI'M)0 = [d. Here (VI ™)J f should be interpreted as applying V (in the
sense described in Remark 5.30) j times; so (VI"M)i f at each point is an element of
TIM = (T*M)®.

5.5.4. Three Useful Rules, Two Important Observations. Letm : E — M and 7 : E —
M be two vector bundles over M with ranks r and 7, respectively. Let V be a connec-
tion in 7'M (which automatically induces a connection in all tensor bundles), V¥ be a

connection in £ and V¥ be a connection in £. Let (U, ¢, p) be a total trivialization triple
for .

(1) {0; = ;5% }i<i<n is a coordinate frame for TM over U.

(2) {sa = p~'(eq) }1<a<r is a local frame for E over U.({e,}1<q<, is the standard
basis for R” where » = rank F.)

(3) Christoffel Symbols for V on (U, ¢, p): V,0; = T'F;0%.

(4) Christoffel Symbols for VZ on (U, ¢, p): Va,5. = (T'r)%,sb.

Also, recall that for any 1-form w,
Vxw = (X 0w — X'w;T, )da* .
Therefore,

Vo, da? = T da* .

e Rule 1: Forall u € C*(M, E)
VEu:d:Ui@VaEiu onU.

The reason is as follows: Recall that for all p € M, VFu(p) € T*M @ E. Since
{dz" ® s,} is a local frame for T*M ® E on U we have

VPu = Ridx' ® s, = do' @ (R%s,) .
According to what was discussed in the study of the isomorphism Hom(V, W) = V* ®
W in Section 3 we know that at any point p € M, R} is the element in column 7 and
row a of the matrix of VFu(p) as an element of Hom(7,,M, E,)). Therefore,
VaEZ_ u= Rs,.
Consequently, we have VPu = dz’ @ (R?s,) = da' ® V5 u.
e Rule 2: For all v; € C®°(M, E) and v, € C®(M, E)
VECE (0 @ vy) = (VE01) ® 02 + 11 ® (V5 v2)
e Rule 3: Forall u € C*°(M, E) and f € C>*(M)

VE(fu) = fVPu+df @u.

The following two examples are taken from [20].
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e Example 1: Let u € C*°(M, E). On U we may write u = u®s,. We have

VP = VP (u's,) "5 uV s, + du @ s, = u'VPs, + (Ouda’) @ s,

Rae ! adrt & Vgsa + (Oudx’) @ s,

=u'dr' @ (Tg)h,s) + (Ouda’) @ s, = dz' @ (u*(Tp)l,sp) + da’ @ (Oju’s,)
=dz' @ (W' (Tp)s.) + dz' @ (Oju’s,)

= [Ou® + (Tp)%u’]dr' @ s, .

That is, VEu = (VFu)dr' ® s, where

(VEw)? = u® + (Tp)4u’.
e Example 2: Let u € C*°(M, E). On U we may write u = u®s,. We have

(VEY2u = VT*M®E([8Z‘U‘Z + (Tp)%Hubldz’ @ sq)

RIS 19,00 + (D)% ul)VT MEE (dgt @ 5,) + d[diu® + (T p)%u] ® (da' @ sa)

0t + (Dp)fullde’ @ VMO (da' © sa) + dlu® + (Dp)fu’] @ (do’ @ sa)

Def. of d [Biu® + (Tg)%ul)dz? ® Vg; MOE (42" © s,) + 9j[0iu® + (Tp)%ublde’! @ da’ @ sq

Rule 2 [Biu® + (Mg)%ub)dz? @ [Vg: Mir? @ 5o + da* ® ng sa] + 0;[0;u® + ()% ublds? ® di’ ® sq

= [9;u® + (Tg)%ublde! @ [- F;kdwk ®sq +dr' ® (FE);TGSC] + 8;[0;u + (Tg)%ublds! ® di’ ® sq

b bintelnimmand (g, 0 4 (T )ty ublde? @ [ - Thde' @ s + dz¥ @ (Tp)5ese] + 0;10iu® + (Tp)%ullde’ ® da’ © sa
= {9;[0;u® + (FE)gbub] — F?i[akua + (FE)Zbub]}dacj ® da’ @ sq + [Opu + (FE)zbub](FE)§adacj ® dz® ® s
i <> kin thezlast summand {aj [alua + (FE)?bub] _ Ffi[akua + (FE)Zbub]}dzj ® d:ﬂi ® Sa

+ [Qiu® + (FE)fbub](FE)§adxj Qda’ ® se
c <> ain the:h\st summand {8J [aiua + (FE)?bub} _ F;cz [8kua + (FE)Zbub]}dl'j ® d$z ® Sa

+[05u® + (Tp)5u’)(Tp) . de? @ da’ @ sq .
Considering the above examples we make the following two useful observations that can
be proved by induction.

e Observation 1: In general (VF)*u = ((VF)*u)

a

de" @ -+ @ dr'* @ s, (1 <

i1eeig
a <r 1 <y - ,i < n) where ((VE)ku)jlzk o ¢! is a linear combination of
ul oo™t -+ u" o ¢! and their partial derivatives up to order k and the coefficients

are polynomials in terms of Christoffel symbols (of the linear connection on M and
connection in F£) and their derivatives (on a compact manifold these coefficients are
uniformly bounded provided that the metric and the fiber metric are smooth). That is,

In|<k =1

where for each 77 and [, Cy; is a polynomial in terms of Christoffel symbols (of the linear
connection on M and connection in £) and their derivatives.
e Observation 2: The highest order term in ((VZ)*u) sz optis L L(utoph);
that is,

(Vs o0 = 52

co = —— ... ——(u%op~!)+terms that contain derivatives of order at most k — 1 of u' 0 ™! (1 <1 < 7).
etk Oz Ox'k
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So,

a _ oF
((VE>ku)“Zk op t= ax“— u? 0<,0 ‘|‘ Z ZC 18’7 u OSD )

Oxik
inl<k =1

6. SOME RESULTS FROM THE THEORY OF GENERALIZED FUNCTIONS

In this section we collect some results from the theory of distributions that will be
needed for our definition of function spaces on manifolds. Our main reference for this
part is the exquisite exposition by Marcel De Reus ([35]).

6.1. Distributions on Domains in Euclidean Space. Let {2 be a nonempty open set in
R™.

(1) Recall that
e K(1) is the collection of all compact subsets of €).
e (C°°(Q)) = the collection of all infinitely differentiable (real-valued) functions on 2.
e Forall K € KC(2), COO(Q) ={p e C>®(Q) :suppp C K}.
o C2°() = Ugex CK (1) = {p € C>(Q) : supp pis compact in 2}.
(2) Forall p € C*(Q2), j € Nand K € K(2) we define
lelljx = sup{[0%p(z)| - |a] < j,z € K}

(3) For all j € Nand K € K(Q), ||.|l;x is a seminorm on C*°(Q2). We define £(1?)
to be C*°(£2) equipped with the natural topology induced by the separating family of
seminorms {||.||; x }jen kex (). It can be shown that £(£2) is a Frechet space.

(4) For all K € IC(Q2) we define Ex(Q2) to be C7P(2) equipped with the subspace topol-
ogy. This subspace topology on C%°(€2) is the natural topology induced by the separat-
ing family of seminorms {||.||, x }jen. Since C¥(€2) is a closed subset of the Frechet
space £(12), Ex(Q) is also a Frechet space.

(5) We define D(€2) = Uiy € (§2) equipped with the inductive limit topology with
respect to the family of vector subspaces {Ex(£2)} kex (o). It can be shown that if
{K};en, is an exhaustion by compacts sets of 2, then the inductive limit topology on
D(£2) with respect to the family {€x; } jen, is exactly the same as the inductive limit
topology with respect to {Ex () } kex()-

Remark 6.1. Let us mention a trivial but extremely useful consequence of the above
description of the inductive limit topology on D(Q)). Suppose Y is a topological space
and the mapping T : Y — D(Q) is such that T(Y') C Ex(Q) for some K € KC(Q).
Since Ex(Q) — D(Q), if T 1Y — Ex(Q) is continuous, then T : Y — D(QY) will be
CONtinuous.

Theorem 6.2 (Convergence and Continuity for £(€2)). Let ) be a nonempty open set
in R™. Let'Y be a topological vector space whose topology is induced by a separating
family of seminorms Q.

(1) A sequence {p,,} converges to ¢ in E(XY) if and only if ||y, — ||k — 0 forall j € N
and K € K(Q).

(2) Suppose T : £(Q) — Y is a linear map. Then the followings are equivalent
o T’ is continuous.
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e Forevery q € Q, there exist j € Nand K € K({0), and C > 0 such that
Ve &)  qT(p) <Clellx-
o If o, — 0in&E(Q), then T () — 0inY.

(3) In particular, a linear map T : £(2) — R is continuous if and only if there exist j € N
and K € K(Q), and C > 0 such that

Ve ()  |T(o)| < Cllellx -
(4) A linear map T : Y — E(Q) is continuous if and only if

VjieN, VK € K(2) I3C>0,keN,q, - ,q € Q suchthatVy || T(y)|l;,x < C max ¢;(y).

1<i<k

Theorem 6.3 (Convergence and Continuity for Ex(2)). Let 2 be a nonempty open set
inR"and K € IC(Q0). Let Y be a topological vector space whose topology is induced by
a separating family of seminorms Q.

(1) A sequence {p.,} converges to ¢ in Ex () if and only if ||¢m — ¢||;xk — 0 for all
jeN

(2) Suppose T : Ex(Q) — Y is a linear map. Then the followings are equivalent
e T is continuous.
e Forevery q € Q, there exists j € N and C' > 0 such that

Voe&k()  aT(p) <Clleollx -
o If o, — 0inEx(Q), then T(py) = 0inY.
Theorem 6.4 (Convergence and Continuity for D(£2)). Let Q2 be a nonempty open set

in R". Let'Y be a topological vector space whose topology is induced by a separating
family of seminorms Q.

(1) A sequence {p,,} converges to ¢ in D(Y) if and only if there is a K € K(Q) such that
supppm C K and p,, — p in Ex(Q).

(2) Suppose T : D(Q2) — Y is a linear map. Then the followings are equivalent
o T'is continuous.
o Forall K € K(Q), T : Ex(Q2) — Y is continuous.
e Forevery q € Qand K € K(Q), there exists j € N and C > 0 such that
Voelk()  a(T(p) <Cllellx-
o If o, = 0in D(Q), then T(p,,) = 0inY.

(3) In particular, a linear map T : D(Q2) — R is continuous if and only if for every
K € K(R), there exists j € N and C > 0 such that

Veelr() Tl <Cllellx-

Remark 6.5. Let Q) be a nonempty open set in R". Here are two immediate consequences
of the previous theorems and remark:

(1) The identity map
Z'Dyg : D(Q) — g(Q)
is continuous (that is, D()) — £(Q2) ).
(2) If T : £(Q) — E(Q) is a continuous linear map such that supp(T ) C suppy for all

© € E(Q) (i.e. T is alocal continuous linear map), then T restricts to a continuous
linear map from D(Q2) to D(QY). Indeed, the assumption supp(Typ) C suppy implies
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that T(D(Q2)) € D(Q2). Moreover, T : D(Q2) — D(R) is continuous if and only if
for K € K(Q) T : Ex(Q) — D(Q) is continuous. Since T'(Ex () C Ex (), this
map is continuous if and only if T : Ex(Q) — Ex(Q) is continuous (see Remark
6.1). However, since the topology of Ex(2) is the induced topology from E(XY), the
continuity of the preceding map follows from the continuity of T : £(Q2) — E(Q).

Theorem 6.6. Let () be a nonempty open set in R™. Let Y be a topological vector
space whose topology is induced by a separating family of seminorms Q. Suppose T :
[D()]*" — Y is a linear map. The following are equivalent: (product spaces are
equipped with the product topology)

(1) T : [D(Q)]*" — Y is continuous.

(2) Forall K € K(Q), T : [Ex(Q)]*" — Y is continuous.

(3) Forall g € Qand K € K(X), there exists jy,- - - , j, € N such that

Ve, o) € Ex (] goT(e1, -, o) < Clleilljng + -+ llerll i) -

Theorem 6.7. Let §) be a nonempty open set in R™.
(1) A set B C D(Q) is bounded if and only if there exists K € K () such that B is a
bounded subset of Ex () which is in turn equivalent to the following statement:
VjeN3r; >0 suchthat Yo e B |o|jx <r;.

(2) If {¢m} is a Cauchy sequence in D(S), then it converges to a function ¢ € D(X).
We say D(Q) is sequentially complete.

Remark 6.8. Topological spaces whose topology is determined by knowing the conver-
gent sequences and their limits exhibit nice properties and are of particular interest. Let
us recall a number of useful definitions related to this topic:

Let X be a topological space and let E C X. The sequential closure of F, denoted
scl(E) is defined as follows:

scl(E) = {x € X : there is a sequence {x,} in E such that x,, — x} .
Clearly, scl(F) is contained in the closure if E.

e A topological space X is called a Frechet-Urysohn space if for every E C X the
sequential closure of E is equal to the closure of E.

A subset E of a topological space X is said to be sequentially closed if E = scl(E).

e A topological space X is said to be sequential if for every ! C X, E is closed if and
only if F is sequentially closed. If X is a sequential topological space and Y is any
topological space, then amap f : X — Y is continuous if and only if

Al F(@e) = 7T, 2n)
for each convergent sequence {x,} in X.
The following implications hold for a topological space X :
X is metrizable — X is first-countable — X is Frechet-Urysohn — X is sequential

As it was stated, £ and Ex (For all K € K(X2)) are Frechet and subsequently they are
metrizable. However, it can be shown that D(SQ) is not first-countable and subsequently
it is not metrizable. In fact, although according to Theorem 6.4, the elements of the dual
of D(Q2) can be determined by knowing the convergent sequences in D(S), it can be
proved that D(S2) is not sequential.
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Definition 6.9. Let ) be a nonempty open set in R™. The topological dual of D(f2),
denoted D'(Q)) (D'(2) = [D(Q)]*), is called the space of distributions on ). Each
element of D' (1) is called a distribution on ).

Remark 6.10. Every function f € L}, (Q) defines a distribution uy € D'(Q) as follows:

loc
Vo e D(Q) us(p) = /chpdx. (6.1)

In particular, every function ¢ € £(S)) defines a distribution u.,. It can be shown that the
map j : E(Q) — D'(2) which sends ¢ to ., is an injective linear continuous map ([35],
Page 11). Therefore, we can identify £()) with a subspace of D'(Q2).

Remark 6.11. Ler Q2 C R™ be a nonempty open set. Recall that f : Q0 — R is locally
integrable (f € L;,.(Q)) if it satisfies any of the following equivalent conditions:

(1) f € LMK) forall K € K(Q).

(2) Forall p € C*(Q), fo € L'(Q).

(3) For every nonempty open set V. C Q such that V is compact and contained in ,
fe LYV).
(It can be shown that every locally integrable function is measurable ([14], Page 70).)
As a consequence, if we define Func,.,(€2) to be the set

{f: Q= R:us: D(Q) — Rdefined by Equation 6.1 is well-defined and continuous}
then Func,.,(Q?) = L,

loc

(62).
Definition 6.12 (Calculus Rules for Distributions). Let €2 be a nonempty open set in R™.
Letw € D'(Q).

e Forall p € C*(Q), pu is defined by

Vipe CE(Q)  lpul(y) = ulpy).
It can be shown that pu € D' ().

e For all multiindices o, 0*u is defined by

Ve CQ)  [0%)(W) = (—1)Iu(@*y).
It can be shown that 0“u € D'(1Q).

Also, it is possible to make sense of “change of coordinates” for distributions. Let {2 and
2 be two open sets in R™. Suppose 7" : 2 — €' is a C* diffeomorphism. 7" can be used
to move any function on §2 to a function on €2’ and vice versa.

T* : Func(£Y', R) — Func(Q, R), T(f)=foT,
T. : Func(Q2, R) — Func(Q', R), T.(f)=foT™ .

T f is called the pullback of the function f under the mapping 7" and 7. f is called the
pushforward of the function f under the mapping 7. Clearly, 7™ and 7T, are inverses of
each other and T, = (T')*. One can show that T}, sends functions in L;,.(Q2) to L;,.(Q")

loc loc

and furthermore 7, restricts to linear topological isomorphisms 7, : £(2) — £(£’) and
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T. : D(Q) — D(€). Note that for all f € L], (Q2) and p € C(Q)

loc

<ur oo = | DW= [ (70T ) 0)el)iy

/

x:Tzl(y)/Qf(x)<p(T(x))]detT’(x)|dx

=< uy,|detT"(z)|p(T(x)) >p1@)xD@) -

The above observation motivates us to define the pushforward of any distribution v €
D'(€2) as follows:

Yy € D(Y) (Teu, 0) pravyxpiary = (u, |detT” (z)|o(T'(2))) pr )< D0 -

It can be shown that T,u : D(£2') — R is continuous and so it is in fact an element of
D'(€Y). Similarly, the pullback 7* : D'(Q') — D'(£2) is defined by

Vo e D(Q)  (T"u, @) pra)xn(@ = (u, [det(T™) (1) |o(T () preryxne) -
It can be shown that 7*u : D(€2) — R is continuous and so it is in fact an element of
D'(Q).

Definition 6.13 (Extension by Zero of a Function). Let ) be an open subset of R" and
V' be an open susbset of ). We define the linear map exty,, : Func(V,R) — Func(€2, R)
as follows:

ext(‘)/@(f)(x) - {g(xz)fxl];xQG\“//

exty, o, restricts to a continuous linear map D(V) — D(Q).

Definition 6.14 (Restriction of a Distribution). Let €2 be an open subset of R™ and V' be
an open susbset of ). We define the restriction map resqy : D'(Q2) — D'(V) as follows:

(resqvu, S0>D/(V)><D(V) = (u, eﬂ?z,g@)D'(Q)xD(Q) .

This is well-defined; indeed, resqy : D'(2) — D'(V) is a continuous linear map as
it is the adjoint of the continuous map exty, o, : D(V) — D(Q). Given u € D'(52), we
sometimes write u|y instead of resq v u.

Remark 6.15. It is easy to see that the restriction of the map resq = D'(Q2) — D'(V)
to £(S)) agrees with the usual restriction of smooth functions.

Definition 6.16 (Support of a Distribution). Let 2 be a nonempty open set in R". Let
u € D'(Q).

o We say u is equal to zero on some open subset V of Q) if u|y = 0.

o Let {V;}icr be the collection of all open subsets of ) such that u is equal to zero on V.
Let V = J,c; Vi. The support of u is defined as follows:

suppu = Q\ V.
Note that suppu is closed in ) but it is not necessarily closed in R".

Theorem 6.17 (Properties of the Support). [35, 36, 24] Let Q2 and €)' be nonempty open
sets in R"™.

o If f € L} (), then suppf = supp uy.
e Forallu € D'(Q), u=0o0nQ\ supp u.
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o Letu € D'(Q). If p € D(Q) vanishes on an open neighborhood of supp u, then
u(p) = 0.

e For every closed subset A of Q) and every u € D'(2), we have suppu C A if and only
if u(e) = 0 for every ¢ € D(QY) with supp o C Q\ A.

e Foreveryu € D'(Q) and ¢ € £(Q), supp(Yu) C supp(1)) N supp(u).

o Letu,v € D'(Q). If there exists a nonempty open subset U of Q) such that suppu C U
and suppv C U and

(ulv, ¥ prwyxpw) = W, L)ooy Ve € CEU),
then v = v as elements of D' ((2).
o Letu,v € D'(Q). Then supp(u + v) C supp u U supp v.

o Let {u;} be a sequence in D' (), u € D(Q), and K € K(2) such that u; — w in D'(2)
and supp u; C K for all i. Then also suppu C K.

o Foreveryu € D'(2) and o € Ni}, supp(0*u) C supp(u).

o If T : Q) — O is a diffeomorphism, then supp(T.u) = T (supp u). In particular, if u has
compact support, then so has T u.

Considering the eighth item in the above theorem, an interesting question that one
may ask is the following: Let {u;} be a sequence in D(f2) such that u; — u in D'(),
and suppose there exists K € /C(£2) such that suppu C K. Does the fact that the
limiting distribution has compact support imply that there exists a compact set K such
that suppu; C K for all i? The answer is negative. For example, for each 7 € N let
u; € D(R) be a nonnegative function such that u; = 0 outside the interval (7,7 4 1) and
[ uyde = 1. Clearly, u; — 0in L'(R) and so u; — 0 in D’(R). However, there is no
compact set & such that supp u; C K for all ;.

Theorem 6.18. ([35], Pages 10 and 20) Let Q) be a nonempty open set in R". Let £'(2)
denote the topological dual of €(Y) equipped with the strong topology. Then

o The map that sends uw € E'(Q) to u|p(q) is an injective continuous linear map from
E'(Q) into D'(Q).

e The image of the above map consists precisely of those v € D'(Q) for which supp u is
compact.

Due to the above theorem we may identify £'(€2) with distributions on 2 with compact
support.

Definition 6.19 (Extension by Zero of Distributions With Compact Support). Let ) be a
nonempty open set in R™ and V' be a nonempty open subset of C). We define the linear map
exty, : E'(V) — E'(Q) as the adjoint of the continuous linear map resq,y : E(2) —
E(V); that is,

(exty qu, p)er)xe() = (U, Plv)ev)xew)

Suppose €2 and (2 are two nonempty open sets in R such that ' C Q and K € IC(Y).
One can easily show that:
e Forall u € Ex (), resgn g © Xty pntt = extoy gu.
e Forall u € Ex (), extd gn 0 extd, gu = extey pni.
e Forall u € £x(Q), extey o resq o = u.
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We summarize the important topological properties of the spaces of test functions and
distributions in the table below.

p@) e [ PO 1EE) [D(Q) | €(Q)

Strong | Strong | Weak | Weak

Sequential No Yes No No No No
First-Countable No Yes No No No No
Metrizable No Yes No No No No
Second-Countable No Yes No No No No
Sequentially Complete Yes Yes Yes Yes Yes Yes
Complete Yes Yes Yes Yes No No

6.2. Distributions on Vector Bundles.

6.2.1. Basic Definitions, Notation. Let M" be a smooth manifold (M is not necessarily
compact). Let 7 : £ — M be a vector bundle of rank r.

(1) E(M, E) is defined as C*°(M, F) equipped with the locally convex topology induced
by the following family of seminorms: let {(U,, ©u, pa) }acr be a total trivialization
atlas. Then forevery o € 1,1 <1 < r,and f € C®°(M, E), f. == pl o fo ;" isan
element of C*°(p, (U, )). For every 4-tuple ([, v, j, K) with1 <[l <r,a € l,j €N,
K a compact subset of U, (i.e. K € K(U,)) we define

IMiasr - C¥(ME) =R, f e gy 0 f o0 ljpatr -

It is easy to check that ||.||; . jx is a seminorm on C°°(M, E') and the locally convex
topology induced by the above family of seminorms does not depend on the choice of
the total trivialization atlas. Sometimes we may write ||.||; . ; x instead of ||.|/;.a,jx-

(2) For any compact subset X' C M we define
Ex(M,E) :={fe€&(M,FE):suppf C K} equipped with the subspace topology .

(3) D(M,E) := C*(M,E) = Ugexn€x (M, E) (union over all compact subsets of
M) equipped with the inductive limit topology with respect to the family (e (v, B)} e cicar)-
Clearly, if M is compact, then D(M, E) = £(M, E) (as topological vector spaces).

Remark 6.20.
o [ffor each o € I, { K },en is an exhaustion by compact sets of U, then the topology

induced by the family of seminorms
{||'||l70t7j7Kf,‘L 1< [ < r,o € I,j S N,m € N}

on C*(M, E) is the same as the topology of E(M, E). This together with the fact
that every manifold has a countable total trivialization atlas shows that the topology of
E(M, E) is induced by a countable family of seminorms. So E(M, E) is metrizable.

o If {K;}jen is an exhuastion by compact sets of M, then the inductive limit topology
on C°(M, E) with respect to the family {Ex (M, E)} is the same as the topology on
D(M, E).

Definition 6.21. The space of distributions on the vector bundle E, denoted D' (M, E),
is defined as the topological dual of D(M, EY). That is,

D'(M,E) = [D(M, EV)]".
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As usual we equip the dual space with the strong topology. Recall that EV denotes the
bundle Hom(E,D(M)) where D(M) is the density bundle of M.

Remark 6.22. The reason that space of distributions on the vector bundle F is defined
as the dual of D(M, E) rather than the dual of the seemingly natural choice D(M, E)
is well explained in [23] and [35]. Of course, there are other nonequivalent ways to make
sense of distributions on vector bundles (see [23] for a detailed discussion). Also, see
Lemma 9.28 where it is proved that Riemannian density can be used to identify D'(M, F)
with [D(M, E)]*.

Remark 6.23. Let U and V' be nonempty open sets in M with V' C U.
e As in the Euclidean case, the linear map exty,; : T(V, Ey,) — I'(U, Ey7) defined by

flz) ze€V

0 _
ety f(r) = {o relU\V

restricts to a continuous linear map from D(V, E\,) to D(U, E)).

e As in the Euclidean case, the restriction map resyy : D'(U, Ey) — D'(V, Ev) is
defined as the adjoint of ext&U.'

<r€SU,Vu: §0>D’(V,EV)><D(V7E‘\}) = <U> €Xf(€/,US0>D/(U,EU)xD(U,E5) .
e Support of a distribution w € D'(M, E) is defined in the exact same way as for
distributions in the Euclidean space. It can be shown that
(1) ([35], Page 105) If u € D'(M, E) and ¢ € D(M, EY) vanishes on an open
neighborhood of suppu, then u(yp) = 0.
(2) ([35], Page 104) For every closed subset A of M and every u € D'(M, E),
we have suppu C A if and only if u(p) = 0 for every ¢ € D(M, EY) with
suppyp C M \ A.
The strength of the theory of distributions in the Euclidean case is largely due to the
fact that it is possible to identify a huge class of ordinary functions with distributions.
A question that arises is that whether there is a natural way to identify regular sections
of E (i.e. elements of I'(M, E)) with distributions. The following theorem provides a

partial answer to this question. Recall that compactly supported continuous sections of
the density bundle can be integrated over M.

Theorem 6.24. Every f € £(M, E) defines the following continuous map:
u i DOMLE) >R v [ [b1), 62)
M
where the pairing |1, f] defines a compactly supported continuous section of the density
bundle:
VeeM [, fl(z):=(x)[f(z)] ((zr)e€ Hom(E,,D,) evaluated at f(x) € E,).
In general, we define I',.., (M, E) as the set

{f € I'(M, E) : uy defined by Equation 6.2 is well-defined and continuous} .

(Compare this with the definition of Func,.,({2) in Remark 6.11.) Theorem 6.24 tells us
that £(M, E) is contained in I',.., (M, E). If u € D'(M, E) is such that © = u for some
[ € 'veg(M, E), then we say that u is a regular distribution.
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Now, let (U, ¢, p) be a total trivialization triple for £ and let (U, ¢, pp) and (U, ¢, p")
be the corresponding standard total trivialization triples for D(M) and EV, respectively.
The local representation of the pairing [¢, f]| has a very simple expression in terms of the
local representations of f and :

f€Tvey(M,E) = (ffy )= (o™ frop ) i=po fop™t € [Func(p(U),R)*"
(fY,---, f7) is the local representation of f .

1/1 € D(Ma Ev) = (1231, e a'l/;T) = (Z/Jl ° 90717 T >¢T o ()071) = p\/ o w o §071 € [Func(gp(U),R)]Xr
(', --- ") is the local representation of 1) .

Our claim is that the local representation of [, f] (that is, pp o [1), f] o ¢ 1) is equal to
the Euclidean dot product of the local representations of f and 1):

pp o, flow™ =" fi'.

)

The reason is as follows: Lety € o(U) and x = ¢~ (y)

(oo o [, flo ™' (y) = po ([W(@)[f(2)]) = po (W@ [(pl) " (1), F®))])
= [pp o v(x) o (pl) I (W), (W)
= [pY@W@)(f*(y),--- . f(y))] the left bracket is applied to the right bracket
= p'((x) - (f'(y), -, f"(y)) dot product! p"(v)(z)) viewed as an element of R”

= ('), W) (), FT ().

6.2.2. Local Representation of Distributions. Let (U, p, p) be a total trivialization triple
for 7 : E — M. We know that each f € I'(M, E) can locally be represented by r
components f!, .-, f" defined by

Vi<i<r flioU)—=R, fl=plofopt.

These components play a crucial role in our study of Sobolev spaces. Now the ques-
tion is that whether we can similarly use the total trivialization triple (U, ¢, p) to locally
associate with each distribution v € D'(M, E), r components @', - - - , 4" belonging to
D'(¢(U)). That is, we want to see whether we can define a nice map

D(U, Ey) = [D(U, Eg)]" = D'((U)) x -+ x D'(p(U)) .

~~
7T times

(Note that according to Remark 6.23, if w € D'(M, E), then u|y € D'(U, Ey).) Such a
map, in particular, will be important when we want to make sense of Sobolev spaces with
negative exponents of sections of vector bundles. Also, it would be desirable to ensure
that if w 1s a regular distribution then the components of u as a distribution agree with the
components obtained when u is viewed as an element of I'( M, F).

We begin with the following map at the level of compactly supported smooth functions:
Tev,ve : DU, EY) = D))", €—=pYotop ™ =((p") 0bop™ -, (p¥) 0fop™).
Note that TE\/’U#, has the property that for all ) € C>°(U) and £ € D(U, Ey))

Tov (€)= (o @ ) Tpv yyu(€) .

Theorem 6.25. The map Tyvy, : D(U, EY}) — [D(p(U))]*" is a linear topological
isomorphism. ([D((U))]*" is equipped with the product topology.)
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Proof. Clearly, TEV,U,@ is linear. Also, the map TE\/7U7W is bijective. Indeed, the inverse
of Tgv v, (which we denote by Tgv /) 1s given by

Trvue + [D(eU)]" — DU, Ey)
VeelU TEV:UM(gb T ,fr)(l’) = (pv‘Ezv)_l © (517 T agr) © 90(1') .

Now, we show that Tgv 17, : D(U, EYf) — [D(p(U))]*" is continuous. To this end, it is
enough to prove that for each 1 < [ < r the map

o Tpvye: DU EY) = D(p(U)), & (p") ofop™

is continuous. The topology on D(U, Ey;) is the inductive limit topology with respect
to {Ex (U, BY})} kex(w)» 0 it is enough to show that for each K € K(U), 7' o Tppv i :
Ex (U, EY) — D(p(U)) is continuous. Note that 0Ty 17, [Ex (U, E})] € E ey ((U)).
Considering that £,k (¢(U)) < D(p(U)), it is enough to show that

T o Tev vy : Ex(U, EY) — Exuy (p(U))

is continuous. For all £ € £ (U, Ey7) and j € N we have

7t T, &) oty = 16) 0 € © 6™ gtz = €l

which implies the continuity (note that even an inequality in place of the last equality
would have been enough to prove the continuity). It remains to prove the continuity of
Tevue : [D@U)])*" — D(U, EY). By Theorem 6.6 it is enough to show that for
all K € K(¢(U)), Tpvuy : [Ex(p(U))]*" — D(U, Eyy) is continuous. It is clear that
Tevu([Ex(eU))]*) C 5<P71(K)(U, Ey). Since E,-1x)(U, Eyr) — D(U, Ey), it is
sufficient to show that Tpv 17, : [Ex((U))]*" — E,-1(k) (U, £y7) is continuous. To this
end, by Theorem 6.6, we just need to show that for all j € Nand 1 <[ < r there exists
J1, , J such that

1Tev 0,6(&s &) g1y < CUlE G + - 160 1l,5) -

But this obviously holds because

| Tev.u0(&1s - &) i) = 1l -

The adjoint of Tgv 7, is
Tiv g+ (DU EQ)]" = ([D(p(0))]*7)"
< EV U<p (517"' 75r>> = <U7TEV,U,@<£1>"' 7£r>>'

Note that, since Tgv y,, is a linear topological isomorphism, 7% ;; , 1s also a linear
topological isomorphism (and in particular it is bijective). For every u € [D(U, Ey))]*,
Thv p uisin ([D(p(U))] ”) ; we can combine this with the bijective map

L: ([D(UN")" = [D'(@U)]",  L(v) = (voir,--,voi)
(see Theorem 4.43) to send u € [D(U, E7)]* into an element of [D'(p(U))]*":

L(Tgvpou) = (Tpv peu) 0 i, -+, (Tpv o) i)
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where forall 1 <[ <, (Tiv ;; ,u) o4 € D'((U)) is given by
(Tpv ppw) 0 u)(€) = (Tev ypuw)(U(§)) = (Tev ypu)(0,---,0, & ,0,---,0)
—~—

1P position
= <U,TEV’U7@(O,"' 707 5 7Oa"' 70)>
~~~
17 position
If we define g, ¢, € D(U, Ey) by
gl,é,U,go(:[;) = TEV,U,QO(O? -0, § ;0,0 7O>($)
~~~
1" position
~1
:(pV’E}/> O(Oa"'707 £ 707"'7O)ng(£)7
~~
1" position

then we may write

(TEv v 1) © i1, §) D (o) x D) = (U JueUp)DW,EY]* xDW,EY) -
Summary: We can associate with u € D'(U, Ey) = (D(U, EY))* the following r
distributions in D' (p(U)):

VI<I<r @ =Th youoi,
that is,

V&€ D(p(U)) (@,€) = (u, qreve)
where g, ¢ v, € D(U, Ey}) is defined by

1
(pV’EgX) O(O,-'-’O, g 707'”70)0()0(37)'
~—

1" position
In particular,
pvogl,g,UmO@_l:(O,“',0, & ,0,---,0),
17 position

and so (p” o Jueup © 9071)1 =¢.

Let’s give a name to the composition of L with T, , , that we used above. We set
HEV7U7<)0 = L © TE\/J],SO:

Hpvpe: [DUEG)] — (D'(@U)", ue L(Tp ppu) = (@', a7).
Remark 6.26. Here we make three observations about the mapping Hgv i .
(1) Foreveryu € [D(U, EY)|*

supp[Hpv .o u]' = suppi' C p(suppu).

Indeed, let A = p(suppu). By Theorem 6.17, it is enough to show that if n €
D(p(U)) is such that suppn C o(U) \ A, then @ (n) = 0. Note that

<ala ?7> = <u7 gl,n,U,s&> :
So, by Remark 6.23 we just need to show that g, ,, v7,, = 0 on an open neighborhood

of suppu. Let K = suppn. Clearly, U\ o' (K) is an open neighborhood of suppu.
We will show that g, ,, v, vanishes on this open neighborhood. Note that

glﬂ%U#P(x) = (plezv;)_1<07 e 707 no QO(Z'), 07 e 70) .
——

1th position
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Since p¥|gy is an isomorphism and 1 = 0 on o(U)\ K, we conclude that g, , v, =
Oon o~ (p(U)\ K) =U\ ¢~ '(K).

(2) Clearly, Hpv iy, = D'(U, Eyy) — [D'(¢(U))]*" preserves addition. Moreover, if
feC®U)andu € D'(U, Ey), then Hgv y,(fu) = (fop ') Hpv y,(u). Recall
that H == L @) TEV,U,QD'

(Tev v (fu), (&, &) = (fu, Tev ue(&s -1 60))
= (u, f[Tpv (&1, 1 &)
= (u, Tev vl (f oo™ )&, ,&)])
= (
= (

TEVU<p (fo 90_1)(517"‘afr)>
( ) EV U (617"' agT»

(The third equality follows directly from the definition of Trv v ,.) Therefore,
TE'V,U,go(fu) = (f © QO_I)TEV,U,apu

The fact that L((f o o™ )Tpv y,u) = (f o o )L(Thy 1y u) is an immediate

consequence of the definition of L.

(3) Since Tgv v, and L are both linear topological isomorphisms, HE;U’ o = (Lo
Tivp,) o (D'(p(U)" — D*(U, Ey) is also a linear topological isomor-
phism. It is useful for our later considerations to find an explicit formula for this
map. Note that

HEV Ue = (LoTgy U<p>_1 = (TEV,U,¢>_1 oL ' = (TE_VI,U#;)* oL
= (Tpvpe) o L' = (Tpvue) o L.

Recall that

L [DX(pU)]* = [(DeU))T, (W) otom -+ o,
Tiv v (D)) = DU, Eyy) .-

Therefore, for all ¢ € D(U, EY))

Hié,U,Qp(Ul’.. V") (&) = ( EVUcp(U om +---+v" om),§)
= ((v'om +---+0" om,),TE)
=<(v1O?T1+---+UT07TT>7((/)V)1O£os0‘1,---,(pV)TO£os0‘1)>

—Zv ofop™].

Remark 6.27. Suppose v € D'(M, E) is a regular distribution, that is, u = uy where
f € Lyey(M, E). We want to see whether the local components of such a distribution
agree with its components as an element of I'(M, E'). With respect to the total trivializa-
tion triple (U, ¢, p) we have

() [ (floe f), fr=plofop™,
(2) Uf'-)(’df, e Ufl).
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The question is whether uj = u, fl? Here we will show that the answer is positive.
Indeed, for all { € D(p(U)) we have

(', €) = (us, greve) :/ Gie v | / Z (Grev) fldV = / )(Ql,g,U,@)lfldV

:/ Fledv = (ug,€).
w(U)

Note that the above calculation in fact shows that the restriction of Hgv 17, to D(U, Ey)
s TE,U,@-

7. SPACES OF SOBOLEV AND LOCALLY SOBOLEV FUNCTIONS IN R"
In this section we present a brief overview of the basic definitions and properties re-
lated to Sobolev spaces on Euclidean spaces.
7.1. Basic Definitions.

Definition 7.1. Let s > 0 and p € [1, 00|. The Sobolev-Slobodeckij space W*P(R™) is
defined as follows:

e I[fs=keNypell,o0,
WhP(R") = {u € LP(R") : [|ullwro@ny = Y [10"ull, < oo}

vI<h
o Ifs=0¢€(0,1),pell,o00),
n n u(y)[? 1
WOP(R™) = {u € LP(R") : [ulyongan) = //R ey < oc)
e I[fs=0€(0,1), p= o0,

WO (R") = {u € L®(R") : [u|yyo.cogn) := esssup Ju(z) = uly)| < oo}

z,yER™ £y |ZL‘ - y|6
o lfs=k+0,keNy 0ec(0,1),pe[l,ox)]

WP (RY) = {u € WHP(RY) ¢ ullwosn = [ullwroe) + 3 10 ulwosqan < o0}
lv|=k

Remark 7.2. Clearly, for all s > 0, W*P(R™) C LP(R"). Recall that L*(R™) C
L. .(R") C D'(R™). So, we may consider elements of W*?(R"™) as distributions in

loc

D'(R™). Indeed, for s > 0, p € (1,00), and u € D'(R"™) we define

|ullwer@ny == | fllwsr@ny if u=uy for some f € LP(R")
l|w|lwspmny := 00 otherwise '

As a consequence, we may write
WP(R") = {u € D'(R") : ullwsszn < 00}

Remark 7.3. Let us make some observations that will be helpful in the proof of a number
of important theorems. Let A be a nonempty measurable set in R".
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(1) We may write:

v _ av P
[[ e -rr,,
R" xR" |z — y|" o
:// ---dxdy+// ---dmdy—l—/ /---dxdy+/ / - dxdy .
AxA A JRM\A R\A J A R\A JR7\ A

In particular, if suppu C A, then the last integral vanishes and the sum of the two

middle integrals will be equal to 2 [ ) fRn\ ) %dydm. Therefore, in this case

14 _ Av p
// |07 u(x) — 0"u(y)] dedy =
nxR" Ix— |”+"p
|0"u(x) — 0"u // |0"u(
" i dy + 2 LCICO] P
//AxA Ix— I"” ma |7 — I"”p

(2) If A is open, K C A is compact and o« > n, then there exists a number C' such that

forall x € K we have
1
/ dy < C.
r\a [T — y[*

(C' ' may depend on A, K, n, and o but is independent of x.) The reason is as follows:
Let R = 3dist(K, A°) > 0. Clearly, for all x € K, the ball Bg(x) is inside A.
Therefore, for all v € K, R"\ A C R"\ Bg(x) which implies that for all x € K

1 1 r=y—zx 1
/ —dy S/ T—dy £ / —dz =o(S"~ 1)/ —arn_ldr,
R™\ A |z -y R\ Br(x) |z -y R\ Br(0) |2 R T

which converges because o > n. We can let C' = o(S"!) ;O r%r”_ldr.

(3) If A is bounded and o« < n, then there exists a number C such that for all x € A

1
/ dy < C'.
Alz =yl

(C' depends on A, n, and « but is independent of x.) The reason is as follows: Since
A is bounded there exists R > 0 such that for all x,y € A we have |z — y| < R. So,

forallz € A
1 o
dy < U(Sn_1>/ —r"dr,
Al =yl o T

which converges because o < n.

Theorem 7.4. Let s > 0 and p € (1,00). CX(R™) is dense in W*P(R™). In fact, the
identity map ipw : D(R") — W*P(R"™) is a linear continuous map with dense image.

Proof. The fact that C2°(R™) is dense in W*P?(R™) follows from Theorem 7.38 and
Lemma 7.44 in [1] combined with Remark 7.13. Linearity of ¢p y is obvious. It re-
mains to prove that this map is continuous. By Theorem 6.4 it is enough to show that

VK e K(R"),Vpe&kg(R") FjeN st |¢fwsrmn) 2 |olljx -

Let s = m + 6 where m € Ny and 6 € [0,1). If § # 0, by definition ||¢||ws»@n) =
lollwmp@ny + ZM:m 10" olwo.pmny. It is enough to show that each summand can be
bounded by a constant multiple of ||¢||; x for some j.
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e Step1: If 6 =0,
lellwmr@n = > 10" Clle@n = > 10¢llLr)

lv|<m [v|<m

= > (llmxl K17) 2 Illmic

[v|<m
where the implicit constant depends on m, p, and K but is independent of .

e Step 2: Let A be an open ball that contains K (in particular, A is bounded). As it was
pointed out in Remark 7.3 we may write

10" p(x) — 0" p(y)|P
dxdy =
//R"XR” |x_y|n+9p Y
10" p(x) — 0¥ / / 0" p(
d dy + 2 d dz
/ / \x—y\%@p Y " |x—y|n+9p

First note that R" is a convex open set; so by Theorem 4 9 every function f € Ex(R™)

is Lipschitz; indeed, for all z,y € R" we have |f(z) — \ < IfllLxllz — y||. Hence
10" p(x) — 0"¢(y)[” / — gy
dedy < [ 10"0lf | g dyde
//AXA |z — y[mtor A | |"+9”

~ [ el / s

By part 3 of Remark 7.3 f A Wdy is bounded by a constant independent of x;
also, clearly, ||0"¢||1.x < ||¢]|m+1,x. Considering that | A| is finite we get

dxdy =< P
//AxA |l‘ — y|"+913 ||<10|| +1,K -

Finally, for the remaining integral we have

1o [ [ e
Rn\A|5F— |"+p R"\Alx_ |"+p

because the inner integral is zero for x ¢ K. Now, we can write

10" p( / / 1
d dr < ———dydx .
/ /n\A |x - |n+9p Y H‘PH R7\A ‘I - ?/‘MGP Y

By part 2 of Remark 7.3 for all x € K, the inner integral is bounded by a constant.
Since | K| is finite we conclude that

"
d d b
[ e = el

lullwer@ey =2 1@lmtt,k -

Hence

Definition 7.5. Let s > 0 and p € (1, 00). We define

WS (R = (WRR) (4= 1),
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Remark 7.6. Note that since the identity map from D(R") to W*P?(R") is continuous
with dense image, the dual space W% (R") can be viewed as a subspace of D'(R™).

Indeed, by Theorem 4.44 the adjoint of the identity map, i}, y, : WP (R") — D'(R")
is an injective linear continuous map and we can use this map to identify W% (R™)
with a subspace of D'(R™). It is a direct consequence of the definition of adjoint that
for all w € W37 (R"), i}, yyu = ulpgn). So, by identifying u : W*P(R") — R with
u|pny : D(R™) — R, we can view W=7 (R") as a subspace of D'(R").

Remark 7.7.

e [t is a direct consequence of the contents of pages 88 and 178 of [41] that for m € Z
and1 <p < oo
WmP(R") = H'(R") = F5(R").

e [t is a direct consequence of the contents of pages 38, 51, 90 and 178 of [41] that for
s¢€Zandl <p < oo
W=P(R") = B, (R").

Theorem 7.8. Forall s € Rand 1 < p < oo, W*P(R") is reflexive.
Proof. See the proof of Theorem 7.32. Also see [40], Section 2.6, page 198. U

Note that by definition for all s > 0 we have [W*?(R")]* = W~*'(R"). Now, since
WeP(R") is reflexive, [W =% (R™)]* is isometrically isomorphic to W*?(R") and so
they can be identified with one another. Thus forall s € Rand 1 < p < oo we may write

(WP (R™)]" = W (R").

Let s > 0 and p € (1,00). Every function ¢ € C°(R") defines a linear functional
L, : W*P(R") — R defined by

L¢(u):/ updx .

L., is continuous because by Holder’s inequality

Lo (u)] = |/Rn updz| < lull o@n) 19l Lo @ny < @l Lo oy 1l wer ny -
Also, the map L : C°(R") — W= (R") which maps ¢ to L, is injective because
L,= Ly —YueW(R") / u(p —Y)der =0 — : lo —|Pde =0 —= p=1.

Thus we may identify ¢ with L, and consider C°(R™) as a subspace of W~ (R").
Theorem 7.9. For all s > 0 and p € (1,00), C®(R") is dense in W~ (R™).

Proof. The proof given in page 65 of [2] for the density of L' in the integer order Sobolev
space W, which is based on reflexivity of Sobolev spaces, works equally well for
establishing the density of C2°(R™) in W =% (R"). O

Remark 7.10. As a consequence of the above theorems, for all s € R and p € (1,0),
W#P(R™) can be considered as a subspace of D'(R™). See Theorem 4.44 and the discus-
sion thereafter for further insights. Also see Remark 7.48.

Next we list several definitions pertinent to Sobolev spaces on open subsets of R”.

Definition 7.11. Let € be a nonempty open set in R". Let s € Rand p € (1, 00).
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(1) e lIfs=keN,
WHP(Q) = {u € LP(Q) : [lullwrs@) = Y 0"ullmso() < o0}

lv|<k

e Ifs=0¢c(0,1),
p 1
W (Q) = LP(9Q) 00() )‘ddE :
() = {u e 17(9) : July // |x_y|n+9p y)? < oo}
o Ifs=k+0,kecNy6e(0,1),

Wor(Q) = {u € WE(Q) : [ullwen) = [ullwro + Y 10*ulwosg) < 00} .

lv|=k
o [fs <,
S -8, / * 1 1
WER(@) = W™ (@) C+ 5 =1),
where forall e > 0 and 1 < q < oo, Wy*(R) is defined as the closure of C2°(2)
in We1(Q).

(2) W*P(Q) is defined as the restriction of W*P(R") to Q. That is, W*P(Q) is the col-
lection of all u € D'(QY) such that there is a v € W*P(R") with v|g = u. Here v|q
should be interpreted as the restriction of a distribution in D'(R™) to a distribution in
D'(Q). W*P(Q) is equipped with the following norm:

s,p(Q) — i f s, ny.
Hu”W () vGWS"’%I{R}"),vb:u HUHW PR")
(3)
WHP(Q) = {u € W*P(R") : suppu C Q} .
We?(Q) is equipped with the norm |[ul] /s p@ = [ullwsr@n).
(4)

WeP(Q) = {u = v|g,v € W*P(Q)}. (7.1)
Again v|q should be interpreted as the restriction of an element in D'(R") to D'().
So W#P(Q) is a subspace of D'(Q). This space is equipped with the norm ||u/ i, =
inf ||v||yysp@ny where the infimum is taken over all v that satisfy (7.1). Note that two

elements vy and vy of W*P(Q) restrict to the same element in D' () if and only if
supp(vy — v9) C 0S2. Therefore,

W&p(Q)

W*P(Q) = .
() {v e Ws»(R") : suppv C 00}

(5) For s > 0 we define
W () = {u € W*P(Q) : extd) zou € WHP(R")} .
We equip this space with the norm
ullwsr ) == ||ext%’RnuHWs,p(Rn).
00

Note that previously we defined the operator ext?)’Rn only for distributions with com-

pact support and functions; this is why the values of s are restricted to be nonnegative
in this definition.
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(6) For all K € K(2) we define
WP (Q) = {u e WHP(Q) : suppu C K},
with ||UHW§‘“(Q) = HU”W&,p(Q).

(7)
WEr (Q) =

comp U WIS{J)(Q) .

KeK(Q)

This space is normally equipped with the inductive limit topology with respect to the
family {W32P(Q)}kex (). However, in these notes we always consider W2 () as

comp
a normed space equipped with the norm induced from W*?((2).

Remark 7.12. Each of these definitions has its advantages and disadvantages. For ex-
ample, the way we defined the spaces W*P () is well suited for using duality arguments
while proving the usual embedding theorems for these spaces on an arbitrary open set
Q is not trivial; on the other hand, duality arguments do not work as well for spaces
WeP(Q) but the embedding results for these spaces on an arbitrary open set §) auto-
matically follow from the corresponding results on R™. Various authors adopt different
definitions for Sobolev spaces on domains based on the applications in which they are
interested. Unfortunately, the notation used in the literature for the various spaces in-
troduced above are not uniform. First note that it is a direct consequence of Remark 7.7

and the definitions of B;, (), H;(2) and F}; () in [40] page 310 and [43] that
() = {F;,2<Q> = I1;(9)
B, ,(Q) ifs ¢ Z

With this in mind, we have the following table which displays the connection between the
notation used in this work with the notation in a number of well-known references.

ifselZ

this Triebel [40] | Triebel [43] | Grisvard [21] | B@ttacharyya
manuscript [11]
Wer(Q) W () Wer(Q)
Wer(Q) We() We () W () Wer(Q)
Wer(Q) Ws(Q) Vs ()
WsP(Q) W3(Q)
Wit () W3(Q) Woi (€)
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Remark 7.13.
e Note that
|l w2y + Z 10" ulwor) < [lullwrr@) + Z 10" ullweo.r
lv|=k lv|=k
=nwwwmy+§j(wywmmwwymwwmo

lv|=k

= ullwer@) + Z 10" ulwon(q) (since Z 10" ul| ey < llullwee@)) -

lv|=k lv|=k
Therefore, the following is an equivalent norm on W*P((QQ)
lullwsri@) = lullwes@ + D 110%ulwor) -
|lal=k
e Forp € (1,00) and a,b > 0 we have (a? + bp)% ~ a + b; indeed,
a’ + b < (a+0b)P < (2max{a,b})? < 2P(a? + bP).
More generally, if ay, - - - , a,, are nonnegative numbers, then (a} + - - - + a?’ )P ~ay +

- -+a,,. Therefore, for any nonempty open set ) in R", s > 0, the followmg expressions
are both equivalent to the original norm on W*?(()

1

lallwer@) = [lullfynnqy + D 10" ulyon@)]” -
lv|=k

1

ooty = [l + 3 107 ulEsner]
lv|=k

where s =k + 0, k € Ny, 0 € (0,1).
7.2. Properties of Sobolev Spaces on the Whole Space R".

Theorem 7.14 (Embedding Theorem I, [40], Section 2.8.1). Suppose 1 < p < q < o0
and —0o < t < s < oo satisfy s — % >t — 2. Then W*P(R") — W"(R"). In
particular, W*P(R") — WHP(R").

Theorem 7.15 (Multiplication by smooth functions, [42], Page 203). Let s € R, 1 <
p < 00, and ¢ € BC®(R"). Then the linear map

my : WHP(R") — W*P(R"), U ou
is well-defined and bounded.
A detailed study of the following multiplication theorems can be found in [7].

Theorem 7.16. Let s;, s and 1 < p,p; < oo (i = 1, 2) be real numbers satisfying

(i) s; = s >0,
(ll) SEN(),
1 1
(iii) s; — s >n(— — -),
pbi D
. 1 1 1
(iv) s+ s —s>n(—+———) >0.

br p2 D
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where the strictness of the inequalities in items (iii) and (iv) can be interchanged.
Ifu € WorPL(R"™) and v € W52P2(R™), then wv € W*P(R"™) and moreover the pointwise
multiplication of functions is a continuous bilinear map

WEPL(R™Y) x W22 (R™) — WP (R™),

Theorem 7.17 (Multiplication theorem for Sobolev spaces on the whole space, nonnega-
tive exponents). Assume s;, sand 1 < p; < p < oo (1 = 1, 2) are real numbers satisfying

(i) si > s,
(ii) s > 0,
1 1
(iii) s; — s >n(— — -),
pbi D
. 1 1 1
(iv) $1+ 89— s >n(—+— — —).
pr P2 D

Ifu € WsPH(R") and v € W*2P2(R"), then uv € W*P(R"™) and moreover the pointwise
multiplication of functions is a continuous bilinear map

WHPH(R™) x W92 (R) — WHP(R™).

Theorem 7.18 (Multiplication theorem for Sobolev spaces on the whole space, negative
exponents ). Assume s;, s and 1 < p; < p < oo (i = 1,2) are real numbers satisfying

(i) s; > s,
(ii) min{sy, se} <0,
1
(iii) s; —s > n(— — -),
i P
. 1 1 1
(iv) s+ sy —s>n(—+— ——),
pll P2 D
(v) s1+ s >n(—+——1)>0.
YL %)

Then the pointwise multiplication of smooth functions extends uniquely to a continuous
bilinear map

WHPH(R™) x W92 (R) — WHP(R™).

Theorem 7.19 (Multiplication theorem for Sobolev spaces on the whole space, negative
exponents II). Assume s;,s and 1 < p,p; < oo (i = 1,2) are real numbers satisfying

(i) si > s,
(ii) min{sy, se} > 0and s <0,
1
(iii) s; —s > n(— ——),
Di
. 1 1 1
(iv) ss+sg—s>n(—+——-) >0,
pPr. P2 P
(v) s1+ 89 >n(—+ — —1). (the inequality is strict)
p1 D2

Then the pointwise multiplication of smooth functions extends uniquely to a continuous
bilinear map

WHPH(R™) x W92 (R) — WP (R™).

Remark 7.20. Let’s discuss further how we should interpret multiplication in the case
where negative exponents are involved. Suppose for instance s; < 0 (so may be positive
or negative). A moment’s thought shows that the relation

WHPH(R™) x W92 (R) < WEP(R™).
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in the above theorems can be interpreted as follows: for all u € W*PL(R") and v €
We2p2(R™), if {p;} in C®°(R™) N WP (R") is any sequence such that p; — u in
Werp1(R™), then
(1) foralli, p;v € WP(R™) (multiplication of a smooth function and a distribution),
(2) @;v converges to some element g in W*P(R™) as i — oo,
(3) llgllwsrmny =2 ||wllwsimn @ny||v||wszm2mny where the implicit constant does not
depend on u and v,
(4) g € W*P(R™) is independent of the sequence {y;} and can be regarded as the
product of u and v.

In particular, p;v — uwv in D'(R™) and for all ¢ € C*(R™)

<UU,¢>D’(Rn)xD(Rn) = Z,li)Iglo<90iU,1/)>D/(Rn)xD(Rn) = <U; 901‘1/)>D/(]R”)><D(]R”) .

7.3. Properties of Sobolev Spaces on Smooth Bounded Domains. In this section we
assume that €2 is an open bounded set in R™ with smooth boundary unless a weaker
assumption is stated. First we list some facts that can be useful in understanding the
relationship between various definitions of Sobolev spaces on domains.

e ([11], Page 584)[Theorem 8.10.13 and its proof] Suppose s > 0 and 1 < p < oo. Then

W=r(Q) = W*P(Q) in the sense of equivalent normed spaces.

e ([43], Pages 481 and 494) For s > & — 1, W*P(Q) = W*(Q). That is, for s > 1 — 1
{v e W*P(R") : suppv C 02} = {0}.

e Lets>0and1 < p < oo. Thenfors # L 1+ Il?, 24 %, -+ - (that is, when the fractional

p
part of s is not equal to %) we have

(1) ([11], Page 592)[Theorem 8.10.20] W"(©2) = WiP(€2) in the sense of equivalent
normed spaces.

(2)
extypn 1 (C2(Q), [|]lsp) = WHP(R)
is a well-defined bounded linear operator.
(3)
resgn o 1 WP (R™) — W57(Q) u— ulg
is a well-defined bounded linear operator.
Note that the connection between items (2) and (3) above can be seen as follows: Let
u € WP (R"). resgnqu € W™ (Q) if and only if u|g : (D(Q),].]lsp) — R is
continuous, that is, if

[(ulq, @) Dr(@)xD(@)]

sup < 00.
ozpeD(@)  [@llwer@)
We have
[(ula, ¥) pr@)xD@)| = |<U7eXt?z,Rn90>D/(Rn)xD(Rn)| = |(u, ex@l,R"@)W*SvP’(R”)xwg’p(Rn)|

= Hu”w—sm’(Rn)||eXt?1,Rn90HW§”’(Rn) :

So, the desired inequality holds if one can show that for all p € D(S2), [lextd, pn |l we»@n) =
lellwsr)-
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Next we recall some facts about extension operators and embedding properties of
Sobolev spaces. The existence of extension operator can be helpful in transferring known
results for Sobolev spaces defined on R" to Sobolev spaces defined on bounded domains.

Theorem 7.21 (Extension Property I). ([11], Page 584) Let Q2 C R™ be a bounded open
set with Lipschitz continuous boundary. Then for all s > 0 and for 1 < p < oo,
there exists a continuous linear extension operator P : WP (Q) — W*P(R") such that
(Pu)|q = wand || Pullws»@ny < Cllul|lwsr) for some constant C' that may depend on
s, p, and §) but is independent of u.

The next theorem states that the claim of Theorem 7.21 holds for all values of s (posi-
tive and negative) if we replace W*?(Q) with W*?(Q2).

Theorem 7.22 (Extension Property II). ([43], Page 487, [41],Page 201) Let Q) C R™ be
a bounded open set with Lipschitz continuous boundary, p € (1,00) and s € R. Let
R : W*P(R") — W*P(Q) be the restriction operator (R(u) = u|q). Then there exists a
continuous linear operator S : W*P(Q)) — W*P(R") such that Ro S = Id.

Corollary 7.23. One can easily show that the results of Sobolev multiplication theorems
in the previous section (Theorems 7.16, 7.17, 7.18, and 7.19) hold also for Sobolev spaces
on any Lipschitz domain as long as all the Sobolev spaces involved satisfy W*9(€)) =
We4(Q) (and so, in particular, existence of an extension operator is guaranteed). Indeed,
if Py Weerr(Q) — WP (R™) and Py : W#P2(Q) — W*2P2(R") are extension
operators, then (Pyu)(Pov)|q = uv and therefore,

[uvllwsr@) = l[uvllwsn@) < I|(Pru)(Pov)l[wer@ny =2 [ Prullwsres @) | Povllwezrz @n)
< Wl o [0l
Remark 7.24. In the above Corollary, we presumed that (Pyu)(Pyv)|q = uv. Clearly,
if s1 and sy are both nonnegative, the equality holds. But what if at least one of the
exponents, say s, is negative? In order to prove this equality, we may proceed as follows:
let {i} be a sequence in C*°(R"™) N W*1PL(R™) such that p; — Pyu in W*HPL(R™). By
assumption Ws1P1(Q)) = W1P1(()), therefore the restriction operator is continuous and

{@ila} is a sequence in C>(2) N W*LP1(Q) that converges to u in W*P (). For all
Y € CX(2) we have

([(Pru)(Pyv)]la, ¥) preyxpi@) = ((Pru) (Pav), extd, pn ¥0) pr(en)x p(n)

emark 7.20 .
R :7 ¢ th <g0i(P2U),€XZ‘% Rn ¢>D’ (R™)x D(R")

= lim ((P0), PiextQ gn 1) D (Rm)x D(RN)

= lim ((Pv), extd, gn (©ilat)) r(Rn)x DR
= hm((P2 v)|a, wilo¥) pr)x Do)

= }g&(%b% ¢>D/(Q)xD(Q)

= (uv, V) pr)xD©Q) -

Theorem 7.25 (Embedding Theorem II). [21] Let §2 be a nonempty bounded open subset
of R™ with Lipschitz continuous boundary or Q@ = R™. If sp > n, then W*P(Q) —
L>(Q) N C°(Q) and W*P(Q) is a Banach algebra.

Theorem 7.26 (Embedding Theorem III). [7] Let €2 be a nonempty bounded open subset
of R™ with Lipschitz continuous boundary. Suppose 1 < p,q < oo (p does NOT need to
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be less than or equal to q) and 0 < t < s satisfy s — % >t — %. If s € Ny, additionally
assume that s # t. Then W*P(Q) < WH4(Q). In particular, W*P(Q2) — WhP(Q).

Theorem 7.27. Let §2 be a nonempty bounded open subset of R™ with Lipschitz continu-
ous boundary. Then u : Q — R is Lipschitz continuous if and only if u € WH(Q). In
particular, every function in BC*()) is Lipschitz continuous.

Proof. The above theorem is proved in Chapter 5 of [18] for open sets with C'! boundary.
The exact same proof works for open sets with Lipschitz continuous boundary. U

The following theorem (and its corollary) will play an important role in our study of
Sobolev spaces on manifolds.

Theorem 7.28 (Multiplication by smooth functions). Let ) be a nonempty bounded open
set in R™ with Lipschitz continuous boundary.

(1) Let k € Nyand 1 < p < co. If ¢ € BC*(Q), then the linear map W*?(Q) —
W*P(Q) defined by u — @u is well-defined and bounded.

(2) Let s € (0,00) and 1 < p < oo. If p € BCLY(Q) (all partial derivatives of
@ up to and including order | s| exist and are bounded and Lipschitz continuous),
then the linear map W*P(Q)) — W*P(Q) defined by u — @u is well-defined and
bounded.

(3) Let s € (—00,0) and 1 < p < oo. If ¢ € BC™Y(), then the linear map
WeP(Q) — W*P(Q) defined by u — pu is well-defined and bounded.

Note: According to Theorem 7.27, when () is an open bounded set with Lipschitz con-
tinuous boundary, every function in BC'(Q) is Lipschitz continuous. As a consequence,
BC>=(Q) = BC>(Q). Of course, as it was discussed after Theorem 4.9, for a gen-
eral bounded open set ) whose boundary is not Lipschitz, functions in BC*(£2) are not
necessarily Lipschitz.

Proof.
e Step 1: s = k € Nj. The claim is proved in ([16], Page 995).

e Step 2: 0 < s < 1. The proof in Page 194 of [15], with obvious modifications,
shows the validity of the claim for the case where s € (0,1).
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e Step 3: 1 < s ¢ N. In this case we can proceed as follows: Let k = [s],0 = s — k.

R k 7.13
leullsp " " Hloulles + D 1187 (0u)lo
lv|=k

< lpullny+ D D190 ullo,

|v|=k B<v

= Hqu7p + Z Z H@%Hgm (by Stepl and Step2; the implicit constant may depend on ap)
lv|=k B<v

= llullsp+ Y D 10%ulloy

lv|=k B<v

= lullsp + Z Z ulloyigp (0% WOHEP(Q) — WOP(Q)is continuous)
lv|=k f<v

< ullep+ D0 Nullsy (048] < 5= W(Q) = WHPIr(Q))
lv|=k B<v

= lullsp-

Note that the embedding W*?(Q) — W9+AlP(Q)) is valid due to the extra assump-
tion that € is bounded with Lipschitz continuous boundary. (See Theorem 7.39 and
Remark 7.40).

e Step 4: s < 0. For this case we use a duality argument. Note that since ¢ € C*°((2),
ou is defined as an element of D’(€2). Also, recall that W*P((2) is isometrically
isomorphic to [C2°(€2), ||.]|—s»]* (see the discussion after Remark 4.45). So, in order
to prove the claim, it is enough to show that multiplication by ¢ is a well-defined
continuous operator from W*P(Q2) to A = [C°(Q), ||.||-s]*. We have

|{¢u, v) pryx D) (1, v) pr)x D) ]

lpulla = sup = sup
veC=\{0} [ - veC\{0} 0] s

Remark 7.48 | <u7 ('D,U>Ws,p(Q)><WO*S,p/(Q) |
= sup
veC\{0} [0]] -5

< [eels pllpvll s [[eells pllvll—s.p

= [lulls -

veC®\{0} ||U||—s7p' veC\{0} ||U||—s,p’
O

Corollary 7.29. Let §) be a nonempty bounded open set in R™ with Lipschitz continuous
boundary. Let K € K(Q2). Suppose s € Rand p € (1,00). If ¢ € C*(Q), then the
linear map WP (Q) — WP (Q) defined by u — pu is well-defined and bounded.

Proof. Let U be an open set such that K C U C U C Q. Let ¢ € C>() be such that
¢ =1 on K and ¢ = 0 outside U. Clearly 1o € C2°(2) and thus 1o € BC>1(Q) (see
the paragraph above Theorem 4.10). So, it follows from Theorem 7.28 that || pul|s, <
||u||s,, where the implicit constant in particular may depend on ¢ and ). Now the claim
follows from the obvious observation that for all u € W;"(Q), we have You = pu. O

Theorem 7.30. Let () = R"” or ) be a nonempty bounded open set in R™ with Lipschitz
continuous boundary. Let K C Q be compact, s € Rand p € (1,00). Then

(1) WP (Q) C W5P(2). That is, every element of W;*(2) is a limit of a sequence in
C(9);
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(2)if K CV C K' C Q where and K' is compact and V' is open, then for every
u € WP(Q), there exists a sequence in C%5,(S2) that converges to u in WP ().

Proof. (1) Let u € W2"(Q). By Theorem 7.33 and Theorem 7.34, there exists a
sequence {(;} in C*°(Q2) such that p; — w in W*P(Q). Let ¢p € C2°(2) be such
that v = 1 on K. Since C°(Q) C BC>!(Q), it follows from Theorem 7.15
and Theorem 7.28 that ¥p; — tu in W*P(£2). This proves the claim because
Y, € CX2(Q) and Yu = u.

(2) In the above argument, choose ¢ € C'°(2) such that ) = 1 on K and ¢p = 0
outside V.
O

Theorem 7.31 (([43], Page 496), ([40], Pages 317, 330, and 332)). Let ) be a bounded
Lipschitz domain in R". Suppose 1 < p < 0o, 0 < 5 < zlf Then C°(Q2) is dense in
WsP(Q) (thus W*P(Q2) = W5*(Q)).

7.4. Properties Of Sobolev Spaces on General Domains. In this section §2 and 2" are

arbitrary nonempty open sets in R”. We begin with some facts about the relationship
between various Sobolev spaces defined on bounded domains.

e Suppose s > 0 and ' C Q. Then for all u € W*P(Q2), we have resq gu € WP(Q').
Moreover, |resq o/u|wsr@) < ||ullwsr). Indeed, if we let s = &k + 6

0" u( o’u(y)P 1
fuweson, = oo + 3 ([ [ |x_y|n+9p< D Gy

lv|=k xQ/
2 u(e) — uly)P
= |0%ul| Loy + // dxdy)®
|(12<:k ’ ;k X |$ — y|ror )
P ule) - ul
< |Z|: 10%ul| o) + |Z / - |x — da:dy)P = ||ullwsr ) -
al<k v|=k

So, resq o : WHP(€2) — W*P(€Y') is a continuous linear map. Also, as a consequence,
for every real number s > 0
WSP(Q) — WP(Q).

Indeed, if u € W*P((2), then there exists v € W*P(R") such that resg» ov = u and
thus v € W*P(§2). Moreover, for every such v, |[ullwsr) = |resgn ov|wsr) <
||v||wspny. This implies that

Hu”WS’p(Q) = veWs,ng),vIQ:u HUHWS’p(Rn) - Hu“ws’p(ﬁ) :

e Clearly, for all s > 0 -
WP () — WP(Q) .
e ([21], Page 18) For every integer m > 0
W (Q) € WgP(Q) € W™P(Q) € W™P(Q).
e Suppose s > 0. Clearly, the restriction map resgn o : WP(R") — W*P(Q) is a

continuous linear map. This combined with the fact that C2°(R") is dense in W*?(R")
implies that C2°(€2) := resgn o(C2°(R™)) is dense in W*P((2) for all s > 0.

o W5P(Q) is a closed subspace of W*P(R"). Closed subspaces of reflexive spaces are
reflexive, hence W () is a reflexive space.
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Theorem 7.32. Let () be a nonempty open set in R™ and 1 < p < oc.
(1) Forall s > 0, W*P(Q) is reflexive.
(2) Forall s > 0, Wi*(Q) is reflexive.
(3) Forall s <0, W*P(Q) is reflexive.

Proof.

(1) The proof for s € Ny can be found in [2]. Let s = £+ 6 where k € Npand 0 < 6 < 1.
Let
r=card{v € N : [v| = k}.
Define P : W*P(Q) — W*P(Q) x [LP(2 x Q)]*" by

Plu) = (u. (!5”U($) - 3”u(y)\)|ylk).

o —y[»™
The space W"P(Q) x [LP(Q x Q)]*" equipped with the norm
100, o)l = ([ fllwrr) + [orllzr@xa) + - -+ + llorllrxay

is a product of reflexive spaces and so it is reflexive (see Theorem 4.12). Clearly,
the operator P is an isometry from W*P(Q) to W*P(Q) x [LP(2 x Q)]*". Since
W=#P(Q) is a Banach space, P(W*P(Q2)) is a closed subspace of the reflexive space
WHkP(Q) x [LP(£2 x Q)]*" and thus it is reflexive. Hence W*?() itself is reflexive.

(2) WyP(2) is the closure of C2°(€2) in W*P(Q). Closed subspaces of reflexive spaces
are reflexive. Therefore, W () is reflexive.

(3) A normed space X is reflexive if and only if X* is reflexive (see Theorem 4.12). Since
for s < 0 we have Ws?(Q) = [W, "7 (Q)]*, the reflexivity of W*?(Q2) follows from
the reflexivity of W, *7'(1).

O
Theorem 7.33. Forall s < 0and 1 < p < oo, C2°(Q2) is dense in W*P(Q).

Proof. The proof of the density of L? in W™ in page 65 of [2] for integer order Sobolev

spaces, which is based on the reflexivity of TV, ™" , (2), works in the exact same way for
establishing the density of C2°(Q2) in W*P(2). 0

Theorem 7.34 (Meyers-Serrin). For all s > 0 and p € (1,00), C®(Q2) N W*P(Q) is
dense in W*P(Q).

Next we consider extension by zero and its properties.

Lemma 7.35. ([11], Page 201) Let ) be a nonempty open set in R" and v € W;""(Q)
where m € Nyand 1 < p < oo. Then

(1) Vl|a| <m, 0%u = (/é)\a_u/) as elements of D'(R"),
(2) (TS Wm,p(Rn) with ||a|lwm,p(Rn) = ||U||Wm,p(Q).

Here, i := ext{, gou and (0%u) := ext{ g (0%u).

Lemma 7.36 ([32],Page 546). Let €2 be a nonempty open set in R", K € K(Q2), u €
Wi (Q) where s € (0,1) and 1 < p < oc. Then extQ gou € W*P(R") and

||€xt%7Rn||WSvp(Rn) = ullwsr@)

where the implicit constant depends on n, p, s, K and ).
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Theorem 7.37 (Extension by Zero). Let s > 0 and p € (1,00). Let ) be a nonempty
open set in R" and let K € K(2). Suppose uw € W (). Then
(1) ext gnu € WP(R™). Indeed, ||ext, gntu|lwsr@ny = [[ullws») where the im-
plicit constant may depend on s, p,n, K, ) but it is independent of u € W;*(2).
(2) Moreover,

[lextey gnt|lwep@ny > [lullwsr) -

In short, ext%RnUHWSm(R") = ||U||Ws’p(ﬂ)'

Proof. Let u = ext?lanu. If s € Np, then both items follow from Lemma 7.35. So, let
s =m+ 6 where m € Ny and 6 € (0,1). We have

lillwso@ny = [@llwme@n + D 10" lwongn

lv|=m

lullweme@ + > 10“tlwongen

lv|=m

Lemma 7.35

Lemma 7.36
= ullwme) + Z 10" ul[wo.n )

jvi=m
= Jullwssre) -

The fact that ||@||ywsr@ny > ||u|lwsr@) is a direct consequence of the decomposition
stated in item 1. of Remark 7.3. U

Corollary 7.38. Let s > 0 and p € (1,00). Let 2 and €)' be nonempty open sets in R"
with Q' C Qand let K € K(Y). Suppose uw € W (Y). Then

(1) extdy qu € W*P(Q),
Proof.
u e WiP(QY) = extgy gnu € WHP(R") = ext{y gnulo € W*P(1).
As we know, W*P(Q) — W*?((Q). Also, it is easy to see that ext}, p.ulo = extd, gu.
Therefore, exto,ﬂu € W*P(Q). Moreover,
llextey qullw=s(e) = [lextg g 0 extoy qullwen(rn) = [lextay gntel|wer(n) = [[ullwen@) -
U

Extension by zero for Sobolev spaces with negative exponents will be discussed in
Theorem 7.45.

Theorem 7.39 (Embedding Theorem IV). Let () C R™ be an arbitrary nonempty open
set.

(1) Suppose 1 < p < q <ooand0 <1 < ssatisfy s — 2 21— 7. Then W*P(Q) —

Wha(§).

(2) Suppose 1 < p<g<oocand) <t < ssatisfys—% > t—%. Then W' (Q) —
WrA(Q) for all K € K(Q).

(3) Forall ki, ky € Ngwith ky < ko and 1 < p < oo, Wk2P(Q) — Wkir(Q).

(4) If0 <t <s<landl <p < oo, then W*P(Q) — W"P(Q).

(5) If 0 <t < s < ocoaresuchthat |s| = |t| and1 < p < oo, then W*P(Q) — WhP(Q).
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(6) If0 <t <s<ooteNyandl <p< oo, then WP (Q) — WHP(Q).
Proof.
(1) This item can be found in ([40], Section 4.6.1).
(2) For all u € WP () we have
[ullwea) = [lextd, guuf|weagn) =< [lextd, gutellwse@n = [luflwer@) -
(3) This item is a direct consequence of the definition of integer order Sobolev spaces.
(4) Proof can be found in [32], Page 524.
(5) This is a direct consequence of the previous two items.
(6) This is true because W*P(Q) «— WlslP(Q) — Whr(Q).
H

Remark 7.40. For an arbitrary open set ) in R" and 0 < t < 1, the embedding
WP (Q) — WHP(Q) does NOT necessarily hold (see e.g. [32], Section 9.). Of course,
as it was discussed, under the extra assumption that §2 is Lipschitz, the latter embedding
holds true. So, if | s] # |t]| and t & Ny, then in order to ensure that W*P(Q2) — WhP(Q)
we need to assume some sort of regularity for the domain () (for instance it is enough to
assume ) is Lipschitz).

Theorem 7.41 (Multiplication by smooth functions). Let §2 be any nonempty open set in
R™ Letp € (1,00).

(1) If0 < s < 1 and ¢ € BC%(Q) (that is, ¢ is bounded and ¢ is Lipschitz), then
my : WHP(Q) — WP(Q), U ou
is a well-defined bounded linear map.
(2) If k € Ny and ¢ € BC*(Q), then
my, : WEP(Q) — WFP(Q), U pu
is a well-defined bounded linear map.
(3) If—1 < s<0andp € BC™'(Q) ors € Z~ and ¢ € BC>*(X), then
my, : WHP(Q) — WP(Q), U U

is a well-defined bounded linear map. (pu is interpreted as the product of a smooth
function and a distribution.)

Proof.
(1) Proof can be found in [32], Page 547.
(2) Proof can be found in [16], Page 995.

(3) The duality argument in Step 4. of the proof of Theorem 7.28 works for this item
too.

g

Remark 7.42. Suppose ¢ € BC™(Q). Note that the above theorem says nothing
about the boundedness of the mapping my, : W*P(Q) — W*P(Q) in the case where s is
noninteger such that |s| > 1. Of course, if we assume <) is Lipschitz, then the continuity
of my, follows from Theorem 7.28. It is important to note that the proof of that theorem
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for the case s > 1 (noninteger) uses the embedding W*+0r(Q) < WF+0»(Q) with
k' < k which as we discussed does not hold for an arbitrary open set ). The proof for
the case s < —1 (noninteger) uses duality to transfer the problem to s > 1 and thus
again we need the extra assumption of regularity of the boundary of ().

Theorem 7.43. Let ) be a nonempty open set in R", K € K(Q), p € (1,00), and
—1<s<0orseZ orsecl0,00). If p € C™(2), then the linear map

WE () = W (@), u— pu
is well-defined and bounded.

Proof. There exists ¢ € C2°(2) such that ¢ = 1 on K. Clearly vyp € C°(Q2) and if
u € WiP(Q), You = @u on . Thus without loss of generality we may assume that
p € C*(Q). Since C*(Q) € BC>®(N) and C*(Q) C BC*1(Q), the cases where
—1 < s < 0ors € Z follow from Theorem 7.41. For s > 0, the proof of Theorem
7.28 works for this theorem as well. The only place in that proof that the regularity of the
boundary of 2 was used was for the validity of the embedding 1W*?(Q) — W/*IElr(Q),
However, as we know (see Theorem 7.39), this embedding holds for Sobolev spaces with
support in a fixed compact set inside €2 for a general open set €2, that is, for W;"(2) —

W?lﬂ e (©2) to be true we do not need to assume €2 is Lipschitz. O

Remark 7.44. Note that our proofs for s < 0 are based on duality. As a result, it seems
that for the case where s is a noninteger less than —1 we cannot have a multiplication by
smooth functions result for W' (Q) similar to the one stated in the above theorem. (Note
that there is no fixed compact set K such that every v € C'°()) has compact support in
K. Thus the technique used in Step 4 of the proof of Theorem 7.28 does not work in this
case.)

Theorem 7.45. Let s < 0 and p € (1,00). Let 2 and ) be nonempty open sets in R"
with Q) C Q and let K € (). Suppose w € WP (SY). Then

(1) If exty qu € W*P(Q), then |[ullwsrory = llextdy qullwsn (o) (the implicit constant
may depend on K).

(2) If s € (=00, —1] N Zor —1 < 5 < 0, then ext}, qu € W*P(Q) and
lexty qullwsp) = lullwss). This result holds for all s < 0 if we further
assume that § is Lipschitz or () = R".

Proof. To be completely rigorous, let ipy : D(Q) — W, P '(€Y) be the identity map
and let i, yp, : W*P(QY) — D'(€Y) be its dual with which we identify W*P(€)’) with a
subspace of D'(€Y'). Previously we defined ext%,’g for distributions with compact support
in €'. For any u € W*(€') we let

ext%,@u = ext%,’Q o ip Wi,

which by definition will be an element of D’(2). Note that (see Remark 7.48 and the
discussion right after Remark 4.45)

[(exty ou, 1) priyx D)

lextdy qullwsr@) = sup
0#£pED(Q) ||¢wasm’(9)

[(w, @) oy x D)

[ullwsr@y = sup
0£peD () H@HW—sm’(Q/)
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So, in order to prove the first item we just need to show that

() x ’ eXtO/ u, ’
VO£ o e D) 3¢ D) st |(w, ) iy py| (Xt ou, V) prayx D@yl

H@HW*S#”(Q’) H@DHwa’(Q)

Let ¢ € D(Q). Define ) = extyy o. Clearly, ¢ € D(Q2) and ¢ = ¢ on {'. Therefore,
(extey qu, ¥) pr(eyxpi@) = (U, Ylar) praryxper) = (U ©) Dy« D) -
Moreover, since —s > 0

H@bHW*SvP'(Q) = HeXt?Z’,QQDHW*SvP'(Q) = ”SOHW*S?P’(Q’)'

This completes the proof of the first item. For the second item we just need to prove that
under the given hypotheses

V0 #ue D@ Tpe D) st St @l oo

[ lellw—s )

To this end suppose ¢ € D(2). Choose a compact set Ksuchthat K ¢ K ¢ K C

Y. Fix x € D(Q) such that y = 1 on K and suppx C 2. Clearly, ©» = y? on a
neighborhood of K and if we set ¢ = x|q/, then ¢ € D(Y'). Therefore,

(extey o, V) pre)xp() = (Xt o, X¥) pr@)x D) = (U, X¥lor) preryxpier) = (U, @) praryxp(ey) -

Also, since —s > (, we have

||90HW—s,p’(Q/) < HeXt?z/,mOHW—sm’(Q) = \|X¢||W—w’(ﬂ) = ||¢Hw—sm/(sz)-

The latter inequality is the place where we used the assumption that s € (—oo, —1] N Z
or —1 < s < 0 or § is Lipschitz or {2 = R". This completes the proof of the second
item. U

Corollary 7.46. Let p € (1,00). Let 2 and S be nonempty open sets in R™ with Q' C )
and let K € K(Q'). Suppose u € W;P(Q). It follows from Corollary 7.38 and Theorem
7.45 that

e if s € R is not a noninteger less than —1, then
[ullwer@) = l[ullwor@)

o if Q is Lipschitz or ) = R", then for all s € R
[ullwsr) == [lullwer@) -

Note that on the right hand sides of the above expressions, u stands for resq ou. Clearly,
ext%/ Q oresqou = u.

Theorem 7.47. Let ) be any nonempty open set in R", K C ) be compact, s > 0, and
p € (1,00). Then the following norms on W;*(Q)) are equivalent:

HUHW”’(Q) = Hu”wkp(ﬂ) + Z yayu‘we,p(g),
lv|=k

[U]Ws,p(g) = ||u||Wk,p(Q) + Z |al’u’WG,p(Q),
1<|vI<k

where s = k+0, k € Ny, 0 € (0,1). Moreover, if we further assume € is Lipschitz, then
the above norms are equivalent on W*P?((Q).
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Proof. Clearly, for all u € W*P(Q), ||ullwsr) < [ulwsr). So, it is enough to show
that there is a constant C' > 0 such that for all u € W' (Q) (or u € W*P(Q) if Q is
Lipschitz)

[ulwsrq) < Cllullwss() -

For each 1 <4 < k we have

D 10" ulwose) = llullwiron) = l[ullwin) -

|v|=1
Thus
[Wlwsr@) = llullwsr@) + Z Z 0" ulwo.r o)
1<i<k |v]|=i
= ||UHWS’P(Q) + Z (||U||Wi+9m(ﬂ) - HWWW(Q)) .
1<i<k

Therefore, it is enough to show that there exists a constant C' > 1 such that

Y lullwison) < (C = Dlullwene) + Y ullwis -

1<i<k 1<i<k

By Theorem 7.39, foreach 1 < i < k, Wi (Q) — Wit??(Q) (also, we have W*?(Q) —
Wi+62(Q)) with the extra assumption that €2 is Lipschitz); so there is a constant C; such
that [[ul|yite.r) < Cil|ul|wsr). Clearly with C' =1 + Zf;ll C; the desired inequality
holds. U

Remark 7.48. Let s > 0 and 1 < p < co. Here we summarize the connection between
Sobolev spaces and space of distributions.

(1) Question 1: What does it mean to say u € D'(Q) belongs to W~ (Q)?
Answer:

u € D'(Q)isin WP(Q) <= u: (D(Q),].]lsp) = R is continuous
<= u: D(Q) — R has a unique continuous extension to i : W3*(2) — R

(2) Question 2: How should we interpret W=7 (Q) C D'(Q)?
Answer: i : D(Q) — WP (Q) is continuous with dense image. Therefore, i* :
W= (Q) — D'(Q) is an injective continuous linear map. If u € W= (Q), then
i*u € D'(?) and
(i"u, ©) pr@)xpi) = (U, i@w—sm/(g)xwgm(m = (u, 90>W—5’P/(Q)><W5”p(§2) -

So, i*u = u|p() and if we identify with i*u with u we can write

<u 99>D/(Q)><D(Q) = <U @)W L XV Q HuH I sup |<u) (10>D/(Q)><D(Q)|
’ - ) —s,p s,p s _s,p =
() xWy*(Q) w (€) 0#peCo(0) ||SD||WS=P(Q)

(3) Question 3: How should we interpret W*?(Q) C D'(€2)?
Answer: Itis a direct consequence of the definition of W*?(§2) that WP (Q) — LP(2)
for any open set ). So, any f € W*P(Q) can be identified with the regular distribution
uy € D'(2) where

(s, 0) Z/fso Ve D).

(4) Question 4: What does it mean to say v € D'(Q2) belongs to W*P(2)?
Answer: It means there exists f € W*P(Q) such that u = uy.
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Remark 7.49. Let S be a nonempty open set in R™ and f,g € C°(Q2). Suppose s € R
and p € (1,00).

o [fs >0, then

[(f: ) p@)xD(o | [ fod|
o= sup  Lh@p@aal g Lo fedel
0FpeCe(2) ||90||W3’p(9) 0#£peC2 () ||SO”WS¢p(Q)

So, for all p € C(Q)

| / Fodal < | Flw—sw@ll@lwes

In particular, for g, we have

| / Fdal < | flly—w ey l9llwesiey

o If s < 0, we may replace the roles of f and g, and also (s, p) and (—s, p') in the above
argument to get the exact same inequality: | [o, fg dz| < || flly—w @) 19w (-

7.5. Invariance Under Change of Coordinates, Composition.

Theorem 7.50 ([42], Section 4.3). Let s € Rand 1 < p < oo. Suppose that T : R" —
R" is a C°°-diffeomorphism (i.e. T is bijective and T and T~ are C™) with the property
that the partial derivatives (of any order) of the components of T' are bounded on R" (the
bound may depend on the order of the partial derivative) and infgn |det T'| > 0. Then
the linear map

WP(R"™) — W*P(R™), ur—uoTl
is well-defined and is bounded.

Now, let U and V' be two nonempty open sets in R". Suppose 7" : U — V is a bijective
map. Similar to [2] we say T is k-smooth if all the components of 7" belong to BC*(U)
and all the components of 7! belong to BC*(V).

Remark 7.51. It is useful to note that if 'T' is 1-smooth, then
ir(}f |detT'| >0 and ir‘}f |det (T™)'| > 0.

Indeed, since the first order partial derivatives of the components of T and T 1 are
bounded, there exist postive numbers M and M such that for all x € U andy € V

|detT'(x)| < M, \det (T™Y) ()| < M .

Since |detT'(x)| x |det (T~ (T(x))| = 1, we can conclude that for all x € U and

yeV
1 1
detT'(x)] >, |det (T ()] >~

which proves the claim.

Remark 7.52. Also, it is interesting to note that, as a consequence of the inverse function
theorem, if T : U — V is a bijective map that is C* (k € N) with the property that
detT'(x) # O for all z € U, then the inverse of T will be C* as well, that is, T will
automatically be a C*-diffeomorphism (see e.g. Appendix C in [31] for more details).

Remark 7.53. Note that since we do not assume that U and V' are necessarily convex or
Lipschitz, the continuity and boundedness of the partial derivatives of the components of
T do not imply that the components of T' are Lipschitz. (See the “Warning” immediately
after Theorem 4.9.)
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Theorem 7.54. [([16], Page 1003), ([2], Pages 77 and 78 )] Let p € (1,00) and k € N.
Suppose that U and V' are nonempty open subsets of R".

(1) If T': U — V is a 1-smooth map, then the map
LP(V) — LP(U), urruoT

is well-defined and is bounded.
(2) If T : U — V is a k-smooth map, then the map

WEP(VY - WHP(U),  ursuoT
is well-defined and is bounded.

Theorem 7.55. Let p € (1,00) and k € Z~ (k is a negative integer). Suppose that U
and V' are nonempty open subsets of R", andT' : U — V' is co-smooth. Then the map

WEP(VY — WHP(U),  ursuoT
is well-defined and is bounded.
Proof. By definition we have (7™ u denotes the pullback of u by 1)

(T u, ©) pryx D)

”T*UHW’“’P(U) = Ssup
peCe(U) HQOHW*’“P’(U)
|[(u, |det(T~1) | o T71) prvyxp(v)]

= sup

weC®(U) ||90||W*’“7P'(U)
- HUHW’W(V)H‘det<T_1),‘90 ° T_IHW*’“’P’(V)
 peC=(U) HSOHIA/—M’(U)
|det(T_1—)</|€BC°° ||u||Wk,p(V) HQO ol ! ||W—km/(v)

0eC®(U) ||90HW*’W"(U)

Since —k is a positive integer, by Theorem 7.54 we have [[ooT ™ |[y—xr (v 2 [@llw—ro (1)
Consequently,

HT*UHW’“’(U) = HUHW’“’(V) :

g

Theorem 7.56. Let p € (1,00) and 0 < s < 1. Suppose that U and V are nonempty
open subsets of R", T' : U — V is 1-smooth, and T' is Lipschitz continuous on U. Then
the map

WeP(V) — WP(U), ur—uol
is well-defined and is bounded.
Proof. Note that

TheoremT7.54
luoT\lwsr@wy =lluoT|ow) +uoTlwsrwy = |ullevy + [wo Tlwsnw) -
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So, it is enough to show that |u o T'|ysr) = |u|wsrv).

o Tlwenw) = (//U ) |(UOT)<;)__ (UOT)(y”pdxdy)%

|n+sp

z=T(x)

w= T( ) p 1 1
! // |u ugw)| ’ ’ dzdw)
vxv [T (w)["+sp |detT” ()] [detT” (y)|

// Ty (<)|>|n+spd do)?

T is Lipschitz continuous on U so, there exists a constant C' > 0 such that
T(z) =T(y)| < Clo —y| = |z —w| < CIT7H(2) = T~ (w)].

B =

Therefore,

W ot
luo Tlwsrwy = ( //\/xv |z—w|n+5p dzdw)? = |ulwsny) -
O

Theorem 7.57. Let p € (1,00) and —1 < s < 0. Suppose that U and V' are nonempty
open subsets of R", T : U — V is oo-smooth, T~ is Lipschitz continuous on 'V, and
|det(T—1)| is in BC®' (V). Then the map

WeP(V) — W*P(U), urruoT
is well-defined and is bounded.

Proof. The proof of Theorem 7.55, with obvious modifications, shows the validity of the
above claim. O

Remark 7.58. In the previous theorem, by assumption, the first order partial derivatives
of the components of T~ are continuous and bounded. Also, it is true that absolute
value of a Lipschitz continuous function and the sum and product of bounded Lipschitz
continuous functions will be Lipschitz continuous. Consequently, in order to ensure that
|det(T1)| is in BCY'(V), it is enough to make sure that the first order partial deriva-
tives of the components of T~ are bounded and Lipschitz continuous.

Theorem 7.59. Let s = k+ 60 where k € N, 6 € (0, 1), and let p € (1,00). Suppose that
U and V' are two nonempty open sets in R". Let T' : U — V be a Lipschitz continuous
k-smooth map on U such that the partial derivatives up to and including order k of all
the components of 'I' are Lipschitz continuous on U as well. Then

(1) for each K € K(V') the linear map
T* :Wfsgp(V)%W;’f)l(K)(U), urruoT
is well-defined and is bounded,
(2) if we further assume that V' is Lipschitz (and so U is Lipschitz), the linear map
T WP(V) — W*P(U), urruoT

is well-defined and is bounded.

Note: When U is a Lipschitz domain, the fact that T' is k-smooth automatically
implies that all the partial derivatives of the components of T' up to and including
order k — 1 are Lipschitz continuous (see Theorem 7.27). So in this case, the only
extra assumption, in addition to T’ being k-smooth, is that the partial derivatives
of the components of 'T' of order k are Lipschitz continuous on U.
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Proof. Recall that C>°(V') N W*P?(V) is dense in W*P?(V'). Our proof consists of two
steps: in the first step we addditionally assume that u € C'*°(V'). Then in the second step
we prove the validity of the claim for u € W (V') (or u € W*P(V') with the assumption
that V' is Lipschitz).

e Step 1: We have

| OT||W~W(U) = [Ju OT||W’W(U) + Z |8V(UOT)|W94>(U)

lv|=k
Theorem 7.54
||u||Wk7p(v) + Z |8”(u e} T)|W9,p(U) .
lv|=k

Since u and T are both C*¥, it can be proved by induction that (see e.g. [2])
(o))=Y My(2)[(0"u)oT](x),
B<v,1<|B]

where M, 5(x) are polynomials of degree at most || in derivatives of order at most
|v| of the components of T'. In particular, M, 3 € BC%!(U) . Therefore,

0¥ (wo T)lworw) < 0" (wo T)lwoswy =1 D>, Myp(@)[(8"u) o T)(@)|lwo.r ()
B<v,1<]8]
Theorem 7.41
= > @) o Tlwowwy = Y. 100%w) o Tl Loy + 1(0°u) o Tlyounur)
B<v,1<|8] B<v,1<|B]
Theorem 7.54 and 7.56
= Z 10wl o vy + |8ﬁu|wsm(v) < lullwrrevy + Z |85U|W9>P(V)-
B<v,1<|B] B<v,1<|B]

(The fact that 9°u belongs to W%?(V) — LP(V) is a consequence of the defini-
tion of the Slobodeckij norm combined with our embedding theorems for Sobolev
spaces of functions with fixed compact support in an arbitrary domain or embedding
theorems for Sobolev spaces of functions on a Lipschitz domain). Hence

luo Tllwerwy =X lullweseny+ D Y [0%ulworw
1<|v|<k B<p,1<|8]

TheoremT7.47
= ullwee ) + Z %ulworey = lullweey -

1<]al|<k
Note that the last equivalence is due to the assumption that u € WP (V) (or u €
W#P(V') with V being Lipschitz).

e Step 2: Now suppose u is an arbitrary element of W* (V') (or W*P(V') with V
being Lipschitz). There exists a sequence {u,, }»>1 in C*°(V') such that u,, — u in
W#P(V). In particular, {u,,} is Cauchy. By the previous steps we have

HT*um — T*ull‘ws,p(U) = ”Um — UZHWSJ’(V) —0 (as m,l — OO) .

Therefore, {T*u,,} is a Cauchy sequence in the Banach space W*?(U) and subse-
quently there exists v € W*P(U) such that T*u,, — v as m — oo. It remains to
show that v = T™u as elements of W*?(U). As a direct consequence of the definition
of W#P-norm (s > 0) we have

1Tt = vll o) < T tm = vllwsrw) = 0,

[t = ullrvy < lJttm — ullwsry = 0.
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Note that by Theorem 7.54, u,,, — w in LP(V') implies that T*u,,, — T*u in LP(U).
Thus T*u = v as elements of L”(U) and hence as elements of W*P(U).

g

Theorem 7.60. Let p € (1,00) and s < —1 be a noninteger number. Suppose that U
and 'V are two nonempty Lipschitz open sets in R" and T : U — V is a co-smooth map.
Then the linear map

T WSP(V) — W*P(U), urruoT

is well-defined and is bounded.

Note: Since V is a Lipschitz domain, the fact that 'I' is co-smooth automatically implies
that T~ and all the partial derivatives of the components of T~ are Lipschitz continu-
ous (see Theorem 7.27).

Proof. The proof is completely analogous to the proof of Theorem 7.55. We have
(T™*u, v) vy D)

|T*ul|wsw»@y = sup
weCR(U) ||90Hw—w’(U)
[(u, [det(T~")' [0 o T™") prvyxpv)|
= sup
0eCe(U) H@Hw—svp’(U)

[ullwsr ) [[1det(T™1) 1@ © T~ lyy o (v

HQOHW*&P/(U)
et =1y1eBC=V) [[uflwsr )l © T - (v

HSO”W—w’(U)
Since —s > 0, it follows from the hypotheses of this theorem and the result of Theorem
7.59 that [|o o T~ |yy—ewr vy = 9lly—su(17)- Consequently,

1T ullwerwy = [ullwer,) -
g

Lemma 7.61. Let U and V' be two nonempty open sets in R". Suppose T' : U — V
(T = (T,---,T™)) is a C**L-diffeomorphism for some k € Ny and let B C U be a
nonempty bounded open set such that B C B C U. Then
(1) T: B — T(B) isa (k + 1)-smooth map.
(2) T:B — T(B)and T~' : T(B) — B are Lipschitz (the Lipschitz constant may
depend on B).
(3) Foralll <i<nand|a| <k, 0°T" € BC*Y(B) and 0°(T~')" € BC*'(T(B)).

Proof. Ttem 1. is true because B is compact and so T'(B) is compact and continuous
functions are bounded on compact sets. Items 2. and 3. are direct consequences of
Theorem 4.10. U

Theorem 7.62. Let s € R and p € (1,00). Suppose that U and V' are two nonempty
open sets in R" and T : U — V is a C*™-diffeomorphism (if s > 0 it is enough to assume
T is a C'*I*  diffeomorphism). Let B C U be a nonempty bounded open set such that
B C B CU. Letu € W*P(V) be such that suppu C T(B). (Note that if suppu is
compact in 'V, then such a B exists.)

(1) If s is NOT a noninteger less than —1, then

H'LL @) T”Ws,p(U) j HUHWSJJ(V) .
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(The implicit constant may depend on B but otherwise is independent of u.)
(2) If U and V' are Lipschitz or R", then the above result holds for all s € R.

Proof. If s is an integer or —1 < s < 1, orif U and V' are Lipschitz or R” and s € R
then as a consequence of the above lemma and the preceding theorems we may write

Corollary 7.46 Corollary 7.46
lwoTllwsow) = NwoTlwsewy 2 ullweramy = llullwerwy -

For general U and V, if s = k 4 0, we let B be an open set such that Bisa compact
subset of U and B C B. We can apply the previous lemma to B and write

Corollary 7.46 Theorem 7.59 Corollary 7.46
o Tllwsrw) = HUOTHWEP(B) = Huuwgf_ (T(B)) = [ullwsry -

B)
O

Theorem 7.63. [12] Let s € [1,00), 1 < p < 00, and let

s, if sis an integer
m = :
|s] + 1, otherwise

If F € C™(R) is such that F(0) = 0 and F,F',--- | F™ ¢ L*(R) (in particular,
note that every F' € C°(R) with F(0) = 0 satisfies these conditions), then the map
u — F(u) is well-defined and continuous from W*P(R"™) N W1P(R") into W*P(R™).

Corollary 7.64. Let s, p, and F' be as in the previous theorem. Moreover, suppose
sp > n. Then the map u — F(u) is well-defined and continuous from W*P(R™) into
W#P(R™). The reason is that when sp > n, we have W*P?(R") — W1sP(R").

7.6. Differentiation.

Theorem 7.65 (([11], Pages 598-605), ([21], Section 1.4)). Let s € R, 1 < p < o0, and
a € Nj. Suppose 2 is a nonempty open set in R". Then

(1) the linear operator 0° : W*P(R") — W*~12l»(R") is well-defined and bounded;

(2) for s < 0, the linear operator 0% : W*P(Q) — W*~leb»(Q) is well-defined and
bounded;

(3) for s > 0 and |a| < s, the linear operator 0% : W*P(Q)) — Ws=lalr(Q) is
well-defined and bounded;

(4) if 2 is bounded with Lipschitz continuous boundary, and if s > 0, s — % # integer
(i.e. the fractional part of s is not equal to % ), then the linear operator 0% :

WeP(Q) — Welele(Q) for |a| > s is well-defined and bounded.

Remark 7.66. Comparing the first and last items of the previous theorem, we see that
not all the properties of Sobolev-Slobodeckij spaces on R" are fully inherited by Sobolev-
Slobodeckij spaces on bounded domains even when the domain has Lipschitz continuous
boundary. (Note that the above difference is related to the more fundamental fact that for
s > 0, even when Q is Lipschitz, C2°(QY) is not necessarily dense in W*?(Q) and sub-
sequently W= (Q) is defined as the dual of W (Q) rather than the dual of W*P ()
itself.) For this reason, when working with Sobolev spaces on manifolds, we prefer su-
per nice atlases (i.e. we prefer to work with coordinate charts whose image under the
coordinate map is the entire R"™). The next best choice would be GGL or GL atlases.
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7.7. Spaces of Locally Sobolev Functions. Material of this section are taken from our
manuscript on the properties of locally Sobolev-Slobodeckij functions [9].

Definition 7.67. Let s € R, 1 < p < oo. Let §2 be a nonempty open set in R". We define
WiP(Q):={ue D'(Q):Vp e CX(Q) puec WP (Q)}.

loc

WP(Q) is equipped with the natural topology induced by the separating family of semi-

loc
norms {|.|,}peco )} where

Vue W, () »eCX(Q)  |ulg:= llpullwsr@ -

loc

Theorem 7.68. Let s € R, 1 < p < oo, and o € Njj. Suppose () is a nonempty bounded
open set in R™ with Lipschitz continuous boundary. Then

(1) the linear operator 0“ : W)P(R") — w/lsozla\m (R™) is well-defined and continu-
ous;

(2) for s < O, the linear operator 0* : W’ (Q) — VV;;IQLP(Q) is well-defined and
continuous;

(3) for s > 0 and |a| < s, the linear operator 0% : W)P(Q2) — I/Vli;la"p(Q) is
well-defined and continuous;

(4) if s > 0, s — % # integer (i.e. the fractional part of s is not equal to é ), then

the linear operator 8* : W:P(Q) — W 1*(Q) for |a| > s is well-defined and
continuous.

The following statements play a key role in our study of Sobolev spaces on Riemann-
ian manifolds with rough metrics.

Theorem 7.69. Let §2 be a nonempty bounded open set in R™ with Lipschitz continuous
boundary or Q2 = R™. Suppose v € W,>?(Q) where sp > n. Then u has a continuous
version.

Lemma 7.70. Let () = R" or 2 be a bounded open set in R™ with Lipschitz continuous
boundary. Suppose s1, S2,5 € Rand 1 < py,ps, p < oo are such that

WeLPLH(Q) x WH2P2(Q) — W*P(Q) .
Then
(1) Wi (©) x WEP(€) < Wil (€),

loc loc

(2) for all K € K(Q), WP (Q) x WP (Q) — W*P(Q). In particular, if f €
WLPH(QY), then the mapping w — fu is a well-defined continuous linear map

from W2P2(Q) to W=P(Q).

Remark 7.71. It can be shown that the locally Sobolev spaces on §) are metrizable, so
the continuity of the mapping

WELPH(Q) x WP (Q) — WP(Q),  (u,v) — ww

loc loc loc

in the above lemma can be interpreted as follows: if u; — w in WP (Q) and v; — v in

W22 (Q), then uyv; — wv in WP (Q). Also, since Wi2*(R2) is considered as a normed
subspace of W*>P2(()), we have a similar interpretation of the continuity of the mapping

in item 2.

Lemma 7.72. Let 2 = R" or let ) be a nonempty bounded open set in R™ with Lipschitz
continuous boundary. Let s € R and p € (1,00) be such that sp > n. Let B : Q —
GL(k,R). Suppose forall v € Qand 1 < i,j <k, B;;(z) € W?(Q). Then

loc
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(1) det B € WiP(9),

(2) moreover, if for each m € N B,, : Q@ — GL(k,R) and for all 1 < i,j < k
(Bin)ij — Bij in W;,%(2), then det B,, — det B in W;2(9Q).

loc loc

Theorem 7.73. Let ) = R" or let () be a nonempty bounded open set in R"™ with Lips-
chitz continuous boundary. Let s > 1 and p € (1,00) be such that sp > n.

(1) Suppose that v € W P(Q)) and that u(x) € I for all x € Q where I is some

loc

interval in R. If F : I — R is a smooth function, then F(u) € W,2P(Q).

loc

(2) Suppose that u,,, — win W,>?(Q) and that for allm > 1and x € , u,(x), u(z) €
I where I is some open interval in R. If F' : I — R is a smooth function, then

F(up) — F(u) in WP (Q).

loc

(3) If F : R — R is a smooth function, then the map taking u to F'(u) is continuous
from WP (Q) to WP (Q).

loc loc

8. LEBESGUE SPACES ON COMPACT MANIFOLDS

Let M™ be a compact smooth manifold and &/ — M be a smooth vector bundle of
rank r.

Definition 8.1. A collection {(U,, ¢, Pas Va) }1<a<n of 4-tuples is called an augmented
total trivialization atlas for E — M provided that {(U,, ¢a, pa) }1<a<n is a total trivi-
alization atlas for E — M and {1} is a partition of unity subordinate to the open cover

{Ua}-

Let {(Uas ©as Pa, Ya) f1<a<n be an augmented total trivialization atlas for £ — M.
Let g be a continuous Riemannian metric on M and (.,.)g be a fiber metric on E (we
denote the corresponding norm by |.|g). Suppose 1 < g < cc.

(1) Definition 1: The space L9(M, E) is the completion of C*°(M, E) with respect

to the following norm:

N r
lull Loy =YD lloh o (Yatt) 0 03 | apnwa) -

a=1 [=1
Note that for this definition to make sense it is not necessary to have metric on M
or fiber metric on £.

(2) Definition 2: The space L(M, E) is the completion of C*(M, E) with respect
to the following norm:

Ul La(ar,E) = </M|U|quVq) :

(3) Definition 3: The metric g defines a measure on M. Define the following equiva-
lence relation on I'(M, E):

U~UV<—U="7 a.e.

We define
{fuel'(M,E): ||u||%q(M7E) = [u Ju|EdVy < oo}

~

LY(M,E) :=

For ¢ = oo we define

L(M. E) — {u e I'(M, E) : ||u||zoo(ar,E) := esssup|u|p < oo} .

~
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Note: We may define negligible sets (sets of measure zero) on a compact manifold using
charts (see Chapter 6 in [30]); it can be shown that this definition is independent of the
charts and equivalent to the one that is obtained using the metric g. So, it is meaningful
to write © = v a.e even without using a metric.

Theorem 8.2. Definition 1 is equivalent to Definition 2 (i.e. the norms are equivalent).

Proof. Our proof consists of four steps:

e Step 1: In the next section it will be proved that different total trivialization atlases and
partitions of unity result in equivalent norms (note that L¢ = WW%4). Therefore, without
loss of generality we may assume that { (U, ¢a, pa) }1<a<n i a total trivialization atlas
that trivializes the fiber metric (., .) g (see Theorem 5.24 and Corollary 5.25). So, on any
bundle chart (U, ¢, p) and for any section u we have

r

luf 097 = (uuhp ot =D (pouo 2.
=1

e Step 2: In this step we show that if there is 1 < 5 < N such that suppu C Ug, then

i /M ulfdVy = 3 b o wo 03 Ly
=1

We have

M ¢6(Ug)

12

/ (’U|E O @Bl)q d.Tl cee dl‘n (wdet(gu o Lpgl)(a?) is bounded by positive constanls)
¢5(Up)

r q
[ ([Eorer) o
vp(Up)

=1

~ | D lheueptart (S a e
PplUs

=1

2/ Z\pf@ouo<p51]qu1~~dq:” ((Zal)qQZalq)
v5(Us)

=1

T

= Z/ Ipsoue gy fdt - da" =} o owo 05 I La,wa -

e Step 3: In this step we will prove that for all u € C*°(M, E)

|u|%q(M7E) = Z |¢au|%q(M,E) :
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We have
‘u|L‘1(ME / |U|q dV Z/ Z ¢ |U|q dV ({%}isapartitionofunitysubordinateto{Ua}>
g 5

~ Z / Y |ul|f,dV, (—q is bounded by positive constants)
(6% Ua Zﬂ wﬁ

=3 [ Wttty =3 [ ppanlgay;
= Z ‘wau‘qu(M,E) -

e Step 4: Let u be an arbitrary element of C*° (M, E/). We have
Step 3 Step 2 —
’u|%Q(M,E) = Z Wau‘%q(M,E) = Z zl: ”Pfl o (Yau) o SOalqu(%(Ua)) =~ ||U”qu(M,E) :

U

9. SOBOLEV SPACES ON COMPACT MANIFOLDS AND ALTERNATIVE
CHARACTERIZATIONS

9.1. The Definition. Let M" be a compact smooth manifold. Let 7 : £ — M be a
smooth vector bundle of rank r. Let A = {(U,, ¢a, Pas Vo) }1<a<n be an augmented
total trivialization atlas for £ — M. Foreach 1 < a < N, let H, denote the map
Hpgv v, ., which was introduced in Section 6.

Definition 9.1.

WES, EA) = (€ DOLE) : [ullweourn = 30 S NHo ot reeioniiny) < o)
a=1[=1

Remark 9.2.
(1) If u € WI(M, E; \) is a regular distribution, it follows from Remark 6.27 that

N r
lllweoozn = 305 10a)' 0 (aw) o @3 lwea(eawan
a=1 [=1
(2) It is clear that the collection of functions from M to R can be identified with sections of
the vector bundle E = M xR. For this reason W(M; \) is defined as W1(M, M x
R; A). Note that in this case, for each «, p, is the identity map. So, we may consider an
augmented total trivialization atlas A as a collection of 3-tuples {(Uq, Yas Vo) }1<a<n-
In particular, if u € WU M; A) is a regular distribution, then

ullwearay = D 1(@att) 0 03 |weapawa) -

(3) Sometimes, when the underlying manifold M and the augmented total trivialization
atlas are clear from the context (or when they are irrelevant), we may write W1(E)
instead of W4(M, E; \). In particular, for tensor bundles, we may write W4 (TFM)
instead of W(M, TFM:; A).

Remark 9.3. Here is a list of some alternative, not necessarily equivalent, characteriza-
tions of Sobolev spaces.
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(1) Suppose e > 0.
N r
WU M,E;N) = {u e LY(M,E) : ||ullwe.an,z0) = ZZ 1(pa)’ u)op e 4 pa(Ua)) < OO}

a=1[=1
(2)

WeI(M, B; A) = {u € D'(M,E) : lullwesorzny = 9 > Next .z [Ha(aw) lweagn < oo}
a=1[=1

(3)
WM, E;A) = {u e D'(M,E) : [Ho(uly)]' € W (0a(Us)), V1<a < N,¥V1<I<r}.

loc

(4) We4(M, E; A) is the completion of C* (M, E) with respect to the norm

N r
lullweareny = > > 1(pa) o (Yatr) © 03 lwea(pa(va)) -

a=1 =1
(5) e Let g be a smooth Riemannian metric (i.e a fiber metric on TM). So, g~ is
a fiber metric on T M.
e Let (., .} be a smooth fiber metric on E.
e Let VE be a metric connection in the vector bundle m : E — M.
For k € No, Wh(M, E; g, V) is the completion of C*(M, E) with respect
to the following norm:

k
. 1
ullwrar,mgve) = (Z|(VE)ZU|Lq q = Z/ |VE vEu|q «M ®Z®E‘ )
=0

[ [lmEY

=

In particular, if we denote the Levi Civita connection corresponding to the smooth
Riemannian metric g by ¥V, then W*4(M; g) is the completion of C*(M) with
respect to the following norm

[ z\wma Z/W Tt

1 times

-

1
i dVy) "

In the subsequent discusszons we will study the relation between each of these alternative
descriptions of Sobolev spaces and Definition 9.1.

Remark 9.4. As it is discussed for example in [7], Sobolev-Slobodeckij spaces on R"
with noninteger smoothness degree can be defined using real interpolation. Indeed, for
s€R\Zand 0 =s— |s],

Ws,p(Rn> _ (WLSJ’p(Rn), WszJrl,p(Rn))ep )
One may use any of the previously mentioned descriptions to define W*(M, E) for k €
Z, and then use real interpolation to define W4(M, E) for e & 7. We postpone the study
of this approach to an independent manuscript with focus on the role of interpolation
theory in investigation of Bessel potential spaces and Sobolev-Slobodeckij spaces on
compact manifolds.

An important question is whether our definition of Sobolev spaces (as topological
spaces) depends on the augmented total trivialization atlas A. We will answer this ques-
tion at 3 levels. Although each level can be considered as a generalization of the pre-
ceding level, the proofs will be independent of each other. The following theorems show
that at least when e is not a noninteger less than —1, the space W4(M, E; A) and its
topology are independent of the choice of augmented total trivialization atlas.
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Remark 9.5. In the following theorems, by the equivalence of two norms ||.||y and ||.||2
we mean there exist constants Cy and Cy such that

Cillll < M2 < Coll fl1
where C and Cy may depend on
n,ée,dq, QpaaUmgb/BvUﬁ?wmijﬁ'

Theorem 9.6 (Equivalence of norms for functions). Let ¢ € R and q € (1,00). Let

A ={(Us, Pa, Vo) r<a<n and T = {(Us, p5, J}ﬁ)}lgﬁgﬁ be two augmented total trivi-
alization atlases for the trivial bundle M x R — M. Also, let VW be any vector subspace
of We1(M; Y) whose elements are regular distributions (e.g C*°(M)).

(1) If e is not a noninteger less than —1, then W is a subspace of W4(M; \) as well,
and the norms produced by A and Y are equivalent on V.

(2) If e is a noninteger less than —1, further assume that the total trivialization atlases
corresponding to A and Y are GLC. Then W is a subspace of W*(M; A) as well,
and the norms produced by A and Y are equivalent on V.

Proof. Letu € I',;(M). Our goal is to show that the following expressions are compa-
rable:

¢a © gpa ||W5q Soa(Ua )

le ||M2

(1) © D5 lwrewa gy (@)

ki
I

To this end it suffices to show that foreach1 < a < N

N
||(¢Q’ ) © (pa ||W€q Lpoz Ua j Z ¢ﬁu © 90,8 ||W€q(<pﬁ(Uﬁ))
B=1

We have

2

1(¥aw) © 93 lweaieaay ||Z¢? ($att) 0 95 lwes (o wa))

=

<D 19p(att) 0 03 lwea(gawa)
ps=1

12
M= b

| (¥ptau) o 90;1||We»q(%(Uamr7ﬁ)) :
1

T

The last equality follows from Corollary 7.46 because (z/;gwau) o ¢! has support in

the compact set @, (supp 1 N supptis) C @a(U, N Us). Note that here we used the
assumption that if e is a noninteger less than —1, then ¢, (U, ) is Lipschitz or the entire
R"™. Clearly,

N N
Z W% ° Py ”Weq(cpa (UanUg)) Z W% ° 90,3 © PO Y, ||weq (pa(UanTpg)) *
B=1 B=1
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Since P00, 1 0o (UsNUs) — ¢5(UsNUjp) is a C-diffeomorphism and (zzﬁzpau)ogégl
has compact support in the compact set @3 (supp ¢ Nsupp ¥g) € @5(UaNUp), it follows
from Theorem 7.62 that

N N
Z H wﬂ’l/}a ) © gpﬁ © gpﬁ © 9004 ”VVe 4 (pa( UaﬂUB j Z wﬂ’l/}a © gp,@ HWe a( @5(UaﬂU@))
p=1 p=1

Note that here we used the assumption that if e is a noninteger less than —1, then the two
total trivialization atlases are GL compatible. As a direct consequence of Corollary 7.38
and Theorem 7.45 we have

||(@Z~),3¢au) © @gIHW‘E»q(cﬁg(UaﬂUB)) = H@wau) © @EIHWM(%(UL;))
= [|(¢a 0 @5 )(Ws1) © 25 e @) -

Now, note that 1), o 95[;1 € C®(ps(Us)) and (¢hgu) o 9551 has support in the compact set

Qs (supp 155) Therefore, by Theorem 7.43 (for the case where e is not a noninteger less
than —1) and Corollary 7.29 (for the case where e is a noninteger less than —1) we have

[(the © &5 M) [(Whgu) © By Miveagss @) = 1(su) o 5 Hweaqss (@)

Hence

N
H(wa ) © 9004 ||W€q Sooz Ua _—< Z ¢5u © gpﬁ ||W6q(tpﬁ(U§))
B=1

i

Theorem 9.7 (Equivalence of norms for regular sections). Let e € R and q € (1,00).

Let A = {(UOH Pas Pas wa)}lﬁaSN and T = {(0/57 9557 p~/57 &ﬁ)}lgﬁgﬂf be two augmented
total trivialization atlases for the vector bundle E — M. Also, let VV be any vector
subspace of W4(M, E; Y') whose elements are regular distributions (e.g C*(M, E)).

(1) If e is not a noninteger less than —1, then W is a subspace of W*1(M, E; \) as
well, and the norms produced by A and Y are equivalent on V.

(2) If e is a noninteger less than —1, further assume that the total trivialization atlases
corresponding to A and Y are GLC. Then W is a subspace of W*(M, E; \) as
well, and the norms produced by A\ and Y are equivalent on V.

Proof. Let u € T',q(M, E). Our goal is to show that the following expressions are
comparable:

Z Z ||pa O Spoc ||Weq Soa(Uoz))

a=1 [=1
ZZ“% (512) © D5 lwea ) -
B=1 I=1

To this end, it is enough to show that foreach 1 < a < Nand1 <[ <r

N r
||Pla o (Yau) 0wy, ||W6‘I(goa(Ua = Z Z ||Pﬁ 1/’6“ © S% ||Weq (3s(Tp)) *
B=1 t=1
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We have

Zz

ok, © (thats) © 03w way = lloh © O hatats) 0 0 lwea(pa(wa))
=1

15, 0 (Vatats) © o lwes (puva))

lea o (Ygiqu) o 90;1 "We*q(tpa(UaﬂﬁB)) .

The last equality follows from Corollary 7.46 because p!, o (z/?ﬁwau) o ! has support

in the compact set @, (supp 1o N supp 1) C 0o(Ua N U 3). Note that here we used the
assumption that if e is a noninteger less than —1, then ¢, (U,,) is either Lipschitz or equal
to the entire R". Note that

g

o (Ppvatt) © 9 lwe(gn wanin)

M=

||Pfl o (Ypibau) o @El g o SOa_lHWe,q(cpa(Uam[jﬁ))

T
I

Theorem 7.62

Z”Pa wﬁwa O(ﬁEIHWM@B(UaﬂUB))

| (¥a 0 9551)[051 o (Ypu) o @Elwwe,q(@ﬁ(cfamﬁﬁ))

~—1 / T ~—1
| (tha © Pg )[Wl o’ o ®,o(thgu) o ¥s } ||W‘faq(¢5(UaﬂU/3))
Pa

I
M= 50 £

| (¥ha 0 9551) [7Tl o7 o d, 0 ‘551 odgo WNJBU) ° @El} ||W€7q(¢5(UamU,3)) :

b
I

Let vs : ¢3(Us) — E be defined by vz(z) = (1su) o 9551. Clearly 7w(vg(z)) = @gl(x).
Therefore,

®3(vs(x)) = (m(vs(2)), Pa(vs(2))) = (B3 (). ps(vs(x))) -
For all © € ¢3(U, N Ug) we have
7' od, 0 CIDEI (®s(vs(2)))
=0 ®q 005 (55" (2), ps(vs(w)))

FENE o (651 (@), Tap (85 (2)) pe(vs())

= 7a5(?5 ' () ps(v5(2)) -
————

an r X r matrix
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Let Aup = Tag © @5' on @5(Us N Us). So, we can write

10k © (Yau) o S%_l”vve,q(@ﬂ(UanUB))

< |(¥a, O@gl)( )[Wl o Aus()pp(va(w ))]HWM(@B(Uamﬁﬁ))

T

1(Wa 0 @5 (@) [ Y (Aas(@))udls (v5(@)] e wanty)

t=1

IA

I
- i1 -

Z [ (¥ha 0 905 )(Aaﬁ(x))ltﬁtﬁ(vﬁ(x))||W€»‘1(¢5(Uaﬁﬁg)) :

Now, note that (Aus(z)); are in C=(@s(Uy N Us)) and (Y © P5')(x)pl(vs(x)) has

support inside the compact set ¢ (supp zﬁﬁ N supp ¥, ). Therefore, by Theorem 7.43 (for
the case where e is not a noninteger less than —1) and Corollary 7.29 (for the case where
e 1s a noninteger less than —1), we have

D (W05 ) (@) (Aas (2))iedl (0 (2)) e awanon ZII ($a0@5") ()75 (v (X)) lwea(s Warts)) -

Therefore,

||1051 © (¢au) © QD;IHWE’Q(LPoz(Ua))

r

IA

1(%a 0 @51) (@) (Vs (2)) ey wants)

t=1

<

M= 1=

12

(%0 © @5 (2) 55 (05 (2)) lyweca (g7

t=1

(Here we used Corollary 7.38 and Theorem 7.45)

b
I

<

=

M=

155 (08 (X)) lwea (7))

=
Il
i
-
Il
—

(Here we used Theorem 7.43 and Corollary 7.29)

N
ZZ 175 © (1gu) © Pp HW” (@5(Up)) -

U

Theorem 9.8 (Equivalence of norms for distributional sections). Let ¢ € R and q €

(1700) Let A = {(Ua7gpaapa7wa)}1§a§N and T = {(ﬁﬂ7¢ﬁ7ﬁﬂ’7j}3>}1§ﬁ§]§f be two
augmented total trivialization atlases for the vector bundle E — M.

(1) If e is not a noninteger less than —1, then W*1(M, E; A) and W*I(M, E;T) are
equivalent normed spaces.

(2) If e is a noninteger less than —1, further assume that the total trivialization atlases
corresponding to A and Y are GLC. Then W(M, E; ) and W(M, E;Y) are
equivalent normed spaces.
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Proof. Letu € D'(M, E'). We want to show the following expressions are comparable:

ZZ I[H. N weapawa) »

a=1 [=1

N r
Z Z I [ﬁﬁwﬁu)]iuweﬁq(%(ﬁﬁ)) :

B=1 i=1

To this end it is enough to show that foreach 1 <a < Nand1 <[ <r

N r
[[Ha($aw)] [Wea(ouwa) ZZ @) ey @) -
B=1 i=1

We have
N N B
(Ho($o)]' = [Ho(D datbar)] "= > " [Ho ($atbau)]
p=1 B=1
In what follows we will prove that
[Ha(dpvau)l' = Y (Aag)alHs(svar)]') 0 G500, ©.1)

=1

for some functions (Ap)a, (1 <i < 7)in C®(ps(U, N Us)). For now let’s assume the
validity of Equation 9.1 to prove the claim.

Zz

T Ha (o) lwegaway = 1| D [Ha(stat)]' wespaws))

p=1
N ~
<Y Ha(@gtatt)] lwespuwa
=1
Corolldry74()
Z || 77Z)B1/}a ||We’q(<Pa(UanUB))

(note that by Remark 6.26 [H, (1)314u)]" has support in the compact set ¢, (Supp 1o, N supp 1))

2

=> \Z Aag)alHs(ptat)]’) © 35 0 03 lweagon wanin)

B=1

>

T

< Z Z Aap)it Hs(Ygibau)]’) o ¢p o 90;1||Weaq(goa(UaﬁUB))

B=1 i=1
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Theorem 7.62

ZZH a8)itlHs(V5att)]!lwea sy wanty)

p=1 i=1
N ~ ~
= Z aﬁ zl a© @gl)[Hﬁ(wﬂu)]l||W€«q(¢5(UaﬂUﬁ))
B=1 i=1
N
j Z a© (IDB H5(¢ﬁu)] ||VVe a( (p[g(UaﬁUﬂ))
B=1 i=1
N 7 o
~ 1(ta © &5 ) [Ha (s |weaizs(@))
p=1 i=1

(Here we used Corollary 7.38 and Theorem 7.45)

N r
<SS G ooy

B=1 i=1
(Here we used Theorem 7.43 and Corollary 7.29) .

So, it remains to prove Equation 9.1. Since supp|[£], o (1hshau))! is inside the compact set
Do (sUpptaNsupptis) C Pa(Ua NUj), itis enough to consider the action of [H,, (1504 u))’
on elements of C (0, (Uy N Up)). @p0 @it : 0u(Us NU) — $5(Uy N Up) is a C-

diffeomorphism. Therefore, the map

C=[ps(Ua N Us)] = C=[pa(Ua N Us), N no@sop,

is bijective. In particular, an arbitrary element of C>°[¢, (U, N Uj)] has the form 70 pz 0

@ ! where 7 is an element of C°[35(U, N Us)].
For all € C°[p3(U, NUg)] we have (see Section 6.2.2)

<[Ha(zzjﬁwau)]lv noe 955 © 9051) - <sz5wo‘u’ gﬁﬂos?’,BWEl) ’

(6%
where glmo%w;l stands for Gimopsopst Unpa”

For all yy € ¢, (U, N Us) we have (z = 2 '(y))

V «a —1 ~ -1
pa|ETvOg ozgo0zt © Pa (y>:<0770777090 © Pa (y),O,
N lﬂ? PBOPa \ , N B

TV
z 1" position

P00 B5 (@s 0w (1) = (0, 0,10 3509, (1), 0,

~N~ v
z 1P position

Therefore, for all y € ¢, (U, N U, 3)
Lo (y) =Py o g, 0 Pat(y),

\Y a
pa|E¥ © gl,nosEﬁOso;

which implies that on U, N U
glcfno@ﬁo(pgl = [1021/|E¥]_1 © [ﬁmEl] o gfn .
It follows from Lemma 5.12 that for all « € E

[51m2] 0 louley) ™ o [5]me)(@) = 77 () (¥ |y ()

TXT

9.2)

9.3)
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That is, ]

[oaley] ™ 0 [p3lex)(a) = (55l ]~ (77 (2)(p5| £y (a))]

For a = gfn(x) we have

pyley(a) = pyley (G0, () = (0,-++,0,m0@s(),0,- - ,0).
——

Ith position
So,
Peley ]~ o 31y 0 37, = 174y ) P (@) (3l (3P, (@) = [3lmy) (o 85) |
Ba
Trl
(o @s)rie 0
_ _ 0 :
S IRt S EEES I D
0 (no@p)Tis’
~B ~B
— ot | . 9.4
I (rfogz ym 1 (B oz ©H

It follows from (9.2), (9.3), and (9.4) that for all n € C°[@s(U, N (75)]

([Ha(atoau)]',no @so o'y = (gthau, [ph|sy] ™ o [55y] © 1)
wﬁwau Zg (TBO‘ ~,1) >

= Z s(Datatt)]', (5% 0 35 )n)
—Z (75" 0 @3 [Ha(Psan)]’, )

_Z T 090,5 HB(W% )] 7770955090;10«00‘0@51»

_Z det(

——————— (1% 0 @5 ) Hp(atars)] 0 Gs 0 05", mo G o0y ).

(¢a © P5 )
For the last equality we used the following identity
1 -1
<W(UOT)>90> = <U>SOOT >

Hence

r

[Ho(gtban)
& ;det

and consequently letting

IR AL L

1 ~
Aa ',304 ~—1
(Aushi = g mny o 1)

leads to (9.1). ]
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Remark 9.9. Note that the above theorems establish the full independence of we1(M, E; A)
from A at least when e is not a noninteger less than —1. So, it is justified to write
Wel(M, E) instead of We1(M, E; ) at least when e is not a noninteger less than —1.
Also see Remark 9.3 1.

9.2. The Properties.

9.2.1. Multiplication Properties.

Theorem 9.10. Let M" be a compact smooth manifold and E — M be a vector bundle
with rank r. Let A = {(U,, ¢a, Pas Vo) }1<a<n be an augmented total trivialization atlas
for E. Suppose ¢ € R, q € (1,00), n € C*(M). If e is a noninteger less than —1,
further assume that the total trivialization atlas of A is GGL. Then the linear map

my : WM, E; A) — WM, E;A),  u— nu
is well-defined and bounded.

Proof.
N r
Inullwesanzay : = > (Ha(tban) | weanwa)
a=1 =1
N T
Remark 6.26 .
TEIEN Y Mmoo ) (Ha(waw) lweatgawa)
a=1 =1
= ZZ I(H N lweateaway = [ullweaonza) -
a=1 =1

For the case where e is not a noninteger less than —1, the last inequality follows from
Theorem 7.43. If e is a noninteger less than —1, then by assumption ¢, (U, ) is either
entire R™ or is Lipschitz, and the last inequality is due to Theorem 7.15 and Corollary
7.29. U

Theorem 9.11. Let M" be a compact smooth manifold and E — M be a vector bundle
with rank r. Let A be an augmented total trivialization atlas for E. Let s1, s2, s € R and
p1, P2, p € (1,00). If any of s1, s9, or s is a noninteger less than —1, further assume that
the total trivialization atlas of A is GL compatible with itself.
(1) If s1, so, and s are not nonintegers less than —1, and if WP (R™) x W*2P2(R") —
W#P(R™), then
WerPH(M; A) x W2P2(M, E; A) — WSP(M, E; A).
(2) If s1, so, and s are not nonintegers less than —1, and if W*1P1(Q) x W*2P2(Q)) —
W=P(Q), for any open ball (), then
WerPLH (M A) x WP (M, E; A) — WP (M, E; A) .
(3) If any of s1, s, or s is a noninteger less than —1, and if W*+P1 () x W*2P2(Q)) —
W=P(Q) for Q@ = R™ and for any bounded open set ) with Lipschitz continuous
boundary, then

WP (M A) x W92 (M, E; A) < W*P(M, E; A).

Proof: (1) Let Ay = {(Ua, @, Pos o) }1<a<n be any augmented total trivialization
atlas which is super nice. Let Ay = {(Ua, @a, Pa, wa)}1<a< ~ where for each
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~ 2
1 <a< N, i, = #ﬁw;ﬁ' Note that m o p,! € BC*®(p,(Uy)). For

feWsPr(M; A) and u € W52P2(M, E; A) we have

| fullwerarmay = | fullwesn,m0,) = ZZH o (Do F))V [ Wop(pn(Ua))

a=1j=1

<ZZH (Waf) 0 o2 ) [Ha (o)l wer(pu v

a=1j=1
Z [(Waf) o a0t lwsir (oo (a))) ZZH W llwsz w2 (oo (Ua)))
a=1j=1
= || fllwsrwr uap lullwezwe (ar,2:0,) = (1 fllweren arsny [ullwsz oz (ar, ) -

(2) We can use the exact same argument as item 1. Just choose A; to be “nice” instead
of “super nice”.

(3) The exact same argument as item 1. works. Just choose A; = A. (The equality
| fullwsrar,eny > || fullwsear,ea,) holds due to the assumption that A = A, is
GL compatible with itself.)

g

Remark 9.12. Suppose e is a noninteger less than —1 and q € (1,00). We will prove
that if A and A are two augmented total trivialization atlases and each of A and A is
GL compatible with itself, then We4(M, E; ) = WM, E; A) (see Remark 9.31).
Considering this and the fact that we can choose A, to be super nice (or nice) and
GL compatible with itself (see Theorem 5.18 and Corollary 5.19), we can remove the
assumption “si, so, and s are not nonintegers less than —1” from part 1 and part 2 of
the preceding theorem.

9.2.2. Embedding Properties.

Theorem 9.13. Let M™ be a compact smooth manifold. Let 7 : E — M be a smooth
vector bundle of rank r over M. Let A be an augmented total trivialization atlas for E.
Let ey, e € Rand q1,qo € (1,00). If any of eq or ey is a noninteger less than —1, further
assume that the total trivialization atlas in A is GGL.

(1) If e1 and ey are not nonintegers less than —1 and if W4 (R") — W2 (R"),
then Wt (M, E; ) — W2 (M, E; A).

(2) If ey and ey are not nonintegers less than —1 and if W (Q) — W49 (Q) for
all open balls Q2 C R", then W' (M, E; A) — We2(M, E;A).

(3) If any of eq or e is a noninteger less than —1 and if W9 () — We9(Q) for
Q = R"™ and for any bounded domain €} C R" with Lipschitz continuous boundary,
then Wi (M, E; N) — W9 (M, E; A).



86 A. BEHZADAN AND M. HOLST

Proof. (1) Let Ay = {(Ua, @, Pos o) }1<a<n be any augmented total trivialization
atlas for £/ which is super nice. We have

[ullwezae v, m;0) =2 |ullwesoz (s, mi00) = ZZ |[H, N llwezsa2 (g Ua))
a=1 [=1
= ZZ |[H N lwera (pa(Ua)
a=1 [=1

= [Jullwera (ar,z:00) = [|ullwera (a,250) -

(2) We can use the exact same argument as item 1. Just choose A; to be “nice” instead
of “super nice”.

(3) The exact same argument as item 1. works. Just choose A; = A.
O

Remark 9.14. If we further assume that A is GL compatible with itself, then we can
remove the assumption “e; and ey are not nonintegers less than —1” from part 1 and
part 2 of the preceding theorem. (See the explanation in Remark 9.12.)

Theorem 9.15. Let M™ be a compact smooth manifold. Let 7 : E — M be a smooth
vector bundle of rank r over M equipped with fiber metric (., .) g (so it is meaningful to
talk about L (M, E)). Suppose s € R and p € (1,00) are such that sp > n. Then
WeP(M, E) — L>®(M, E). Moreover, every element v in W*?(M, E) has a continuous
version. (Note that since s is not a noninteger less than —1, the choice of the augmented
total trivialization atlas is immaterial.)

Proof. Let {(Uy, Yas Pa) }1<a<n be a nice total trivialization atlas for £ — M that triv-
ializes the fiber metric. Let {1, }1<a<n be a partition of unity subordinate to {U,}. We
need to show that for every u € W*?(M, F)

\u|Loo(M,E) = HUHWW(M,E%

Note that since s > 0, W*P(M, E) — LP(M, F) and we can treat u as an ordinary
section of /. We prove the above inequality in two steps:

e Step 1: Suppose there exists 1 < 8 < N such that suppu C Uz. We have

|u| oo (a1,) = esssup |u|p = esssup |ulg

xeM zeUg
= esssup E | plﬁ ouo gogl |2 (by assumption the triples trivialize the metric)
ycws(Us)

< esssup Z]pﬁouOgoﬂ | < Z ess sup \pﬂouowﬁ |
yeﬁﬁ(Uﬁ)l 1 =1 y€ps(Up)

= Z ok 01w 05 |l L (pawa)
=1

= e ouo st lwerawsy (9> nso W (pa(Us)) = L=(05(Us))) -
=1
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e Step 2: Now, suppose u is an arbitrary element of W*? (M, E'). We have

N N
|| oo a1,y = |Z¢aU|Lw(M,E) < Z [Vatt| Lo (1,E)
a=1 a=1

N r

Step 1 ! 1

=Y ) AL 0 a0 o lwerpaway = ullwsr(np) -
a=1 [=1

Next we prove that every element u of W*?()M, E) has a continuous version. Note that
forall x € U,

wau(w) = (I)(;l(‘raptlx O¢au’ Tt 7;02 Owau) .
Also, forall1 <[ <rand1l < a < N we have

ph o bauo gt € WP (0,(Uy)).

Therefore, p, o 1¥,u o ¢! has a continuous version which we denote by v',. Suppose
Al is the set of measure zero on which v}, # pl, o You o p 1. Let A, = U<, Al
Clearly, A, is a set of measure zero. Since ¢, : Uy, — ©4(U,) is a diffeomorphism,
B, == ;' (A,) is a set of measure zero in U,. (In general, if M and N are smooth
n-manifolds, F' : M — N is a smooth map, and A C M is a subset of measure zero,
then F'(A) has measure zero in N. See Page 128 in [31].)

Clearly,

($»Uio@aa"' 7'017;;090&) - (xap}xowaua'” 79207»0@“)-
on U, \ B,. So,
We = (I);I(ZE,U;OQOO”--- ’vgowa) = (I);l(xvp(lxowauv"' ,ng@Dau) :@Z)au

on U, \ B,. Note that w,, : U, — F is a composition of continuous functions and so it
is continuous on U,,. Let &, € C°(U,) be such that £, = 1 on suppt),. S0 ,ws = Yot

on M \ B,. Consequently, if we let w = Z]av:l £4Wq, then w is a continuous function
that agrees with u = 25:1 Youon M\ B where B = Uj<o<nBa. O

9.2.3. Observations Concerning the Local Representation of Sobolev Functions. Let
M™ be a compact smooth manifold. Let &/ — M be a smooth vector bundle of rank r
over M. As it was discussed in Section 6, given a total trivialization triple (U,, ©a, Pa)>
we can associate with every u € D'(M, E') and every f € ['(M, E), a local representa-
tion with respect to (Uy, @a, pa):

wes (@107 € [D(pa(Ua))], = [Halulv,)]'
frr (ff ) € [Func(pa(Ua) R fl=pho (flu) owa

and of course, as it was pointed out in Remark 6.27, the two representations agree when
u 1s a regular distribution. The goal of this section is to list some useful facts about the
local representations of elements of Sobolev spaces. In what follows, when there is no
possibility of confusion, we may write H, (u) instead of H, (u|y,, ), or p!,o fop, ! instead
of pg, o (flu.) © w3

Theorem 9.16. Let M"™ be a compact smooth manifold and E — M be a vector bundle
of rank 1. Suppose N = {(Us, Pu, Pa, Vo) Y2, is an augmented total trivialization atlas
for E — M. Letu € D'(M,E), e € R, and q € (1,00). Ifforalll < a < N and
1<j<r [Ho(w)) € Wil(pa(Uy)), then u € WeI(M, E; A).

loc
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Proof.

[ullwea,p;n) = ZZ I[H. W lwea(eaway

al]l

- Z Z H o © 9004 ([Ha(uﬂj)HW&Q(@a(Ua)) .

a=1 j=1

Now, note that ¢, 0 0! : 0, (U,) — R is smooth with compact support (its support is in
the compact set o, (supp ¢,)). Therefore, it follows from the assumption that each term
on the right hand side of the above equality is finite. U

Remark 9.17. Note that, as opposed to what is claimed in some references, it is NOT true
in general that if uw € WM, E; \), then the components of the local representations
of u will be in the corresponding Euclidean Sobolev space; that is, u € W*1(M, E; \)
does not imply that forall 1 < o < Nand1 < j < r, [Ho(u)) € W (p(Uy)).
Consider the following example:

M=SYe=0,qg=1,and f : M — R defined by f = 1. Clearly f € WO (M) =
LY (SY). Now, consider the atlas A = {(Uy, ¢1), (Us, pa)} where

=SN{0. 1)}, iy = lfy,

=S\ {0, -1} ealry) =1

Clearly, fo o' = fopy' = 1and 1(Uy) = 2(Uz) = R. So, fo @' and fop," do
not belong to L'(p1(U1)) or L' (o2(Uy)).

(stereographic projection) .

However, the following theorem holds true.

Theorem 9.18. Let M" be a compact smooth manifold and E — M be a vector bundle
of rank r. Let e € R and q € (1,00). Suppose A = {(Un, Pas Pas Vo) Yy is an
augmented total trivialization atlas for E — M. If e is a noninteger less than —1
further assume that A is GL compatible with itself. Let uw € W*1(M, E; \) be such that
suppu C V. C V C Ug for some open set V and some 1 < 3 < N. Then for all
1 <i <, [Hs(u)]" € W (ps(Up)). Indeed,

H[HB(U)]Z”Wq (05 (Up)) ) < HUHWq (M,E;A) -

Proof. Let A1 = {(Ua, Pas Pars 1/Ja) _; Where {1/1a}1<a< ~ is a partition of unity subordi-

nate to the cover {U, }1 <<y such that ¢5 = 1 on a neighborhood of V (see Lemma 5.11).
We have

ITH s ()] llwea(pswsy = | [Hs@sw)] wea(psws)
N
< Z Z H HWeq @a(Ua))
a=1 j=1

= |lullwearzan) = [ullweanrena) -
]

Corollary 9.19. Let M™ be a compact smooth manifold and E — M be a vector bundle
of rank r. Lete € Rand q € (1,00). Suppose N = {(Us, Pa, Pa, Va) Y, is an
augmented total trivialization atlas for E — M. If e is a noninteger less than —1
further assume that A is GL compatible with itself. If u € W*1(M, E; \), then for all
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1<a<Nand1<i<r, [Hy(u)| (ie each component of the local representation of
u with respect to (Uy, Pa, pa)) belongs to W (¢ (Uy)). Moreover, if € € C(pa(Us)),
then '

1€[Ha ()] wea(eawa) = lullweaarsa)
where the implicit constant may depend on §.

Proof. Define G : M — R by

oy, ifpeU,
G(p) = )
(v) { 0 itpgU,

Clearly, G € C*°(M). So, by Theorem 9.10, Gu € W4(M, E; A). Also, since £ €
C>(pa(Uy)), there exists a compact set K such that

suppé € K C K C pa(Ua).

Consequently, there exists an open set V,, (e.g. V,, = <p;1(f( )) such that

supp (Gu) C supp(€ 0 ¢y) C Vo €V, CU,.
So, by Theorem 9.18, [H,(Gu)]" € W*%(p,(U,)) and

IHa(Gu)] lwes(oaway = 1Gulwesanen 2 lullwesorza)

Now, we just need to notice that on ¢, (U,),

[Ha(Gu)]' = (G o, ") [Ha(w)]" = {[Ha(u)]'.

U

9.2.4. Observations Concerning the Riemannian Metric. The Sobolev spaces that ap-
pear in this section all have nonnegative smoothness exponents; therefore, the choice of
the augmented total trivialization atlas is immaterial and will not appear in the notation.

Corollary 9.20. Let (M™, g) be a compact Riemannian manifold with g € W*P(T?M),
sp > n. Let {(Uy, Yo, Po) }1<a<n be a standard total trivialization atlas for T>*M — M.
Fix some « and denote the components of the metric with respect to (U, 0q, pa) by
Gij : Us = R (gi5 = (pa)ij © 9). As an immediate consequence of Corollary 9.19 we
have

9ij © 0o € WiP(0a(Ua)) -

Theorem 9.21. Let (M™, g) be a compact Riemannian manifold with g € W*P(T?M),
sp >mn, s > 1. Let {(Un, Yu; pa) }1<a<n be a GGL standard total trivialization atlas
for T>M — M. Fix some o and denote the components of the metric with respect to
(Uas Pa; pa) by gij : Ua = R (955 = (pa)ij © g). Then
(1) det go, € WP (pa(Uy,)) where go(x) is the matrix whose (i, j)-entry is g;; o !,
(2) Vdetgo ' = \/det go € Wil (0a(Ua)),
(3) Zamgerem € Wioe (9a(Ua)).
Proof.
(1) By Corollary 9.19, g;; 0 ot is in WP (¢4 (U,)). So, it follows from Lemma 7.72 that
det go € Wioe (Pa(Ua))-

loc

(2) This is a direct consequence of item 1 and Theorem 7.73.

(3) This is a direct consequence of item 1 and Theorem 7.73.
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Theorem 9.22. Let (M", g) be a compact Riemannian manifold with g € W*P(T?M),
sp > n, s > 1. Then the inverse metric tensor g~ (which is a (g) tensor field) is in
WP (TyM).

Proof. Let {(Uq, Pa; Pa) }1<a<n be a GGL standard total trivialization atlas for T%M —
M. Let {1, }1<a<n be a partition of unity subordinate to {U, }1<o<n. We have

N
lg™ lweseaan = D D 1ag” o 0gt lwesteutway -

a=1 i,j

So, it is enough to show that for all i, j and v, g7 ot is in WP (¢, (U,)). Let B = (B;;)

loc

where B;; = gi; 0 ¢, '. By assumption, g € W*P(T?M); it follows from Corollary 9.19
that B;; € WP (4 (U,)). Our goal is to show that the entries of the inverse of B are in

loc

WiP(0a(Uy)). Recall that

loc o
(_1)1+J
M,
det B Y
where 1/;; is the determinant of the (n — 1) x (n — 1) matrix formed by removing the

7™ row and "" column of B. Since the entries of B are in W7 (. (U,)), it follows

from Lemma 7.72 and Theorem 7.73 that —— and M;; are in W,>" (0, (U,)). Also,

loc

sp > n, so W:P(p,(U,)) is closed under multiplication. Consequently, (B~!);; is in

loc

WS,p(SOa(Ua»' U

loc

Corollary 9.23. Let (M™, g) be a compact Riemannian manifold with g € W*P(T?M),
sp>mn, s > 1. {(Uys, ¢a)}1<a<n be a GGL smooth atlas for M. Denote the standard
components of the inverse metric with respect to this chart by ¢ : U, — R. As an
immediate consequence of Theorem 9.22 and Corollary 9.19 we have

97 00t € Wil(pa(Ua)) .

(B =

Also, since
41 -
I‘fj opl= Eg’“l(&-gﬂ + 0590 — 91945) © wa' s

it follows from Corollary 9.20, Lemma 7.70, Theorem 7.68, and the fact that WP (¢, (U,)) X
W= (0o (Ua)) = WeTHP(0a(Ua)) that

It o' € Wi P (a(Ua)) -

loc
9.2.5. A Useful Isomorphism. Let M" be a compact smooth manifold and &/ — M be a
vector bundle of rank 7. Let ¢ € R and g € (1,00). Suppose A = {(Us, Pa, Pos Vo) oy
is an augmented total trivialization atlas for £ — M. Given a closed subset A C
M, W3%(M, E; A) is defined to be the subspace of W<%(M, E; A) consisting of u €
Wei(M, E; A) with suppu C A. Fix 1 < < N and suppose K C Up is compact.
Then each element of W (M, E; A) can be identified with an element of D'(Ug, Ey, )
under the injective map v € W*(M, E;A) € D'(M, E) — uly € D'(Ug, Ey,). So,
we can restrict the domain of Hy : [D(Up, Ey,)]* — (D'(¢s(Us)))*" to W' (M, E; A)
which associates with each element v € W?(M, E; A), the r components of Hg(u) =
(i, ,ajp). (Here Hy stands for Hgv y, o)

Lemma 9.24. Consider the above setting and further assume that if e is a noninteger less
than —1, then the total trivialization atlas in A is GL compatible with itself. Then the
linear topological isomorphism Hg : [D(Ug, Ey;,)|* = D'(Us, Ev,) — (D'(05(Up)))*"
restricts to a linear topological isomorphism

Hy : W (M, B A) = W o) (0s(Us) "
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Proof. In order to simplify the notation we will use (U, ¢, p), H, H, and @ instead of
(Us, g, ps), Hz, Hg, and &lﬂ In order to prove this claim, we proceed as follows:

(1) First we show that suppa! C o(K).

(2) Next we show that if u € W2 (M, E; A), then [[u]lwe.o(ar,z:0) = 31—y 18 wea o)
which proves that
(i.) @' is indeed an element of W4 (,p(U)) and
(ii.) H is continuous.
Note that (i) together with the fact that suppii! C (K ) shows that @' is indeed an
element of W7 (o(U)) so H is well-defined.

(3) We prove that His injective.

(4) In order to prove that H is surjective we use our explicit formula for H~! (see
Remark 6.26).
Note that the fact that H is bijective combined with the equality ||u||weaarmn)

> iy 1@t |wea(pry) implies that H~ is continuous as well.
Here are the proofs

(1) This item is a direct consequence of item 1. in Remark 6.26.

(2) Define the augmented total trivialization atlas Ay by A; = {(Us,, ¢a, Pa; @ba)}
where {¢a}1<a< ~ is a partition of unity subordinate to {U,, }1<a< ~ such that @/)5 =
lona nelghborhood of K. Note that for each «, @Da > 0 and Z 1 ¢a = 1. Thus
the assumption 1/15 = 1 on K implies that 1/Ja = 0 on K for all @« # (3. We have

[ullweaneny = lullweapa,) = Z Z I(H. HWM (pa(Ua))

a=1 [=1

- Z || wﬂu |W€ q(‘Poz Ua Z || |Weq SOa(Uoz)) .

Note that suppu C K and ¢3 = 1 on K, s0 thsu = uly as elements of D'(U, Ey).
Therefore, H (¢gu) = H(u) = (a',--- ,a").

(3) H is injective because it is a restriction of the injective map H.
(4) Let (v, -+ ,v") € [W ) ((U))]*". Our goal is to show that H~*(v', -+ ,v") €

Wt (M, E;N) ~ W29(M, E; Ay) (this implies that H is surjective). By Remark
6.26, for all € € D(U, EY,)

First note it follows from Remark 6.23 that suppH ' (v!, -+ ,v") C K indeed, if
supp{ C U\ K, then {op~" = 0on (K). So, (p*) 0€op ™' = 0 on p(K). That
is, supp[(p¥)' 0 {0 7' C p(U) \ ¢(K). Thus for all i, v'[(p¥) 0 {0 ™' = 0

(because, by assumption, suppv’ C ¢(K)). This shows that if supp{ C U \ K,
then H' (vt -+ [v")(&) = 0. Consequently, suppH ! (v!, -+ v") C K.
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Also, we have
,
||H_1(1)1, .. 7UT)||W€»‘1(M7E;A1) ~ Z ||Ul||Wﬁvq(g0(U)) < 0.
=1

So, H (vt -+ Jo") € WM, E; N).
U

Itis clear that u € W*9(M, E; A) if and only if for all o, 1o u € W7 (M, E; A) where
K, can be taken as any compact set such that suppy, C K, C U,. In fact as a direct
consequence of the definition of Sobolev spaces and the above mentioned isomorphism
we have

u€ WM, E;A) <= V1<a<N Ha(au) € W70 (@alUa))] ™

= V1i<a<N pueWi, (M E;A)

9.2.6. Completeness,; Density of Smooth Functions. Our proofs for completeness of
Sobolev spaces and density of smooth functions are based on the ideas presented in [35].

Lemma 9.25. Let M™ be a compact smooth manifold and ' — M be a vector bundle of
rankr. Let e € R and q € (1,00). Suppose A = {(Up, P, Pos Va) Y, is an augmented
total trivialization atlas for E — M. If e is a noninteger less than —1 further assume
that A is GL compatible with itself. Let K, be a compact subset of U, that contains
the support of . Let S : WeI(M, E; A) — [, Wl (M, E; ) be the linear map
defined by S(u) = (Yru,- -+ ,nu). Then S : WeI(M,E;N) — S(WI(M, E; N)) C
ngl Wt (M, E; A) is a linear topological isomorphism. Moreover, S(W*4(M, E; A))
is closed in [[_, Wl (M, E; A).

Proof.
Each component of S is continuous (see Theorem 9.10), therefore S is continuous. De-
fine P: [\, Wit (M, E) — WeU(M, E) by

P(Ul,"' ,UN> = ZUZ'.
Clearly, P is continuous. Also, P o S = id. Now the claim follows from Theorem
4.42. O

Theorem 9.26. Let M"™ be a compact smooth manifold and E — M be a vector bundle
of rank r. Lete € Rand q € (1,00). Suppose N = {(Us, Ga, Pa,Va) Y2, is an
augmented total trivialization atlas for E — M. If e is a noninteger less than —1 further
assume that A\ is GL compatible with itself. Then W(M, E; \) is a Banach space.

Proof. According to Lemma 9.24, for each 1 < o < N, Wg?(M, E; A) is isomorphic to
the Banach space [W_ " . ,(¢a(Ua))]*". So | N Wl (M, E; A) is a Banach space. A
closed subspace of a Banach space is Banach. Therefore, S(W*?(M, E; A)) is a Banach
space. Since S is a linear topological isomorphism onto its image, W4(M, E; A) is also
a Banach space. U

Theorem 9.27. Let M" be a compact smooth manifold and E — M be a vector bundle
of rank r. Lete € Rand q € (1,00). Suppose N = {(Us, Ga, Pa,Va) }_, is an

a=1
augmented total trivialization atlas for E — M. If e is a noninteger less than —1 further
assume that \ is GL compatible with itself. Then D(M, E) is dense in W1 (M, E; \).
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Proof. Let K, = suppy,,. Foreach 1 < a < N, let V,, be an open set such that
KagvagvagUa-

Suppose u € We(M, E; A) and let u, = ¥,u. Clearly, suppu, C K,. Also, according
to Lemma 9.24, for each « there exists a linear topological isomorphism

~

Ha . W‘;;q(My E) — [W;;q(‘?&)(gpa<Ua>>]Xr :

Note that H,(u,) € (Wi ik.y (0a(Ua))]*". Therefore, by Lemma 7.30 there exists a

sequence {(7,);} in [C’;‘C’X(VQ)(@Q(UQ))]” (of course we view each component of (7,,);
as a distribution) that converges to ﬁa(ua) in W% norm as i — oo. Since H,, is a linear
topological isomorphism, we can conclude that

ﬁj((%)i) — Uy, (in Wéf(]\/[, E;AN)asi— 00).

(Note that if a sequence converges in W (M, E; A) where A is a closed subset of M,
it also obviously converges in W4(M, F; A).) Let & = SN H-'((14):). This sum
makes sense because, as we will shortly prove, each summand is in C2°(U,, E,) and so
by extension by zero can be viewed as an element of C*°(M, E). Clearly §; — > uq =
win W4(M, E; A). It remains to show that for each i, & is in C*°(M, E). To this
end, it suffices to show that if x = (x!,---,X") € [C®(pa(U))]*", then H ' (y) is
in C>*(U,, E,) and so can be considered as an element of C*°(M, E) (by extension
by zero). Note that H ~(x) is compactly supported in U, because by definition of H,
any distribution in the codomain of H ~! has compact support in V,. So, we just need
to prove the smoothness of H ~Y(x)- That is, we need to show that there is a smooth
section f € C*°(U,, Ey, ) such that uy = H o 2(x)- It seems that the natural candidate
for f(z) should be (pu|g,) ™! o x © pa(x). In fact, if we define f by this formula, then
H,(uf) = Hy(uys) and by Remark 6.27 H,(uy) is a distribution that corresponds to the
regular function ( fre f’") = pa © f o @, . Obviously,

pao fo 90;1|g0a(a:) = Pa © (pa‘Ez)il O X O Pao 90;1‘g0a(:r) = X’@a(m) .

So, the regular section f(z) = pa |5 0 x0pa(2) corresponds to H,'() and we just need
to show that f is smooth; this is true because f is a composition of smooth functions.
Indeed,

f(x) = palp, 0 X 0 pa() = 1 (2, x 0 pal@)) = f = 0. o (Id, x 0 pa),
and all the maps involved in the above expression are smooth. U

9.2.7. Dual of Sobolev Spaces.

Lemma 9.28. Let M" be a compact smooth manifold and let m : E — M be a vector
bundle of rank r equipped with a fiber metric (., .)g. Let e € R and q € (1,00). Suppose
A = {(Us, Pas Pas Vo) 2, is an augmented total trivialization atlas for E — M which
trivializes the fiber metric. If e is a noninteger less than —1 further assume that the total
trivialization atlas in A is GGL.

Fix a positive smooth density |1 on M (for instance we can equip M with a smooth Rie-
mannian metric and consider the corresponding Riemannian density). Let T : D(M,E) —
D(M, EY) be the map that sends & to Tt where T is defined by

VeeM T(z):E, =D, ar (a,(x))ppn(x).

Then T' is a linear bijective continuous map. Moreover, T : (C®(M, E), ||.|lwe.a(n,E0)) —
(C°(M,EY), |.lwe.acar,pv;avy) is a topological isomorphism.
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Note: Since M is compact, D(M, E) and D(M, EY) are Frechet spaces. So, by
Theorem 4.32, the continuity of the bijective linear map 7' : D(M,E) — D(M,E")
implies the continuity of its inverse. Thatis, T : D(M,E) — D(M,EY) is a linear
topological isomorphism. As a consequence, the adjoint of 7" is a well-defined bijective
continuous map that can be used to identify D'(M, E') = [D(M, EY)|* with [D(M, E)]*.

Proof. The fact that T is linear is obvious.
e T is one-to-one: Suppose { € D(M, E) is such that T; = 0. Then
VeeM T{(zx)=0=VzeMVacE, [T¢x)](a)=0
= VeeMVacE, (aéx)p=
= VeeM {(@),{x)p=0=VreM {x)=0.

e Tisonto: Let u € D(M, EY). Our goal is to show that there exists £ € D(M, E)
such that v = T¢. Note that
VeeM wulz)=Tr)<=VeeMVacE, (a&)pnz)=u()a).

Since D, is 1-dimensional and both p(x) (which is a positive smooth density) and
[u(z)][a] belong to D,,, there exists a number b(z, a) such that

[u(x)](a) = bz, a)u(z) .
So, we need to show that there exists £ € D(M, E) such that
Vee MVaeE, (a,&(x))g = b(x,a).

The above equality uniquely defines a functional on E, which gives us a unique
element £(x) € E, by the Riesz representation theorem. It remains to prove that ¢ is
smooth. To this end, we will show that for each «, £|y, is smooth. Let (s, -, s;)
be a smooth orthonormal frame for Fy;, .

VeeU, &) =¢E(x)si(x)+--+E(2)s,(x).
It suffices to show that 1, - - | €7 are smooth functions (see Theorem 5.22). We have
&'(2) = (£(2), si(2))E -
It follows from the definition of £(x) that
[u(@)][si(x)] = (si(x),&(2)) e p(x) .
Therefore, () satisfies the following equality
[w(2)][si(2)] = £ (x)u(z).
That is, if we define a section of D — U, by
[u,8;] : Uy = D, x> [u(z)][si(x)],

then &' is the component of this section with respect to the smooth frame {x(x)} on
U,. The smoothness of £ follows from the fact that if IV is any manifold, £ — N
is a vector bundle and v and v are in E(N, EVY) and E(N, E), respectively, then [u, v]
is in £(N, D); indeed, the local representation of [u, v] is Y, @'0" which is a smooth
function because @' and @' are smooth functions.

e T:D(M,E) — D(M, E") is continuous:
We make use of Theorem 4.37. Recall that
(1) The topology on D(M, E) is induced by the seminorms:

V1<I<rV1<a<N,WkeNVK C U.(compact) Plok i (€) = |1ph 0 €0 0a | pu (i) -
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(2) The topology on D(M, EV) is induced by the seminorms:
V1<I<rV¥1<a<N,\VkeNVEK C Ud(compact) Qo () = 1(pe) 010 0o g (20) k-
For all £ € D(M, E) we have
Gk, (Te) = [[(02)' 0 Te © 03 g )k = 1(D0) © (Te 0 03 1) © (palm) ™ (€1) lpu () 1

si(x)

where (ey, - - - , €,) is the standard basis for R". Let y = ¢, (z). Note that

[Te(ea W)][si(@)] = (1), £(2) & () -
Therefore, if we define the smooth function f, on Uy, by pu(x) = fa(x)|dz* A -+ A
dx™|, then
(pD.pa) © (Te 0 95 ") 0 51(x) = (s1(2), &(2)) B fa(7) = €' (2) fa(@) = (Pa 0 &0 02" ) (fa 0 9a’ (). (9.5)
So, if we let
C= max [0°(faowi'()),

yepa (K),|B|<k
then
B (Te) = (P 0 € 0 03" (1) (fa 090" (1)) loa )k < Cllpa € 0 00" W))llpn )k = CPramx (€) -
o T :(C®°(M,E),|lleq) = (C®°(M,EY),||.|lcq) is a topological isomorphism:

N r
I€llwearzay =Y N6k 0 el 0 03 lwespuwn)

a=1 [=1

N r
I Tellweaaneviny = > 1100)' 0 %aTe 0 o5 lwea(pawa) -

a=1 [=1

By Equation 9.5, we have

(p) 0 YT 0 0" = ppg, © (haTe 0 ;") 0 51(x) = (P 0 Yal 0 0 ) (fao @a') .

Therefore,
N r
| Tellweanmviary = 3 116k 01aé 0 03" ) (fa © 0o )Iwes(pa(va) -
a=1 [=1

Now, we just need to notice that f, o ¢_! is a positive function and belongs to
C>®(pa(Uy)) (so TrogsT is also smooth) and p!,01),£ 0! has support in the compact
set ¢, (supp(?,)) to conclude that

1€ llweaarzny = | Te|lweacar,zviav) -
(]

Lemma 9.29. Let M™ be a compact smooth manifold and let m : E© — M be a vector
bundle of rank r equipped with a fiber metric (., .)g. Lete € R and q € (1,00). Suppose
A = {(Us, Pas Pa, Vo) Y_, is an augmented total trivialization atlas for E — M. If e is
a noninteger less than —1 further assume that the total trivialization atlas in A is GGL.
Then D(M, E) — W*I(M,E) — D'(M, E).
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Proof. We refer to [35] for discussion about the case where ¢ € Z. Fore € R\ Z we

have

WeI(M,E;N) — W (M, E;A) — D'(M,E),
D(M, E) < WM E; A) — WM, E; A).

|

Theorem 9.30. Let M™ be a compact smooth manifold and let m : E2 — M be a vector
bundle of rank r equipped with a fiber metric (., .)g. Lete € R and q € (1,00). Suppose
A = {(Us, Pas P> Vo) Y, is an augmented total trivialization atlas for E — M which
trivializes the fiber metric. If e is a noninteger whose magnitude is greater than 1 further
assume that the total trivialization atlas in A is GL compatible with itself. Fix a positive
smooth density p.on M.

Consi

Then

der the L? inner product on D(M, E) defined by

(w)a = [ oo

(i) {.,.)s extends uniquely to a continuous bilinear pairing {.,.)o : W= (M, E; A) x
Wei(M, E; N) — R. (We are using the same notation (i.e. (., .)s) for the extended
bilinear map!)

(ii) The map S : W=7 (M, E; N) — [We9(M, E; \)|* defined by S(u) = 1, where

Ly : WM, E;N) - R, 1,(v) = (u,v)9

is a well-defined topological isomorphism.

In particular, W (M, E; N)]* can be identified with W9 (M, E; ).

Proof.
(1

By Theorem 4.11, in order to prove (i) it is enough to show that
()2 (CF(M, B, [ l-eq) X (CF(M, E), || ]leq) = R

is a continuous bilinear map. Denote the corresponding standard trivialization

map for the density bundle D — M by pp ... Let Ay = {(Uy, Yas Pas Yo ) IV,
be an augmented total trivialization atlas for £/ where Vo = > & a o Note that
s=1Y3
ZNI 7 © oo € BC™(pa(Uy)). Let K, = suppty,. Recall that on U, we may
s=1Y5

write 1 = ho|dx' A -+ A da™| where h, = pp ., © p1 is smooth. Moreover, for any
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continuous function f : M — R,

L oprt e BO®(pa(Un)) .-

< [ e Wabao eV

va(Ua) Zﬁ 1 ﬁ

Therefore, we have

|/ (w, v)pp| = |Z/¢aUUEM‘

s / (621, 0) £ 0 92) (Yaha 0 )V

Since by assumption the total trivialization atlas in A trivializes the metric, we get

| / oo <3 / (Y © 0245 (W 0 03150) (Yl 0 02 )V

a=1 i=1 Y ¥a(lUa)

Remark749 1. 1
Z Z (a0 ¥ g MNlw-ear (pa(Ua)) (o © 05 0:) (Yaha © 05 Mweaipawa))
a=1 i=1

N
< Z Z 1(tha © 05 @) ||y .o (pa(Ua))

a= 1
T

| (Vo © 03" 0) [lwea(pava))

1 4=
N N r

> MW 0 03 @) e o] [ D D 1 (Wa 0 03 0 lweaonwa)]

a=1 i=1 a=1 i=1

= ||u||W*ev‘1'(M,E;A)||U||We’q(M:E§A) :

(2) For each u € W9 (M, E; A), l,, is continuous because (., .), is continuous. So,
S is well-defined.

(3) S'is a continuous linear map because
ed S(u)v
\V/u e W ' (M7 E’ A) ||S(u>’|(wevq(M,E,A))* = Sup L
0£vEW 4 (M,E;A) ||U||We"1(M,E;A)

_ sup |<u’ U>2|

< C||u||W—evq'(M,E;A) ’
0£veEWe:4(M,E;A) HUHWE"Z(M,E;A)

where C'is the norm of the continuous bilinear form (., .),.
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(4) S is injective: suppose u € W4 (M, E; A) is such that S(u) = 0, then
Voe WM, E;AN) 1,(v) = (u,v)y=0.
We need to show that u = 0.
e Step 1: For  and 1 in D(M, E) we have
(& m2 = (ue, Tn)(p(r,EV ) xD(M.EV)

where 1" is the map introduced in Lemma 9.28. (Note that if we identify
D(M, E) with a subset of [D(M, EY)]*, then we may write £ instead of u,
on the right hand side of the above equality.) The reason is as follows:

(ug, TN)D(M,EVY* xD(M,EV) = / [T, ()] [ ()] (by definition of uy).

M
Recall that by definition of 7;, we have

VeeM VYaeckE, [T, (x)][a] = (a,n(z))E 1t

In particular,

Therefore,
(ug, TN) (DM, EVY* x D(M,EV) = / (@), n(x))ep = (&)
M

e Step 2: Forw € W4 (M, E;A) andn € D(M,E) C W (M, E; A) we
have
(w,n)2 = (w, T7]>[D(M,EV)]*><D(M,EV) .
Indeed, let {&,,,} be a sequence in D(M, E) that converges to w in w4 (M, E; A).
Note that W= (M, E; A) = [D(M, E)]*, so the sequence converges to w
in [D(M, EY)|* as well. By what was proved in the first step, for all m
(fm, 77)2 = <§m7 T77> [D(M,EV)]*xD(M,EV) -
Taking the limit as m — oo proves the claim.
e Step 3: Finally note that for all v € D(M, E) C W*I(M, E; A)

<T*U7U>[D(M,E)]*><D(M,E) = <U,TU>[D(M,EV)]*xD(M,EV) = <U,U>2 =0.

Therefore, T*u = 0 as an element of [D(M, E')]*. T is a continuous bijective
map, so 7 is injective. It follows that v = 0 as an element of [D(M, EV)]*
and so u = 0 as an element of W~ (M, E; ).

(5) S is surjective. Let F' € [W*Y(M, E;A)]*. We need to show that there is an
element v € W=7 (M, E; A) such that S(u) = F. Since D(M, E) is dense in
Wei (M, E; A), it is enough to show that there exists an element u € w—<'(M, E; A)
with the property that

Note that, according to what was proved in Step 2,
(u, §)2 = <U7T€>[D(M,EV)}*><D(M,EV) = <T*u7£>[D(M,E)]*><D(M,E)~
So, we need to show that there exists an element v € W9 (M, E; A) such that

VEe DM, E) F(§) = (T &) p,E):xD(M,E) -
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Since D(M, E) — W4(M, E; A), F|p(m,r) is an element of [D (M, E)]*. We let
u:=[T1"(F|parr)) € [D(M,EY)]*.
Clearly, u satisfies the desired equality (note that [T~']* = [T*]~'). So, we just
need to show that u is indeed an element of W% (M, E; A). Note that

wEW ™ (ME;A) <= V1<a <N Hy(tou) € W, 0 (0a(Ua)].

Pa(suppa
Since supp(¥,u) C suppi,, it follows from Remark 6.26 that

V1<i<r supp([Ha(¢ou)]') C ¢a(suppils).
It remains to prove that [H, (qu)]' € W=7 (p,(U,)). Note that
fore>0 (W5 (pa(Ua))]* = W (pa(Ua)),

’

fore <0 W5 (alUa))]” = W (pa(Ua))]" = W5 7 (pa(Ua)) €W (pa(Ua)) -

Consequently, for all e

(W5 (0a(Ua))]* € W (0a(Ua)) -

Therefore, it is enough to show that

[Ha(¢au)]l S [W(Je’q<90a(Ua))]*~

To this end, we need to prove that

[Ha(d)au)]l H(CE(0alUa))s [I-lleq) = R
is continuous. For all £ € C°(p,(U,)) we have

[Ho (au)]'(€)

= Wau,gz,g,UQ,%>[D(UQ,E5a)]*xD(UQ,EI§Q) = <U, wagl,ﬁ,Ua,Lpa>[D(M,EV)]*><D(M,EV)
= ([T " F|p(M,B)» Yo ,Un o ) [D(M,EV)]* x D(M,EV)
= (Flpar,p), T (Vagie va.00)) D5y x DBy = F(T ™ (Vagie,vn,0.)) -

Thus [H, (1)qu)]! is the composition of the following maps:
(C&(pa(Ua)); lI-lle,q) = [W;f(suppwa)(@a([fa))]xr N[C (palUa))]*" = M/;eu’p%wm (M,EY;AY)NC>®(M,EY)
= (C(M, E), [[le.q) = R

€ (0,0, (Wa 095 )60, ,0) > Hl (0,0, (Ya 095 )60, ,0) = Yadie Uarpa
ith position

= T (Yagl e Unpa) = F(T7 (Yag1eU0.00))
which is a composition of continuous maps.

6) S: W=7 (M,E;\) — [W(M, E; \)]* is a continuous bijective map, so by the
Banach isomorphism theorem, it is a topological isomorphism.

0

Remark 9.31.

(1) The result of Theorem 9.30 remains valid even if A = {(Uy, Pa, Pa, Va)} does
not trivialize the fiber metric. Indeed, if e is not a noninteger whose magnitude
is greater than 1, then the Sobolev spaces W and W~ are independent of
the choice of augmented total trivialization atlas. If e is a noninteger whose mag-
nitude is greater than 1, then by Theorem 5.24 there exists an augmented total
trivialization atlas A = {(Uy, Pa, pas ba)} that trivializes the metric and has the
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same base atlas as A (so it is GL compatible with \ because by assumption A is
GL compatible with itself). So, we can replace A by A.

(2) Let A be an augmented total trivialization atlas that is GL compatible with itself.
Let e be a noninteger less than —1 and q € (1, 00). By Theorem 9.30 and the above
observation, W(M, E; \) is topologically isomorphic to [W =% (M, E; A)]*.
However, the space W‘e’q/(M , E; \) is independent of A. So, we may conclude
that even when e is a noninteger less than —1, the space W*4(M, E; \) is in-
dependent of the choice of the augmented total trivialization atlas as long as the
corresponding total trivialization atlas is GL compatible with itself.

9.3. On the Relationship Between Various Characterizations. Here we discuss the
relationship between the characterizations of Sobolev spaces given in Remark 9.3 and
our original definition (Definition 9.1).

(1) Suppose e > 0.

WM, E;A) ={u € LY(M, E) : [lullwea,gn) = Z Z [(pa) o (ar)opy lwea(pnua)) < o0} -
a=1[]=1
As adirect consequence of Theorem 9.13, fore > 0, W*4(M, E; A) — LM, E)
with the original definition of W4(M, E; A). Therefore, the above characteriza-
tion is completely consistent with the original definition.
(2)

r

N
WM, B;A) = {u € D'(M, E) : [ullweaqrpny = S > Next? oy s [Ho (o))l ea gy < 00}
a=11=1

It follows from Corollary 7.46 that

e if ¢ is not a noninteger less than —1, then

IHa (o)) lwespava)) = lexty, . [ Ha (o)) lweas)

e if ¢ is a noninteger less than —1 and ¢, (U,,) is R™ or a bounded open set with
Lipschitz continuous boundary, then again the above equality holds.

Therefore, when e is not a noninteger less than —1, the above characterization
completely agrees with the original definition. If e is a noninteger less than —1
and the total trivialization atlas corresponding to A is GGL, then again the two
definitions agree.

3)
WM, E;A) = {u € D'(M,E) : [Ha(ulp.)]' € W (0a(Ua)), V1< a < N,V1<I<r}.

loc

It follows immediately from Theorem 9.16 and Corollary 9.19 that the above
characterization of the set of Sobolev functions is equivalent to the set given in
the original definition provided we assume that if e is a noninteger less than —1,
then A is GL compatible with itself.

(4) We1(M, E; A) is the completion of C'*° (M, E') with respect to the norm

N r
lullwesarzny = Y [1(pa) © (Yatr) 0 03 |weapnwa) -

a=1 [=1

It follows from Theorem 9.27 that if e is not a noninteger less than —1 the above
characterization of Sobolev spaces is equivalent to the original definition. Also,
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if e is a noninteger less than —1 and A is GL compatible with itself, the two
characterizations are equivalent.

Now, we will focus on proving the equivalence of the original definition and the fifth
characterization of Sobolev spaces. In what follows instead of ||.|[yy.a(as, 5, vE) We just
write |.|yra(as, ;). Also, note that since & is a nonnegative integer, the choice of the
augmented total trivialization atlas in Definition 9.1 is immaterial. Our proof follows the
argument presented in [22] and is based on the following five facts:

e Fact 1: Let u € C*°(M, E) be such that suppu C U for some 1 < 3 < N. Then

[l r.) /M [ulfdVy =l ol o wows 5aiswsy)
l v

wl

e Fact 2: Let u € C'° (M, E) be such that suppu C U for some 1 < 3 < N. Then

k r
‘U’qu M,E) ZZ Z H((vE) )Jl ]S 1HL‘1 (ps(Ug))

s=0 a=11<j1,+,js<n

Proof.

e

E
|u’(i1/V’W1(M,E) Z ‘(V ) u’Lq(M (T* M)®iQE)
s=0

Fact | ZZ Z I ((VE) )jl . 1||Lq (ep(Up)) *
——

s=0 a=1 1<j1,,js<n
components w.r.t (Ug, ¢3, pg)

O
e Fact 3: Let u € C°(M, E) be such that suppu C U for some 1 < § < N. Then

ullwesans) = Y 16l 0 wo 05 lweaaws) -
=1

Proof. Let {1, } be a partition of unity such that ©»)3 = 1 on supp u (note that since
elements of a partition of unity are nonnegative and their sum is equal to 1, we can
conclude that if o # /3 then 1), = 0 on supp u). We have

[ullwes(arm) = ZZ ||Pa ) o wq ||Weq (pa(Ua))

a=1 [=1

—ZHPﬂ (hgu) o g Hlwe s ws)) ZHpBouoch lwea(esws))
I=1

g

e Fact 4: Let u € C°(M, E). Then for any multi-index « and all 1 <[ < r we have
(on any total trivialization triple (U, ¢, p)):

prouce™ =Y Y Y [(VE)yu)S 0wl

s<|l a=11<j1,+ ,js<n
—_———

sum over all components of (V)%
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Proof. For any multi-index v = (71, - - - ,7,) we define seqy to be the following list
of numbers:

—— — ——

71 times 72 times Yn, times

Note that there are exactly |y| = 71 + - - - + 7, numbers in seqy. By Observation 2
in Section 5.5.4 we have

((Vlﬂ)lwlu)ieq7 ol = 67[,0[ ouop ]+ Z Z Crad*[p* cuop™].

a=1 ailal <]

Thus

r

87[,0l ouo gp_l] = ((VE)MU);(w o gp_l — Z Z Coa0“[p* ouo 90_1] ,

a=1 a:|al<|y|

O°[p" cuo e = ((VH)llu)l oo™ Z > Cad’lpoucy™],
b=1 8:8l<lal

where the coefficients C,,, Cg, etc. are polynomials in terms of christoffel symbols
and the metric and so they are all bounded on the compact manifold M. Conse-
quently,

o ouce™ =Y Y Y [(VE)u)? . ops'].

s<|v| a=1 1<j1,,js<n
sum over all components of (V)5

g

e Fact 5: Let f € C°°(M, E) and u € W"9(M, E) where E is another vector bundle
over M. Then
”f ®u||Wk7Q(M,E®E) = HuHkaq(M,Ew

where the implicit constant may depend on f but it does not depend on .

Proof. Let {(Ua; Pas pa) << and {(Ua; o, pa)}1<a< ~ be total trivialization at-
lases for E and E, respectively. Let {s,.. = p;'(e4)};_, be the corresponding local

frame for E on U, and {t,;, = j."(es)};_, be the corresponding local frame for £
onU,. LetG : {1,--- 7} x {1,---,7} — {1,--- ,rF'} be an arbitrary but fixed
bijective function. Then {(U,, ¢©a, fa)} is a total trivialization atlas for ' ® FE where

Pa(Saa @ tap) = €c(ap) (as an element of R™),

and it is extended by linearity to the £ @ F |u,- Now we have

|f® UHW’WJ(M,E®E) Z ZZ 194 %" o o (Yaf ®@u)op, HW’“I (¢a(Ua))

a=1 a=1 b=1
N

ZZZH Yo © 0o )(fa 090" ) (o © 0o ) lwragenwa) -
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where f = f%s,, and u = ubt,, on U,. Clearly f2 o ¢ ' € C(p,(U,)). There-
fore,

N F
If ®u||kaq(M,E®E) = ZZ a© Spa u © 90;1)||Wkaq(goa(Ua)) = ||U||Wk,q(M,E)-

g

e Part I: First we prove that [|u||yr.q(a,5) = |ulwrar,p)-

(1) Case 1: Suppose there exists 1 < 3 < N such that suppu C Ug. We have

Fact3
[ullSymanrm = Z 1ol © w0 05 Ty kagswsy) = Z D 107 o wo o3 tagawsy
I=1 |y|<k

Fact 4

= ZZZZ > )] 005 aaws)

=1 |y|<k s<|y| a=1 1<j1, ,js<n

r

ZZ Z H((VE) )31 Js SO/EIH%LZ((pﬁ(Uﬂ))

s=0 a=1 1<j1, js<n

IA

(2) Case 2: Now let u be an arbitrary element of C*>°(M, E'). We have

lullwra(arzy = || Zwauuwkq ME) <= Z [Yatllwracn,m)

a=1

Z [Vattlwr.aa, k) (by what was proved in Case 1)

U|Wk 4(M,E) = >~ |ulyx, 4(M,E) -

an

We note that the last inequality holds because

k
E
‘¢O¢u‘?/vk,q(ME Z v wOA HLq(M (T* )®1®E)

k i

- || Z ( >v]¢a (VE)i_ju||%q(M,(T*M)®i®E)
i=0 j=0 J
Fact 5 k : Eviej
= Z ||(V ) uHLq(M(T* M)®(-)QE)
=0 5=0

k
= Z ||(VE)SUHqu(M,(T*M)@sogE) = |u|?/Vkvq(M,E) :
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e Part II: Now we show that |u|y ke, ) = [|ullwear )

(1) Case 1: Suppose there exists 1 < 3 < N such that suppu C Us.

Fact2
[ulivean = ZZ > V) 0@ 1auws)

s=0 a=1 1<j1,,js<n

Eoor r
Observang] in5.5.4 Z Z Z H Z Z(Cnl)?l---js O(pﬁ )HL‘? (¢s(Ug))

s=0 a=11<j1,+ js<n  |n|<s I=1 pou

= Z Z 167( u'o 905 HLq (ps(Up)) Z ||u © 90/3’1||W’“q(90ﬁ (Us))

I=1 |n|<k
= |ullfy ks ) -
(2) Case 2: Now let u be an arbitrary element of C*°(M, E).

N N
’u‘W’WI(M,E) = ‘Z%{U’Wk,q(M,E) < Z ’wau’W’“»‘l(M,E)
a=1

Case 1

N r
Fact 3 _
= Z Hiﬂa'd“wk,q(ME) = Z Z H/Oloa © (%U) © SooleW"”q(@a(Ua))

a=1 =1

= HUHW’W(M,E) .

10. SOME RESULTS ON DIFFERENTIAL OPERATORS

Let M™ be a compact smooth manifold. Let £ and E be two vector bundles over M
of ranks r and 7, respectively. A linear operator P : C>*°(M, E) — ['(M, E) is called
local if

Vue C®(M,E) supp Pu C supp u .
If P is a local operator, then it is possible to have a well-defined notion of restriction of
P toopen sets U C M, thatis, if P : C°(M,FE) — I'(M, F) is local and U C M is
open, then we can define a map

Ply : C*(U, Ey) — (U, Ey)

with the property that

Vue C®(M,FE) (Pu)|y = Plu(ulv).
Indeed, suppose u, & € C*°(M, E') agree on U, then as a result of P being local we have

supp (Pu — Pu) Csupp (u —u) C M\ U.

Therefore, if u|y = 4|y, then (Pu)|y = (Pu)|y. Thus, if v € C*°(U, Ey) and x € U,
we can define (P|y)(v)(x) as follows: choose any u € C*°(M, E) such that w = v on a
neighborhood of x and then let (P|y)(v)(z) = (Pu)(z).

Recall that for any nonempty set V, Func(V,R") denotes the vector space of all func-
tions from V' to R’. By the local representation of P with respect to the total triv-
ialization triples (U, ¢, p) of E and (U, ¢, p) of E we mean the linear transformation
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Q : C>=(p(U),R") — Func(o(U), R") defined by
QU)=poP(pofop)oy™
Note that p~! o f o p is a section of Ey; — U. Also, note that for all u € C*(M, E)
po(Pluly)) oy =Qpo (uly)op™). (10.1)

Let’s denote the components of f € C®(p(U),R") by (f*, -+, f7). Then we can write
Q(ft,-+-,fr)y=(h',--- |A") where forall 1 < k <7

hk:ﬂ'kOQ(fl,--- ,fr)QisinearwkoQ(fl,O,~-- ,0)+ -+ m0Q0,---,0, f7).
So,ifforeach 1 < k < 7and1 < i < rwedefine Q; : C°(p(U),R) — Func(p(U),R)
by
Qki(g>:7rkoQ(07"'707 g 7Oa"'70)a
h
th position

then we have
Q(f Zle fl ZQM fl

In particular, note that the s* component of po Puoyp 1, that is p° o Pu o ™1, is equal
to the s component of Q(p! ocuo ™t .-+ p"owuop~t) (see Equation 10.1) which is
equal to

Z Qsi(p'ouop™).
Theorem 10.1. Let M" be a compact smooth manifold. Let P : C>(M,E) — I'(M, E)

be a local operator. Let A = {(Uy, Y, Pos Vo) F1<a<n and A = {(U., ¢a, pa, Vo) H<a<n
be two augmented total trivialization atlases for I and E, respectively. Suppose the atlas
{(Ua; ¥a) }1<a<n is GL compatible with itself. For each 1 < o < N, let Q* denote the
local representation of P with respect to the total trivialization triples (U, 9o, po) and
(Uns Yas o) of E and E, respectively. Suppose ¢,é € R, 1 < q,§ < oo, and for each
1<a<< N, 1<i<r,andl1 <j<r,

& (C(PalUa)); -llea) = Wind (9a(Ua))
is well-defined and continuous and does not increase support. Then
o P(C™(M,E)) C W*(M, E; ), o
o P : (C¥(M,E),||lleq) — WM, E;A) is continuous and so it can be ex-
tended to a continuous linear map P : WI(M, E; A) — W&I(M, E; A).

Proof. First note that

||Pu||Wévl7(M, ZZ ||Pa (Va(Pu)) 0w, ||Wf’<1 (0a(Ua)) s

a=1 i=1

[wllwesae,En) ZZ 122, © ($art) © o5 lwea(pa(ua)) -

a=1 j=1
It is enough to show thatforall 1 < a < N, 1< <7

15 © ($a(Pu)) 0wy ||Weq (paUa)) = Z Z Hp,g (pu) o 3 Hweq (p5(Up)) -

p=1 j=1
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We have

155 © (Ya(Pu)) 0 o lweaioaway = (a0 @3") - (5L o (Pu) o 03" |lwedpnwa)
N

<Zl| O(pa zg Z¢ﬁu 09004 )||W€q<PaUa)

(see the paragraph above Theorem 10. l)

< Z Z (%0 0 931) - Q55 (Pl © (V1) 0 o) lwei(pnwa)

51]1

= Z Z (e 0 93") - Q55 (Ph 0 (Epu) 0 w3 ) lwedoa (i) -
B=1 j=1
where £ € C°(U,) is a fixed function such that £ = 1 on supp ?,,. Using the assumption
that Qf; : (C°(pa(Ua)), l|-lle,q) — W (0a(U,)) is continuous we get

175 © ($a(Pu)) © 04 lweageawa) ZZIW (Evpu) 0 05 lwes(pa(va) -

p=1 j=1
Note that p/, o (Epu) o ' = (s 0 p')(p) o u o p,') has compact support in
©a(Us NUg). So, it follows from Corollary 7.46 that
10, 0 (E¢au) 0 03 lweapaway = 17h 0 (E¥su) 0 93 lwea(pu Uanty)) -
Therefore,

175 © (%(PU)) © 9 llwed(pn(wa))

= ZZ 172, © (Esu) © o3 lwea(puWany))

61]1

= Z Z 192, 0 (Eu) © w5t 0 w5 0 0t wea(pnans))

B=1 j=1

Theorem 7.62

ZZW (Eau) 0 05 lwea(osWartrs))

pB=1 j=1
So, it is enough to prove that ||p?, o (£upu) o QO,EIHWWI(@B(UQQU[?)) can be bounded by
Z,]BV=1 >y ol o (Ypu) o @El"We,q(@B(UB)). Since this can be done in the exact same
way as the proof of Theorem 9.7, we do not repeat the argument here. U

Here we will discuss one simple application of the above theorem. Let (M", g) be a
compact Riemannian manifold with g € W*?(M,T?M), sp > n, and s > 1. Consider
d:C®(M)— C®(T*M). The local representations are all assumed to be with respect
to charts in a super nice total trivialization atlas that is GL compatible with itself. The
local representation of d is Q) : C*°(p(U)) — C*°(p(U), R™) which is defined by

Q(f)(a)=pod(p~" o fop)oy (a)

_ ., of ;
= o (5 lee 104 o1 (@)

or e
B
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Here we used p = Id and the fact that if g : M — R is smooth, then

Igoyp™) i
(dg)(p) = T’w(p)dx lp-

Clearly, each component of () is a continuous operator from (C°(¢(U)), ||-|le,q) to
Weba(p(U)) — W " (@(U)) (see Theorem 7.65; note that o(U) = R™). Hence

loc
d can be viewed as a continuous operator from W4(M) to We14(T*M).

Several other interesting applications of Theorem 10.1 can be found in [8].

11. CONCLUSION

Sobolev-Slobodeckij spaces play a key role in the study of elliptic differential oper-
ators in nonsmooth setting. In this manuscript, we focused on establishing certain fun-
damental properties of Sobolev-Slobodeckij spaces that are particularly useful in better
understanding the behavior of elliptic differential operators on compact manifolds. In
particular, we built a general framework for developing multiplication theorems, embed-
ding results, etc. for Sobolev-Slobodeckij spaces on compact manifolds. We paid special
attention to spaces with noninteger smoothness order and to general sections of vector
bundles. We established in particular that, aslongas 1 < g <ocande > Oore € Z,

e various common standard characterizations of W (as discussed in Section 9)
are equivalent,

e the local charts definition of /%9 is independent of the chosen atlas, and

e nice properties of W7 for smooth domains in R" (such as embedding proper-
ties and multiplication properties) will carry over to W4 of sections of vector
bundles.

Also, we noticed that the local representations of elements of 11/ (for functions on M
or, more generally, sections of vector bundles) will not necessarily be in the correspond-
ing Euclidean Sobolev-Slobodeckij space; they should be viewed as elements of locally
Sobolev-Slobodeckij spaces on the Euclidean space (we have devoted a separate manu-
script ([9]) to the study of the properties of locally Sobolev-Slobodeckij spaces on the
Euclidean space). In the same spirit, in Section 10 we observed that locally Sobolev-
Slobodeckij spaces can be considered as the appropriate target spaces in the study of
the local representations of differential operators between Sobolev-Slobodeckij spaces
of sections of vector bundles. For the case where e < —1 is noninteger, we were not
able to prove the validity of these properties in a general setting; however, by introduc-
ing notions such as “geometrically Lipschitz atlases”, we found sufficient conditions that
guarantee the validity of similar results as those we have for the case where e € Z.
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