LINE-SEARCH AND TRUST-REGION EQUATIONS FOR A PRIMAL-DUAL
INTERIOR METHOD FOR NONLINEAR OPTIMIZATION

Philip E. Gill* Vyacheslav Kungurtsev’ Daniel P. Robinson?

UCSD Center for Computational Mathematics
Technical Report CCoM-21-4
September 1, 2021

Abstract
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1. Introduction

This note concerns that derivation of the line-search and trust-region equations for a shifted primal-dual penalty-barrier merit
method for constrained optimization. These methods are intended for the minimization of a twice-continuously differentiable
function subject to both equality and inequality constraints that may include a set of twice-continuously differentiable constraint
functions. A description of the line-search and trust-region methods for a problem with nonlinear inequality constraints is given
by Gill, Kungurtsev and Robinson [4] and Gill, Kungurtsev and Robinson [5]. The note concerns the formulation of the equations
for problems written in the general form:

c(x) —s=0, Lys=hy, <Ly, Lys<u’,

NLP
Az —b=0, Exz=by, (*<E,x, E,z<u", ( )

minimize x) subject to
zER™ sER™ f(z) J {

where A denotes a constant m, x n matrix, and b, hy, by, £°, u¥, £* and u* are fixed vectors of dimension m,, my, nx, m;, my,
n, and n, respectively. Similarly, Ly, L, and L, denote fixed matrices of dimension my x m, m, X m and m, X m, respectively,
and Fy, F, and E, are fixed matrices of dimension ny X n, n, X n and ny X n, respectively. Throughout the discussion, the
functions ¢ : R® — R™ and f : R™ — R are assumed to be twice-continuously differentiable. The components of s may be
interpreted as slack variables associated with the nonlinear constraints.

The quantity Ey denotes an ny X n matrix formed from ny independent rows of I,,, the identity matrix of order n. This
implies that the equality constraints Exx = by fix ny components of = at the corresponding values of by. Similarly, F, and E,
denote n, x n and n, x n matrices formed from subsets of rows of I,, such that ETE, = 0, ELE, = 0, i.e., a variable is either
fixed or free to move, possibly bounded by an upper or lower bound. Note that an x; may be an unrestricted variable in the
sense that it is neither fixed nor subject to an upper or lower bound, in which case e;.r is not a row of Ey, F, or E,. Analogous
definitions hold for Ly, L, and L, as subsets of rows of I,,,. However, we impose the restriction that a given s; must be either
fixed or restricted by an upper or lower bound, i.e., there are no unrestricted slacks'. Let E. denote the matrix of rows of I,
that are not rows of Ey, and let L denote the matrix of rows of I,,, that are not rows of Ly. If n, =n—nyx and mp = m—mx,
then Fr and Ly are nr x n and mz X m respectively. Note that n,+ n, may be less than nz, but my must equal m, +m;. The
matrices (E; Eg) and (Lz LZ) are column permutations of I,, and I,,,. Moreover, there are n x n and m x m permutation

matrices P, and P, such that
_ (E: _ (Lg
P, = (Ex) and P, = (Lx> ; (1.1)

with E,ET = 1%, E.ET = 1% and E,EL =0, and L, LY =15, L, LY =15 and L,LL = 0.
All general inequality constraints are imposed indirectly using a shifted primal-dual barrier function. The general equality
constraints ¢(x) —s = 0 and Ax = b are enforced using an primal-dual augmented Lagrangian algorithm, which implies that the

1This is not a significant restriction because a “free” slack is equivalent to a unrestricted nonlinear constraint, which may be discarded from the
problem. The shifted primal-dual penalty-barrier equations can be derived without this restriction, but the derivation is beyond the scope of this note.
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equalities are satisfied in the limit. The exception to this is when the constraints Fxx = by, and Lys = hy are used to fix a
subset of the variables and slacks. These bounds are enforced at every iterate.

An equality constraint ¢;(x) = 0 may be handled by introducing the slack variable s; and writing the constraint as the
two constraints ¢;(x) —s; = 0 and s; = 0. In this case the ith coordinate vector e; can be included as a row of Ly. Linear
inequality constraints must be included as part of ¢. A linear equality constraint can be either included with the nonlinear
equality constraints or the matrix A. The constraints involving A may be used to temporarily fix a subset of the variables at
their bounds without altering the underlying structure of the approximate Newton equations. In this case, the associated rows
of A are rows of the identity matrix.

The optimality conditions for problem (NLP) are given in Section 2. The shifted path-following equations are formulated
in Section 3. The shifted primal-dual penalty-barrier function associated with problem is discussed in Section 4. This function
serves as a merit function for both the line-search and trust-region method. The equations for a line-search modified Newton
method are formulated in Sections 5 and 6, and summarized in Section 7. The analogous equations for the trust-region method
are derived in Section 8 and summarized in Section 9.

Notation. Given vectors x and y, the vector consisting of x augmented by y is denoted by (z,y). The subscript ¢ is appended
to vectors to denote the ith component of that vector, whereas the subscript k is appended to a vector to denote its value during
the kth iteration of an algorithm, e.g., xj represents the value for z during the kth iteration, whereas [z ]; denotes the ith
component of the vector z. Given vectors a and b with the same dimension, the vector with ith component a;b; is denoted by
a - b. Similarly, min(a,b) is a vector with components min(a;, b;). The vector e denotes the column vector of ones, and I denotes
the identity matrix. The dimensions of e and I are defined by the context. The vector two-norm or its induced matrix norm
are denoted by || - ||. The vector Vf(x) is used to denote the gradient of f(x). The matrix J(z) denotes the m x n constraint
Jacobian, which has ith row Ve;(z)7. Given a Lagrangian function L(z,y) = f(z) — c¢(x) Ty with y a m-vector of dual variables,
the Hessian of the Lagrangian with respect to x is denoted by H(z,y) = V2f(z) — 31", y;VZ¢i(z). Both the line-search and
trust-region equations utilize the Moore-Penrose pseudoinverse of a diagonal matrix. In particular, if D = diag(ds, da, ..., d,),
then the pseudoinverse DT is diagonal with DI =0 for d; = 0 and Dsz‘ = 1/d; for d; # 0.

(A
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2. Optimality conditions
The first-order KKT conditions for problem (NLP) are

Vf(x*) — J(x*)Ty* — ATv* — BTz, — ET2; + EF 23 =0, 21 >0, z5 > 0,
y* — LTw? — LTw; + LTwj =0, wy >0, wy >0,
clx*) —s* =0, Lys*—hyx =0,
Ar* —b=0, Ecx* —by =0, 2.1)
E,x*— 0 >0, u* — Eya* >0,
L,s*—/0%>0, u® — Lys™ >0,
zy - (B —1%) =0, 25 - (¥ — Eyx™) =0,
wi - (L,s* —£%) =0, wy - (u® — Lys™) =0,

where y*, w%, and z% are the multipliers for the equality constraints c(z) —s = 0, Lxs* = hx and Exx* = by, and 27, 2z, w} and
w; may be interpreted as the Lagrange multipliers for the inequality constraints E,x —¢* > 0, u*¥ — E,2 > 0, L,s — % > 0 and
u® — Lys > 0, respectively. The components of v* are the multipliers for the linear equality constraints Az = b. If 1 = E o — £,
ro = u* — Eyx, s1 = L,s — 0%, and so = u® — Lys, then 2§, 25, w}, and wi are the Lagrange multipliers for the inequality
constraints z; > 0, 2 > 0, s; > 0, and sy > 0, respectively. In the derivations that follow, the vectors z and w are defined as

2=FEY2 +FET2) —ET2,, and w= L w, + LTw, — LTw,. (2.2)

3. The path-following equations

Let 27 and 25, wi and w4 denote nonnegative estimates of 2z and 23, wi and wj. Given small positive scalars p”, p* and p?,
consider the perturbed optimality conditions
Vf(z) — J(x)"y — A% — ELz, — ET2, + ET2, =0, z1 >0, 29 >0,
Yy — ngx — wal + ngz =0, wy > 0, wg > 0,
c(x) —s=p"(y" —vy), Exx—byx =0, Lys—hyx =0,
Az — b= p*(v® —v),
E,x—0*>0, u¥ — Eyxz >0,
L,s—1¢°>0, u® — Lys >0,
7 (B = 05) = p"(21 —21), 2 (0 = Bpw) = p”(25 — 22),

wy +(Lys = £7) = pP(wi —wy),  wy - (u” = Lys) = p®(wy — wy).
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Let v, denote the vector of variables v, = (z, s, y, v, wx, 2x, 21, 22, W1, w2). The primal-dual path-following equations are
given by F'(vp), with

Vf(z) = J(@)Ty — AT - ETz, — ET2, + El 2, Vi(z) = J(x)Ty — AT — 2
y — Liwx — L{w; + Liw, y—w
c(x) —s+p"(y —y°) c(x) —s+pu"(y—y*)
Az — b+ p*(v — ") Az — b+ p* (v — ")
Eyr — by Exxz — by
F(vp) = Lys—hy T Lys—hy (3:2)
2y - (Bpw = 0%) 4 p# (2 — 27) 2y - (Epr = 05) + p” (2, — 27)
2y - (Ut = Eyw) 4 (25 — 23) 2y - (" — Byx) + (2 — 23)
wy - (Lys — 07) + p(wy — wy) wy - (Lys — £%) 4+ p(wy — wy)
wy « (u® = Lys) + p” (wy — w3) wy « (u® = Lys) + pf (wy — w3)

(To simplify the notation, the dependence of F' on the parameters p*, pu”, u?, y*=, v?, 2£ 25 w? wi is omitted.) Any zero (z,
S, Y, U, Wx, Zx, 21, 22, Wi, we) of F such that * < E,, Eyx < u®, 0° < L;s, Ly < u®, 21 >0, 22 >0, w; >0, and wy > 0
approximates a point satisfying the optimality conditions (2.1), with the approximation becoming increasingly accurate as the
terms u”(y — y®), pt(v — v¥), u®(zy — 27), p(z9 — 25), p”(wy; — wf) and p”(wy — wh) approach zero. For any sequence of z¥,
z5, wi, wy, v” and y” such that 2§ — 27, 25 = 23, w{ — wi, w5 — w3, v” = v* and y” — y*, and it must hold that solutions
(z,8,y,v, 21, 22, w1, ws) of (3.1) must satisfy z; - (x —€5) =0, 2y « (u* —2x) = 0, wy (s —£°) = 0, and wy - (u® — s) — 0, This
implies that any solution (z, s, y, v, wx, 2zx, 21, 22, w1, we) of (3.1) will approximate a solution of (2.1) independently of the
values of u”, p* and p? (i.e., it is not necessary that u” — 0, u* — 0 and p® — 0).

If vp = (2, s, y, v, Wx, 2x, 21, 22, W1, Wa) is a given approximate zero of F' such that ¢* — u? < E,z, B,z < u* + p*,
05 —pP < Lys, Lys < u®+p”, z1 > 0, 20 > 0, w; > 0, and we > 0, the Newton equations for the change in variables Av, = (Ax,
As, Ay, Av, Awy, Azy, Az, Azo, Awy, Aws) are given by F'(vp)Avp = —F(vp), with

H 0 -—JT —AT o -pET —pgT ET 0 0
0 0 I, 0 —-LT 0 0 o0 —LT LT

J I, Dy 0 0 0 0O 0 0 0

A 0 0 D, 0 0 0O 0 0 0

, 0 Ly 0 0 0 0 0O 0 0 0

Five) = Ey 0 0 0 0 0 0 0 0 0 (3-3)

ZE, 0 0 0 0 o X' 0 0 0

—Z,E, 0 0 0 0 0 0 X 0 0

0 WiL, 0 0 0 0 0 0 S 0

0 —Wel, 0 0 0 0 o 0 0 S¥
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(recall that z = ETz, + ET2, — BTz, and w = LTw, + LTw, — LTw,). Any s may be written as s = LLs, + LLs,, where s,
and sy denote the components of s corresponding to the “free” and “fixed” components of s, respectively. Similarly, any = may
be written as x = EXz, + ETz,, where 2, and x denote the free and fixed components of .

The partition of x into free and fixed variables induces a partition of H, A, J, E, and E,. We use Hy to denote the ny x np
symmetric matrix of rows and columns of H associated with the free variables and Ap, Ay, Jr, Jx to denote the free and fixed
columns of A and J. In particular,

H,=EHET ~ A.=AEL, A,=AET J.=JEL, and Jy = JET,
Similarly, the n, X ny matrix F,» and n, X np matrix F,, comprise the free columns of £, and F,, with
E,.=EF! and E, =E,EL.

It follows that the components of E,,x, are the values of the free variables that are subject to lower bounds. A similar
interpretation applied for E,z. Analogous definitions apply for the m, X m matrix L, and m; X m, matrix L.

The next step is to transform the path-following equations to reflect the structure of free and fixed variables. Consider the
block-diagonal orthogonal matrix Q = diag(Py, Py, I,,, I, I3, I%, IF, IF, I?, I7), where P, and P, are defined in (1.1). Given

the identities A A A A
Tp\ _ (EpAzx Sp\ _ (LpAs
(Aacx) = Pd = (EXASL'> and <ASX) =Psds= <LXAS> ’
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and QF'(vp)QTQAv, = QF (v,), we obtain the transformed equations

H, HY 0 0 —-JI —-AT o 0 -°rl ET 0 0 Az,
H, Hy 0 0o —-JI AT o -Iz 0 0 0 0 Ay
0 0 0 0 Ly 0 0 0 0 0 LT LT || As,
0 0 0 0 Ly 0 —-I3 0 0 0 0 0 Asy
Jp Je LT  —-LY D, 0 0 0 0 0 0 0 Ay
Ay Ay 0 0 0 D, 0 0 0 0 0 0 Av
0 0 0 Is 0 0 0 0 0 0 0 0 Awy
0 Iz 0 0 0 0 0 0 0 0 0 0 Azy
2B, 0 0 0 0 0 0 0o Xt 0 0 0 Az
~Z9E e 0 0 0 0 0 0 0 0 X¥ 0 0 Azy
0 0 Wi L, 0 0 0 0 0 0 0 st0 Aw,
0 0 WLy 0 0 0 0 0 0 0 0 S¥ Aws

Yx — Wx
c(x) —s+p"(y —y*)
Az — b+ p'(v —v")
Evx — by
Lys—hy

wy + (Lys — %) + p® (wy —wy
wy « (u® = Lys) + p(wy — w3)

where g = Erg, 2, = Erz and yr = Lzy.
As the constraints Lys —hyx = 0 and Exx — by = 0 are enforced throughout, it follows that Asy = 0 and Az, = 0, in which
case As and Ax satisfy

As=LTAs, + LT As, = LT As, and Az = FElAz, + ETAz, = ET Ax,..

After scaling the last four blocks of equations by (respectively) Z;7!, Z; !, W' and W5 ', collecting terms and reordering the
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equations and unknowns, we obtain

Hy 0 -JI AT g ET 0 0 Azp g, —JFy— ATy — 2,
0 0 L. 0 0 o -—-rf. LT Asg Yr — Wp
J. —LT Dy, 0 0 0 0 0 || ay “Dy(n¥ —y)
Ap 0 0 D, 0 0 0 0 Av _ —D (" —v) (3.4)
E,, 0 0 0 z 0 0 0 Az | —Di(r¥ — z,) ’ ’
—Eyp 0 0 0 0 D3 0 0 Az —Di (75 — z,)
0 L, 0 0 0 0o Dr 0 ||An DY (¥ —wy)
0 —Ly 0 0 0 0 0o Dy¥) \Aws _D¥ (7Y — w,)
where 1 1
Dy =u"I,, 7rY:yE—E(c—s)7 D, =pu'l,, ' =v" — —(Ar - b),
1
DY = SPWT = (s s, Df=X{Z7', w = (X0 (35)
DY = SEW, = pt(sE)ud, Df=XEZ7Y,  wE = pf(XE) A
[

Given the definitions (2.2), the vectors As and Awy are recovered as As = LT As, and Awy = [y + Ay — w]x. Similarly, Az
and Azy are recovered as Ar = ET Az, and Azy = [g+ HAz — JT(y + Ay) — z]

4. A shifted primal-dual penalty-barrier function
Problem (NLP) is equivalent to

minimize f(x)
x,r1,r2,5,51,52
subject to  ¢(x) —s =0, Az —b=0,

Ex—x1=05  Lis—s1 =0 z1>0, s1>0,
Eyx+xo=u", Lys+so=u’, x9>0, 59
Evx—byx =0, Lyxs—hy=0.

Consider the shifted primal-dual penalty-barrier problem

s .. P B E . E . E E
minimize M(x?xthv5781a327y7vvw17w2a,u Y,V awlan)
x,r1,r2,5,51,52,Y,V,21,22,W1,W2

subject to E,x —x1 =5, L,s—s1=4° x1+p°e>0, 21 >0, s +pu’e>0, wy >0,
Eyox+xo=u", Lys+so=u’ zo+p’e>0, 20 >0, s9+pue>0, wy >0,
Exx—bx =0, Lyxs—hyx =0,
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where M (z,x1, 2, s, 51, S2, Y, v, 21, 22, W1, We ; u*, w2, y?, v 27, 25 wf, w§) is the shifted primal-dual penalty-barrier function

F(@) — (c@) = 5) Ty* + s olle(@) — sl + 5 slle(@) — s+ u”(y — y*)II
Az — )T + inm e (o —v*)|?
=Y {wrt i (e + pel?) = [ @+ me) ] |
=Y (Wl m () len + e ]}) - (22 - (a2 4+ 070) )
= {ulwf i (o ilsy + e ]?) = [wn - (s1 4+ 1€))i |

i=1
mu

=3 {rlwlin (fwa il s+ pe]?) = [wa - (s2 + w0 ]if. (4.2)

The gradient VM (x, 1, x2, S, S1, S2, Y, U, 21, 22, w1, we) may be defined in terms of the quantities X}" = diag(E,z — X + p”e),
X4 = diag(u* — Eyx + pPe), Z1 = diag(z1), Zo = diag(z2), Wi = diag(w;), Wa = diag(ws), S} = diag(L,s — ¢° + p”e) and
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Sh = diag(u® — Ly s + p”e), in particular

VM =

where the quantities Dy, 7", D, n¥, D{", DY, n{", 74, D}, D3, n7, and =

g—AT(2(v"

+ lTlA(Ax —b) —v) = JF(2(y" —

ar(c—s)) —y)
2 = 2P (XY e
zg = 2u"(X5) 125

2(y" = pr(c—9)) —y
wy = 2p”(SY) " wf
Wy — 2p” (Sh) " ws
c—s+up(y—y°)

Az — b+ p*(v — ")

@y +ple — Pzt

2y +ple — pPZy 2

s+ ple — pt Wi twf

§y + pfe — oWy tws

g— AT(Z(UE + L (Az — b)) — v) - JT(2(yE — L(c—s)) - y)

(Sit)_l(wl - 51+ pPwi + pf(wy, —wy)

T
N>
L

P

cxy +pPey + pf (2 — Z1E))

71(2'2 c Ty + pPry + pP (2 — 25))
2(y" — p(c—9)) —y

(U’2 * 8y + plwg + pf(wy — wf))

c—s+p(y—y°)

Az — b+ pt(v — v¥)
Zf1(21 sy +pfz - Zf))
Zy (zg + @y + 4" (25 — 25))

Wit (wy - 51+ pf(w, —wf))
Wy (wy - 85+ p” (wy — wh))

U)) - JT(ﬂ'Y + (r" = y))
(rf + (nf — 21))
— (75 + (75 — 22))
™ 4 (7" —y)

— (7" + (1] = wy))
— (3 + (78 — wy))
—Dy(m" —y)
—D (" —v)
—Di(7{ — z)
—D3 (75 — 25)
=Dy (7} —wy)

5 are defined in (3.5).
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The Hessian V2M (z, 21, 72, 8, 81, S2, Y, U, 21, 22, W1, Wa) is given by

H, 0 0 —2JTD;! 0 0 JT AT 0 0 0 0
0 2017 (X1 ~1 0 0 0 0 ~I, 0 Ix 0 0 0
0 0 2IT5 (X5~ 0 0 0 0 0 0 Ix 0 0
—2D;1 0 0 2D;! 0 0 0 0 0 0 0 0
0 0 0 0 20T (841 0 0 0 0 0 I 0
0 0 0 0 0 201 (S5~ 0 0 0 0 0 Is
J 0 0 ~I, 0 0 Dy 0 0 0 0 0
A 0 0 0 0 0 0 D, 0 0 0 0
0 Iz 0 0 0 0 0 0  X!'z*mh? 0 0 0
0 0 I* 0 0 0 0 0 0 XtZ72003 0 0
0 0 0 0 Is 0 0 0 0 0 SEW Y 0
0 0 0 0 0 Is 0 0 0 0 0 SEWy Iy
where

2 2
Hy=H(z2r" —y)+ —ATA+ = J"J = H(z,2n" —y) + 24" D' A+ 2" D" J,
H M
and I7, I¥, I?, and I denote identity matrices of dimension n,, n,, m, and m, respectively. The usual convention regarding

diagonal matrices formed from vectors applies, with I1# = diag(n?), I1§ = diag(n%), II" = diag(n}"), and 11" = diag(wd").

5. Derivation of the primal-dual line-search direction

The primal-dual penalty-barrier problem (4.1) may be written in the form

minimize M(p) subject to Cp = b,

peL
where
7= {p :p = (x,21,%2,8, 81,82, Y,V, 21, 22, W1, W), with z; + pe >0, s; + p’e >0, z; > 0, w; > 0 for i = 1,2}7
and
Ey 0 0 0 0 0 0 0 0 0 0 0 bx
E, I 0 0 0 0 0 0 0 0 0 0 £
| By 0 17 0 0 0 0 0 0 0 0 0 . vt
“=lo 0o 0 Iy 0 o0 0 0 0 o o of W le=], (5-1)
0 0 0 L, -I; 0 0 0 0 0 0 0 03
0 0 0 Ly 0 17 0 0 0 0 0 0 u®
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Let p € Z be given such that C'p = b.. The Newton direction Ap is given by the solution of the subproblem

minimize VM (p)T Ap + %ApTV2M(p)Ap subject to CAp=b., —Cp=0. (5.2)

Ap

However, instead of solving (5.2), we formulate a linearly constrained approzimate Newton method by approximating the Hessian
V2M by a positive-definite matrix B. Consider the matrix defined by replacing 7* by y, 77 by 21, 7% by 23, 7" by wi, 7y by
wy in the matrix VM (z, z1, 72, 8, 81, S, ¥, U, 21, 22, W1, wy). This gives an approximate Hessian B(x, 71, 22, s, 51, 82, Y, U,
21, 22, w1, wa) of the form

H? +2ATD;'A+2JTD;1J 0 0 —2JTD;1 0 0 JT AT 0 0 0 0
0 2(D?)~1 0 0 0 0 0 o I 0 0 0
0 0 2(D3)~! 0 0 0 0 0 0 It 0 0
—2D71J 0 0 2D 0 0 I, 0 0 0 0 0
0 0 0 0 2(DY)~1 0 0 0 0 0o I 0
0 0 0 0 0 2(D¥)~1 0 0 0 0 0 Is
J 0 0 —Ipn 0 0 D, 0 0 0 0 0
A 0 0 0 0 0 0 D, 0 0 0 0
0 I 0 0 0 0 0 0 Di 0 0 0
0 0 Iz 0 0 0 0 0 0 Di 0 0
0 0 0 0 Is 0 0 0 0 0 DY 0
0 0 0 0 0 I3 0 0 0 0 0o Dy

where H” ~ H(x,y) is chosen so that the approximate Hessian B is positive definite. Given B(p), with p = (z, z1, @2, s, $1, S2,
Y, U, 21, 22, W1, Wwa), an approximate Newton direction is given by the solution of the QP subproblem

minimize VM (p)" Ap+ $Ap" B(p)Ap subject to CAp = 0.
p

Let N denote a matrix whose columns form a basis for null(C), i.e., the columns of N are linearly independent and CN =
0. Every feasible direction Ap may be written in the form Ap = Nd. This implies that d satisfies the reduced equations
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NTB(p)Nd = —NTVM (p). Consider the null-space basis defined from the columns of the matrix

ET 0 O 0 0 0 0 0

E, 0 o 0 0 0 0 0
~E, 0 o 0 0 0 0 0

o L 0o 0 0 0 0 0

o L, O 0 0 0 0 0

B o -L, O 0 0 0 0 0

N= 0 o I, 0O 0 0 0 0] (5:3)

0 0 0 I, 0 0 0 0

0 0 o 0 I* 0 0 0

0 0 o 0 0 I* 0 0

0 0 o 0 0 0 If 0

0 0 o o o0 o0 o0 I

where E,, = E,ET  E, . = FE,El L,, =L, LT and L,, = L,LT. The definition of N of (5.3) gives the reduced approximate
Hessian NTB(p)N such that

~

H, —2JT DT Jr AT ET _ET 0 0

—2L.Dy'J, 2L,(Dy*+D},)LT —L, 0 0 0 Lt LT

Je LT Dy 0 0 0 0 0

Ap 0 0 D, 0 0 0 0
E, 0 0 0 D3 0 0 o |’

—Eyp 0 0 0 0 D} 0 0

0 Ly 0 0 0 0 Dy 0

0 —Lys 0 0 0 0 0 Dy

where J, = JET, A, = AET, H, = E,H?ET + 2ATD7'A, + 2JT D71 J, + 2E,D} ET with

D} =E}(Df)'E, + E;(D3)"'E,, and Dj, =Lj(D{)"'L,+L{(Dy) 'Ly,
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Similarly, the reduced gradient N7 VM (p) is given by

gy — A}:(QWV - v) — JE(ZWY - y) — ET (2n% — 2)) + ET,

(275 — 25)

UF
271—1}«: —Yr — pr@ﬁw - wl) + Lg@@” - U)2)
=Dy (m" —y)
—D, (¥ —v)
—Di(m{ — z) ’
—D3(m3 — 25)
=D (m)" —wy)
=Dy (mg" — w,)

where g, = Erg, 75 = Lpn" and y = Ly. The reduced approximate Newton equations NTB(p)Nd = —NTVM (p) are then

~

H, —2JIDFLT
—2L,D;'J, 2L.(Dy'+ Di,)LT

Je LT

Ay 0

E,. 0
—Eyr 0

0 Ly

0 _LUF

JI AT gL —ET 0 0 dq
—Ly 0 0 0 Lt LT | | do
Dy 0 0 0 0 0 d3
0 D, 0 0 0 0 dy
0 0 D} 0 0 0 ds
0 0 0 Dj 0 0 dg
0 0 0 0 Dy 0 dr
0 0 0 0 0 Dy ) \ds

27{; —Yr — pr(27rf" - wl) + Lgp(Qﬂgv - w2)
—Dy(m¥ —y)

Jr — A}:(27TV — U) — JE(ZWY — y) — EL. (277 — 2)) + EL (274 — 2,)
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Given any nonsingular matrix R, the direction d satisfies RNTB(p)Nd = —RNTVM (p). In particular, if R is the block
upper-triangular matrix R such that

I 0 —2JI'Dyt —2AID;Y —2E](Di)~' 2E[.(D3)~* 0 0
I} 2L.D;! 0 0 0 —2L].(D{")~" 2L{,(Dy)~!
I 0 0 0 0 0
B I, 0 0 0 0
R= Iz, 0 0 0 :
Iz, 0 0
I, 0
I
then
H: 0 —JT —AT _ET ET 0 0
0 0 L, 0 0 0 -LT LT
J. —-LT D, 0 0 0 0 0
A 0 0 D 0 0 0 0
T _ F A
ERN'Bo)N=1 p" o o o 2 0 o |
—Eur 0 0 0 0 D 0 0
0 Ly,» 0 0 0 0 DY 0
0 —L, 0 0 0 0 0 Dy
and
gr —Joy—ALv— 2z,
Yr — Wp
—Dy (¥ —y)
—D,(m¥ — )
T _ A
RN*VM(p) = _ngﬂ-lz _ 21;




5. Derivation of the primal-dual line-search direction

16

The matrix R is nonsingular because Zi, Zo and W are positive definite, which implies that we may solve the following
(unsymmetric) reduced approximate Newton equations for d:

HE 0 —-JI -AT —FET

0 0 Ly 0 0

J. —-LT D, 0 0

Ar 0 0 D, 0

E.; 0 0 0 Dj

—Eup 0 0 0 0

0 L. 0 0 0

0 —Lyr 0 0 0

Then, the expression Ap = Nd implies that

Ap

0
0
0
0
D
0
0

Az
A.Il
A.TQ
As
ASl
ASQ
Ay
Av
AZl
AZQ
Aw1
AIUQ

0 0
_LZ‘F Lgp
0

gOOOOO

0
0
0
Dy
0

These identities allow us to write equations (5.5) in the form

g 0 —JT —AT _ET
0 0 L. 0 0
Je -LT Dy 0 0
Ap 0 0 D, 0

E, 0 0 0 D?
—Euw 0 0 0 0
0 L, 0 0 0
0 —Ly O 0 0

Bl
0
0
0
0

Dj
0
0

0 0
_LzF L?;F

0 0

o o o o

0
0
0
Dy
0 DY

Axp
Asp

Av

Az1
AZQ
Awl
Awg

gF—JFTy—sz—zF

Yr — Wpg
=Dy (m" —y)
=D (m" —v)
—Di(x — ) (5:5)
—D3 (75 — 25)
=Dy (7] —wy)
=Dy’ (3 — wy)
(5.6)
Jr ng — sz Zp
Yr — Wr
—Dy(n¥ —y)
—D,(mY — )
—Di(mi-z) |* ©O7
—D3(m5 — 25)
=Dy (n{" —wy)
=Dy (ry —wy)
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with Ar = ET Ax,, As = LT As,., Awy = Axp — (X — E,x + 1), Awg = —Axp + (0¥ — Eyx — 29), Asy = Asp — (5 — L,s+ 51)

and Asg = —Asp + (u® — Lys — 83),

The shifted penalty-barrier equations (5.7) are the same as the path following equations (3.4) except for the (1,1) block,

where H(z,y) replaced by H”(z,y).

6. The shifted primal-dual penalty-barrier direction

In this section we consider the solution of the shifted primal-dual penalty-barrier equations (5.7). Collecting terms and reordering

the equations and unknowns, gives

D, 0 0 0 0 0 A, 0 Av
0 D? 0 0 0 0 E, 0 Az
0 0  Di 0 0 0 —Eu 0 Az,
0 0 o DY 0 L, 0 0 Aw;
0 0 0 0 DY —L, 0 0 Aw,
0 0 0o -IT. LT 0 0 L. || As.
—AT _ET  ET 0 0 0o HE —JT|| Az
0 0 0 0 0o -IT J. Dy ) \Ay

Consider the diagonal matrices

Dyv—m")
Di(z1 —{)
D3 (22 — m5)
DY (wy — m}")

Dy = (LT(DY) 'L+ LE(DY)'L,) and D, = (EI(D})'E, + EL(D})'E,)",

, (6.1)

where (- )T denotes the Moore-Penrose pseudoinverse of a matrix. The identity I,,, = LYL, 4+ LT L, implies that the m x m

matrix Dy, satisfies the identities

tfr.p, =D, =D,LTL,, and LYL,D, =0.
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In addition, the diagonal matrix L FD&,L? is nonsingular if every slack is either fixed or bounded above or below. If equations
(6.1) are premultiplied by the matrix

1,
0 Ix
0 0 Iz,
0 0 0 I,
0 0 0 0 I,
0 0 0 LT.(Dy)~! —L{, (DY)~ I3
ALDTY EL(DY)TY —E.(D5)! 0 0 0 Iz
0 0 0 D, LT(DY)"' -D,LT(Dy)"' D,LT 0 In
we obtain the block upper-triangular system
D, 0 0 0 0 0 A, 0 Av D.(v—7Y)
0 D 0 0 0 0 E.p 0 Az Di(z — %)
0 0 D3 0 0 0 Eur 0 Az Dj(zy — 5)
0 0 0o DV 0 L, 0 0 Aw; DY (wy — n}")
0 0 0 0 DY  —Ly 0 0 Awy |~ DY (wy — ) ’
0 0 0 0 0 L,Di, LT 0 Ly Asp Le(y—7")
0 0 0 0 0 0 H, —JT Az Ep(g—JTy — ATrv — %)
0 0 0 0 0 0 Jr Dy +Dy/) \Ay D, (y—7")+D,(y—7")

where H, = H? + ATD'A, + E,DLET, 7% = LTx¥ — LT7¥ and 7% = ETn? — ET7%. Using block back-substitution, Az,
and Ay can be computed by solving the equations

H, —Jr (Aa:F) B (EF (g—JTy—ATrv — WZ))
J. Dy + Dy Ay DW(y—ﬂ'W)—FDY(y—W") '
The full vector Az is then computed as Az = EX Ax,. Similarly, substitution of the identity As = LT As,, in the sixth block of

equations gives

As=—-D,(y+ Ay —7").

There are several ways of computing Aw; and Aws. Instead of using the block upper-triangular system above, we use the last
two blocks of equations of (3.4) to give

Awy = —(S8) 7 (wy (L, (s + As) — €5 + p”e) — pPwy) and Awy = —(S5) 7" (wy + (u® — L, (s + As) + pe) — p"w?).
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Similarly, using (3.4) to solve for Az; and Az, yields
Azy = —(XI) 7 (2 - (B (x4 Az) — 05 + pPe) — p”2f) and Az = —(X5) 7' (2, - (0 — E (x4 Az) + p’e) — pP23).

Similarly, using the first block of equations (6.1) to solve for Av gives Av = —(v — V), with 7 = 0¥ — l%(A(a: + Az) —b).
Finally, the vectors Awy and Azy are recovered as Awy = [y + Ay —w]yx and Azy = [g+ HAz — J* (y + Ay) — 2], where
w=LLw, + LTw, — LTw, and 2 = ETz + ETz, — EL2,.

7. Summary: equations for the line-search direction

The results of the preceding section imply that the solution of the path-following equations F’(vp)Avp, = —F(vp) with F and
F’ given by (3.2) and (3.3) may be computed as follows. Let x and s be given primal variables and slack variables such that
Evx =bx, Lys = hyx with ¥ — p? < Eyz, Eyx < u® 4+ p?, 0° — u® < Lis, Lys < u® + p?. Similarly, let z1, 22, wi, we and y
denote dual variables such that wy > 0, wy > 0, z; > 0, and 23 > 0. Consider the diagonal matrices X}" = diag(E,x — (X + p”e),
X4 = diag(u* — Eyx + pPe), Z1 = diag(z1), Zo = diag(z2), Wi = diag(w), Wa = diag(ws), S} = diag(L,s — ¢° + u”e) and
Sh = diag(u® — Ly s + p”e). Consider the quantities

1
Dy :ﬂPIm; T :yE_ E(C_S)’
1
D,=p'l,, WVZUE—E(AJU—Z)),
(D)™ = (X{) "2, (Di) ™= (81) 71w,
(D3) ™ = (X§) " 2, (D3) ™" = (S5) W,
D, = (EI'(D})'E,+ El(D3)'E,)T, Dy = (LT(DY) 'L, + L] (DY)~ 'L,)",
= (X{) 7 e, m = P (S1)
5 = (X) 7, m = (85) g,
? = Ern? — ElrZ, a¥ =L nl — LTnl

Choose H”(z,y) so that H”(x,y) approximates H(x,y) and the KKT matrix

Jp () —(Dy + Dy)
is nonsingular with m negative eigenvalues. Solve the KKT system
<H§(x, y)+ATD YA, + E,DIET  —J ()T > <A:JcF> _ <EF (Vf(z) — J(z)Ty — ATmv — WZ)) (7.1)
J.(x) D, +D, ) \Ay Dy(y—ﬂ'y)—i-DW(y—ﬂ'W) ’ '
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and set
Az = ETAz, 7=ux+ Az, Azy = —(XI) 7 (2 - (BT — 0 + ple) — pPz)),
Azy = —(X5) 7 (2o - (u* = BuT + pe) — p°25),
y=y+ A4y, As = —Dw(y—="),
§=s+ As, Awy = —(S) " (wy + (L5 — 05+ p’e) — pwyi),
Awy = —(S5) " (ws - (u° — L5+ pPe) — pPw}),
ﬁV:vE—%(Af—b), Av = 77—,
w=LTw, + LTw, — LT w,, z= ELz +ETz —ET2,
U=+ Av, Awy = [J—w]x,

Azx = [Vf(z) + H(z,y)Az — J(2)T5 — AT0 - 2]x.

As (z,s) — (z*,s*) it holds that ||D] | and ||Dl| are bounded, but || Dy | — oo and |[ATD;'A,|| — co. This implies
that the matrix and right-hand side of (7.1) goes to infinity. In the situation where ALD71A, is diagonal, then the KKT

system can be rescaled so that the equations to be solved are bounded. If sz and D, denote diagonal matrices such that
D2 = (ATD;'A,)" Y and D2, = (LZL, + D,,)7!, then ||D,|| and || Dy | are bounded as (z,s) — (*,s*). The equations (7.1)
may be written in the form

5ZHIE(I7y)5Z + 5§EFDLEZ: + IIZE 7(5WJF(:C)5Z)T (AfF) _ ﬁZEF(Vf(IE) - ‘](‘T)Ty - ATﬂ'v - ﬂ-Z)
5WJF(:E)5Z D~€vDy+LZ:LF Ag B ﬁW(DY(y—WY)—f—DW(y—ﬂ'W)) ’

with Az, = D, A%, and Ay = Dy Ay. In this case, the scaled KKT matrix remains bounded if H(z,y) is bounded. Similarly,
the right-hand side remains bounded if || Dy, Dy, (y — ©")|| is bounded.
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The associated line-search merit function (4.2) can be written as

_ AN 1 _ |2 1 _ P, _ ,E\|2
f@) = (e(x) =)y +2up||c(l’) sl +2MPHC(~T) s+u"(y—y)ll
1 1
_ _m\T,,E - _ B2 _ Alyy 2 E\|[2
(Az —b) " v® + o |Az —b]|* + o | Az — b+ p' (v — ")l

=S {W i (o B — € 4 e ) = [+ (B = 0+ ) )
=S {W sl ()l — Byr +el}) = [ - (0" = Bz +u'e)); )

=Y (ol ([ Lus = € 4 e ) = [wn - (Lus = € + ")) }

my

- Z {,u”[wg]iln ([wali[uw® — Lys + pel?) — [wa - (u® — LUs—i—,u”e)]i}.

8. The primal-dual trust-region direction

Given a vector of primal-dual variables p = (z, 1, x2, s, s1, S2, Y, v, 21, 22, W1, We), each iteration of a trust-region method for
solving (NLP) involves finding a vector Ap of the form Ap = Nd, where N is a basis for the null-space of the matrix C of (5.1),
and d is an approximate solution of the subproblem

minidmize grd+ 2dTBy(p)d subject to |d||» <6, (8.1)

where gy and By are the reduced gradient and reduced Hessian gy = VM and By (p) = NTB(p)N, ||d||» = (d"Td)'/?, § is the
trust-region radius, and T is positive-definite. The subproblem (8.1) may be written as

minimize gL T~ Y2 Av,, + %AUAZ;T_I/QBN (p)T Y2 Av,, subject to ||Avy |2 <6, (8.2)

VM

where Av,, = T'/2d. The application of the method of Moré and Sorensen [8] to solve the subproblem (8.2) requires the solution
of the so-called secular equations, which have the form

(By +01)Avy = =g, (8.3)
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with o a nonnegative scalar, By = T~ /2B, (p)T_1/2, and gy = T~'/2g,. In this note we consider the solution of the related
equations

(By +0T)d = —gu, (8.4)
and recover the solution of the secular equations (8.3) from the computed vector d.

The identity (5.6) allows the solution of the approximate Newton equations By (p)d = —gx (5.4) to be written in terms of
the change in the variables (z, s, s1, $2, ¥, v, 21, 22, W1, wz). In particular, we have

-~

H, —2JID; LT Jr AT g —ET 0 0 Ay
—2L,D;'J. 2L.(D;'+ Di)LT —L 0 0 0 Lt LT || Ase
Je —LT D, 0 0 0 0 0 Ay
A 0 0 D, 0 0 0 0 Av

E.p 0 0 0 D% 0 0 0 Az

N O 0 0 0 0 D} 0 0 Azy

0 Ly 0 0 0 0 DY 0 Awy

0 —Ly» 0 0 0 0 0 DY ) \Aw,

gF—A}:(Qﬂ'V fv) —JE(QW ) ET (277 le)JrET (275 — 25)

2my —y, — LT, (2m)" *wl)JFL # (273 — w,)
—Dy (7" —y)
_ —D (" — )
B —Di(n{ — z) ’
—D5 (75 — z,)
=Dy (m)" —w,)
=Dy (n3" — w,)
where
H,=H,+JID;'J, + ATD'A, + E,DLET,
with
P Y E 1 A v E 1
Dy =pu" I, ™ =y’ = —(c—s), D, =p'l,, v =wv —E(Aa:—b),
i
DY = S{wit, = pu"(SY) "t DY =X{z;*,  wf=p"(X{) e,
Dy = SEWSLmy = pn(SE) s, DR = XEZTNm = ut(XE) .
7" =L nl — LTny n? = El'n? — EL7Z.
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In the trust-region case, we make no assumption that B is positive definite, i.e., H, = E,H(x,y)EL with H(x,y) the Hessian
of the Lagrangian function.

The first step in the formulation of the trust-region equations (8.4) and their solution is to write the reduced gradient
and Hessian of the merit function in terms of the vectors Z and ¢ that combine the primal variables (z,s) and dual variables
(y,v, 21, 20, w1, ws). Let ¢, H, J and D denote the quantities

Je —LT D, 0 0 0 0 0
A0 0O D, 0 0 0 0
- _ [9r 7_(Hr O 7_ E.r 0 = |10 0 D7 0 0 0
9‘(0)’ H‘(o 0)’ T=l -k, o ™ P=l0o o 0 D3 0 o0
0 Ly 0O 0 0 0 DY 0
O _LUF O O O O O D%V

Similarly, let T}, = diag(T*,T*) and fy = diag(TY, TV, T¢, T4, T{*, T3"). The equations (By + 0T)Ap = —gyx may be written
in the form

ﬁ+2ﬁﬁ71j+0’fx JT Az _ ﬁ*ﬁﬁ*ﬁ(ﬁfﬁ) (8.5)
J D +oT,) \ Ay —D(7 - ) ’ '
where
Y T
v a4
Ay
zZ
g==1, ==, Af(AmF>, and Aj= | Az
2 T2 Asp Aw
w1 i
w2 Ty

—2JTp-1

7 > to both sides of (8.5) gives the equivalent system

Applying the nonsingular matrix <I

(H’—l—afm —JT(I + 2051T"y)> (Af) o (g— ﬁg)
J D+ 0T, ay)— \D@G-=))

As in Gertz and Gill [3], we set T, =1 and fy = D. With this choice, the associated vectors AZ and Ay satisfy the equations

H+oI —JT AZ (T (8.6)
J oD )\(1+2045) " " \DG-7)) '
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where @ = (14 0)/(1 4 20). In terms of the original variables, the unsymmetric equations (8.6) are

Hp+ol* 0 —J¢ —AT —ET ET 0 0 Az,
0 ol; Ly 0 0 0 -—-LT LT Asp
. -LT &D, 0 0 0 0 0 (14 20)Ay
A, 0 0 6D, 0 0 0 0 (1 + 20)Av
E,, 0 0 0 &D? 0 0 0 (1+ 2U)A21
—Eyr 0 0 0 0 Dj 0 0 (1420)Az,
0 L, 0 0 0 0 4Dy 0 (14 20)Auwy
0 —Lyr 0 0 0 0 0 D (14 20)Aw,
EF(g —JTy — ATy — z)
Ly (y — w)
cf) —; ;L u:((y - y:"))
T — :
- Z7 M (2 - (E:Eflff‘)Jru fzf) » (8.7)
Zy (2 - (u¥ = Ey) + p( 5))
Wl - (Lys — ) 4+ 0y — )
Wy (1, - (0 — Lus) + - w5)
where & = (14 0)/(1 4 20). Collecting terms and reordering the equations and unknowns, we obtain
gD, 0 0 0 0 0 A, 0 Av D,(v—7")
0 D7 0 0 0 0 E,; 0 AZy D%(z; — m¥)
0 0 &D3 0 0 0 B 0 A%, D3 (29 — 1}
0 0 0 DY 0 L, 0 0 Amy | DY (wy — 7l¥) 58)
0 0 0 0 Dy —Ly 0 0 Aty DY (wqy — ) ’ ’
0 0 o LT, LT oIt 0 L. Asg Lp(y—w)
-AT —fgT ET 0 0 0 Hp+ol2 —JT Azg Epr(g—JTy— ATv —2)
0 0 0 0 0 -—LT Jr D, Ay Dy(y—7")

where D, = ¢D,, DY = 6D}, DY = ¢DY, D? = 6D?, D = ¢D%, Dy = 6Dy, Ay = (1 +20)Ay, Av = (1 + 20)Av,
AzZ1 = (14 20) Az, AZy = (1 4+ 20) Az, Awy = (1 + 20)Aw;, and Awg = (1 4 20) Aws. We define

D = (L(D}) 'Ly + LE(DY)'L,)! = o(L1 (DY) Ly + LE(DY) ' L,) = oDy,



8. The primal-dual trust-region direction

25

with Dy, = (LT (D{")"'L,,. + LT, (DY)~ 'L,;)". Similarly, define
Dy = (DI, +ocI3)t.
Premultiplying the equations (8.8) by the matrix

IA
0 I7,
0 0 Iz,
0 0 0 Is,
0 0 0 0 Is,
0 0 0 LT (DY)t —LLT (DY) I3
LAIDY LEL(DY)T' —LEL(DS)! 0 0 0 Iz
0 0 0 D, LT(Dy¥)"' —D,LT(DYy)"* &D, LT 0 In
gives the block upper-triangular system
6D, 0 0 0 0 0 A, 0 AT
0 eD? 0 0 0 0 E,. 0 A%
0 0 &Dj 0 0 0 . 0 AZ,
0 0 0 DV 0 L., 0 0 Aty
0 0 0 0 &DYy —Ly» 0 0 Aty
0 0 0 0 0o ir.DiLT 0 Ly Asy
0 0 0 0 0 0 H.+ol* —JT Azy
0 0 0 0 0 0 Je &(Dy + Dy)) \Ay
D,(v—7")
Di(z1 — n{)
D3 (z2 — m5)
Dy (wy — (")

Qi | —QI

Dy(y—ﬂy)+DW(5(y—w)+w—ﬂ

Ep(g—JTy—ATU—Z—F*[AT(U—ﬂ'V)-i—Z—ﬂ'
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where .
H.=E, (H +=(JTD; T+ ATD A+ D;))EZ,

w = LTwy + LTw, — LTw,, 2 = ELzy + ET2, — El2,, 7" = LT7) — LT7Y and 77 = ETn% — ET7r%. Using block back-
substitution, Az, and Ay may be computed by solving the equations

S
D, (y—7")+ Dy, (G(y —w) + w—7")

H,+ olZ —Jr Axp
J, &by +D,) (Aﬂ )
The full vector Az is then computed as Az = ET Ax,. Using the identity As = LT As,. in the sixth block of equations gives
As = —5D,, <y+(1+20)Ay—w+i[w—ﬂ'W}> .

There are several ways of computing Aw; and Aws. Instead of using the block upper-triangular system above, we use the last
two blocks of equations of (8.7) to give

Awr = = (87 (wy (L, (s + A8) = € 4+ %) — pwf) and
g
1

Awy =~ (85) 7wy - (0 = Ly (s As) + p’e) — pu"w).

Similarly, using (8.7) to solve for Az; and Az, yields

1
Az = —?(X{‘)_l(zl (B (xz+ Az) — 0% + p”e) — p”z{) and
o
1
Az = = (X)) (3 - (0 = B, a + Av) £ ) — p"25).
o
Similarly, using the first block of equations (8.8) to solve for Av gives Av = —(v—7")/(1+0), with 77 = v¥ — ;%" (A(z+Az)—b).
Finally, the vectors Awy and Azy are recovered as Awy = [y + Ay —w]x and Azy = [g+ HAz — J(y + Ay) — 2]«

9. Summary: equations for the trust-region direction

The results of the preceding section implies that the solution of the path-following equations F'(vp)Ave = —F(vp) with F and
F’ given by (3.2) and (3.3) may be computed as follows. Let  and s be given primal variables and slack variables such that
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Evx =0byx, Lys = hx with £ — p? < E,z, Eyx < u® 4+ u?, 05— u? < L;s, Lys < v’ + p®. Similarly, let z1, 22, wi, we and y
denotes dual variables such that wy > 0, wy > 0, 21 > 0, and 25 > 0. Consider the diagonal matrices X}' = diag(E,z — ¥ + pe),
X4 = diag(u* — Eyz + pPe), Z1 = diag(z1), Zo = diag(z2), W1 = diag(w;), Wa = diag(ws), S} = diag(L,s — ¢° + u”e) and
Sh = diag(u® — Lys + p”e). Given the quantities

1
Dy = p" Ly, WY:yE—E(C—S),
1
Dy = p'l, 7r"=v’7‘—E(Anc—b)7
(Df)_l = (Xf)_lzlﬂ (D{V)_l = (Sf)_lwh
(D3)™ = (X3) ™' Za, (D3)~" = (8§) ™' W,
D, = (EZ(Df)ilEL +E5(D§)71EU)T’ Dy, = (LZW(D{V)ilLL +LS<D5V)71LU)Ta

w

nf = (XE)A, = P (SE) g,

w5 = WO, oy = ()

7’ = ETn? — ETnl, 7" =LTny — LTxY,
solve the KKT system

1 1 1

(Hp(x,y)qLJ[;erUAEDAlAFJrUEFDLEf —J (2)T ) (AxF> _ (Ep(gJTyATUZ+G[AT(U7TV)+Z7TZ])

Jo(x) 5(Dy + Dy)) \AY Dy(y—7") + Dy (6(y — w) +w — ")
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Then
1
Az = EL Az, T =ux+ Az, Az = —m(Xf)71(21 (B — 0+ pe) — ptzy),
1 ~
Azy = -1 JrU(Xé‘)_l(zz (0 = By + ple) — pt2),
- . 9 1
Ay = Ag/(1+20), y=y+ Ay, As :—6Dw<y+(1+20)Ay—w+g[w—7rw]),
~ 1 _ ~
§=s+ As, Awy = —m(sf) 1(w1 (L5 =07+ p’e) _NBwf)v
1 ~
Awy = =77 (85) 7 (wa - (u = LuS + pe) — pPwp),
1 1
T =v" — — (AT - b), Av = — (v—?rv),
W 140
w=Liw, + LTw, — L w,, 2= ET2 +ETz —El2,
v =v+ Av, Awy = [J—w]x,

Azx = g+ HAz —JTG - 2]x.

10. Solution of the trust-region equations with an arbitrary right-hand-side

Moré and Sorensen define a routine z,,(-) that uses the Cholesky factors of By + oI and the condition estimator proposed
by Cline, Moler, Stewart and Wilkinson [2]. As the method of Gill, Kungurtsev and Robinson does not compute an explicit
factorization of By + oI, we define znun(+) using the condition estimator DLACON supplied with LAPAcK [1]. This routine
generates an approximate null vector using Higham'’s [7] modification of Hager’s algorithm [6]. This routine uses matrix-vector
products with (By + oT) ™!, rather than a matrix factorization, to estimate ||(By 4+ oI)~1||;. By-products of the computation
of ||(Byx + oI)~Y||; are vectors v and w such that w = (By +oI)"!v, |jv|; = 1 and

IBy + oD ol =l = (B + 007y = max |(By +oD)~ul.
ull;=

Thus, unless |Jw|| = 0, the vector y = w/||w|| is a unit approximate null vector from which we determine an appropriate z such
that | Avy + 2|z = 0.
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The reduced trust-region equations with a general right-hand side are given by

D, 0 0 0 0 0 A, 0 qn 1
0 oDf 0 0 0 0 E,.. 0 ) 9
0 0 aD3 0 0 0 —FE e 0 Q3 r3
0 0 0 DY 0 L.» 0 0 quf| | 7a
0 0 0 0 DY —Lys 0 0 e
0 0 o -t LT oI 0 Ly g6 Lprg
-AT —ET ET, 0 0 0 H.+olt —Jr qr Epr,
0 0 0 0 0 —LT J, aDy) \gs s
Premultiplying these equations by
I,
0 17,
0 0 17,
0 0 0 17,
0 0 0 0 I,
0 0 0 LD —2L(Dy) ! I3
LATD LEL(DDT LMY 0 7 oo
0 0 0 D, LT(Dy)"' -D,LT(DY)"' &D, L% 0
gives the block upper-triangular system
gD, 0 0 0 0 0 A, 0 &
0 ¢&Df 0 0 0 0 E,.. 0 0
0 0 D3 0 0 0 —FEp 0 0
0 0 0 &by 0 L, 0 0 da
0 0 0 0 oDf —Ly 0 0 &l
17 Bt 7T ~ 1
0 0 0 0 0 =L.D} L, 0 L a6
0 0 0 0 0 0 H,+ol® —JT G
0 0 0 0 0 0 Jr &(Dy + Dy)/ \@s

1
]
Ts
T4

s

—L, (LE(DY)try = LE(DY) " ry + arg)

g

1

EEF (ATD 'ry + EL (DY) 'ry — EL(D3) 'ry +ary)
D, (LT(DY)try = LE(DY )" trs + arg) + 75




References 30

with ﬁF =F, (H + %(JTDQIJ +ATDTA + DL))EZ: Using block back-substitution, g7 and gs can be computed by solving
the equations

T ~ 1

H —Ji qr ~B, (ATDtry + EX (DY) try — EL(D3) " 'rs + 617)
Je (Dy +Dy)) \@ D, (LT(D¥) 'y — LT(DY)  ry + 1) + 7

with the remaining vectors computed as

Gs = Dy (LT (DY) 'ry = LE(DY) s + (1 — d5))
&= (DY) (rs ~ Lo L)

G = (DY) (s~ LI,

&= (D)) (rs ~ BuBLT)

&= (D)) (12~ BLELT)

7= (D)7~ ArT).
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