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Abstract In this paper we will prove saturation es-
timates for the adaptive hp-finite element method
for linear, second order partial differential equations.
More specifically we will consider a sequence of nested
finite element discretizations where we allow for both,
local mesh refinement and locally increasing the poly-
nomial order. We will prove that the energy norm of
the error on the finer level can be estimated by the
sum of a contraction of the old error and data oscilla-
tions. We will derive estimates of the contraction fac-
tor which are explicit with respect to the local mesh
width and the local polynomial degree. In order to
cover p-refinement of finite element spaces new poly-
nomial projection operators will be introduced and
new polynomial inverse estimates will be derived.
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1 Introduction

In this paper, we will consider the discretization of
linear, second order elliptic partial differential equa-
tions by finite elements. Nowadays, adaptive tech-
niques based on a posteriori error estimation have
been established to set up a sequence of finite ele-
ment approximations which should converge towards
the exact solution. The advantage compared to uni-
form mesh refinement is that the finite element spaces
are enriched from level to level in a problem oriented
way.

A posteriori error estimation and adaptivity are
well established methodologies for the numerical solu-
tion of partial differential equations by finite elements
(cf. [4), [5], [38], [2], [6], [31], [18], [24], [35], [11]).

Some types of error estimators as, e.g., hierar-
chical error estimators (see, e.g., [9], [12], [10]) re-
quire explicitly or implicitly the saturation assump-
tion which states that the error on the refined mesh
and/or with higher polynomial degree is strictly smaller
than the error on the previous mesh/polynomial de-
gree. In the pioneering paper [19] the saturation as-
sumption is proved for the P;-finite element method
for the Poisson problem in two spatial dimensions
under the assumption that the data oscillations are
small. In [24] the convergence of adaptive finite ele-
ment methods (AFEM) for general (nonsymmetric)
second order linear elliptic partial differential equa-
tions is proved, where the term “adaptivity” is under-
stood in the sense of adaptive mesh refinement and
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the polynomial degree stays fixed. The theory in [24]
also generalizes the proof of the saturation property
to quite general 2nd order elliptic problems and es-
timate the error on the refined mesh by the error of
the coarser mesh plus a data oscillation term.

In this paper, we will focus on adaptive hp-refine-
ment, i.e., the finite element space is enriched by in-
creasing locally the polynomial degree of the ansatz
functions while we allow also for conventional local h-
refinement, where the elements of the finite element
mesh are geometrically subdivided. We will show (and
quantify) that, for residual a posteriori error esti-

mation, the saturation property, i.e., the error con-

traction from level to level behaves like (1 — #)

provided the data oscillations are sufficiently well re-
solved. Hence, p-refinement should be combined with
h-refinement in order to guarantee that the numer-
ical solution converges towards the exact solution.
Common strategies for hp-refinement are based on
the estimation of the local regularity of the solu-
tion on a triangle by using error estimators for dif-
ferent local polynomial orders in order to decide for
h- or p-refinement; for details we refer to [36], [3],
[32], [17], [14], [37], [28], [33]. The hp-refinement indi-
cator which is implemented in the software package
PLTMG (cf. [7]) is based on the superconvergence
result that recovered derivatives for elements of de-
gree p have higher order accuracy, provided the true
solution has the required smoothness (cf. [8]).

Our a posteriori error estimation takes into ac-
count data oscillations but does not incorporate er-
rors due to numerical quadrature [1], to iterative ap-
proximations of the solution of the linear system [21],
and to approximations of the domain [20], [15].

The paper is organised as follows. In Section 2 we
will introduce the elliptic boundary value problem
and formulate appropriate assumptions to ensure the
well-posedness of this problem.

The hp-finite element method will be defined in
Section 3 and standard assumptions on mesh refin-
ment, shape regularity, and the polynomial degree
distribution will be introduced.

In Section 4 we will recall the definition of the
residual a posteriori error estimator for hp-finite ele-
ments and its reliability estimate.

In Section 5 we will introduce some polynomial
projection operator which maps global polynomials
on triangle patches to piecewise polynomials of lower
degree. This allows to localize projected residuals by
multiplying the resulting piecewise polynomials with
appropriate bubble functions. We will investigate the
stability constant of the projection operator while its
explicit dependence on the polynomial degree for p-

refinement will be analysed numerically in Appendix
A.

The saturation estimate will be proved in Section

In Appendix B we will derive polynomial inverse
estimates containing those bubble functions as weights
which have been used in Section 6 to prove the satu-
ration property.

Remark 1 The theory in [24] indicates how an adap-
tive finite element procedure should be defined such
that the sequence of finite element solutions converges.
Note that the rate of convergence for adaptive finite
elements is investigated in, e.g., [11], [35], [34].
Besides the estimates derived for the saturation
property, the convergence theory requires a reduction
of the data oscillations which, for h-refinement, is (es-
sentially) related to the fact that the local mesh width
shrinks by a fixed factor for the marked elements. For
p-refinement, the analogue condition is that the hp-
weight of the data oscillations term also shrinks by
a factor smaller than one. Due to the non-robust p-
dependence of polynomial inverse estimates this can-
not be expected in a straightforward way. In order
not to overload this paper we decided to leave the
convergence of an adaptive hp-finite element method
as well as the detailed description of the hp-adaptive
refinement strategy to a forthcoming paper. We also
emphasize that a posteriori error estimators which
are based on the hypercircle method (cf. [29]) such as
the equilibrated residual error estimates are p-robust

(see [13]).

2 Setting

Let £2 C R? be a bounded Lipschitz domain. Consider
the Dirichlet problem for given f € L? (£2) :

—div (AVu) + (b,Vu) + cu = f in 2,

u=0on 012 (21)

with variational formulation: Find u € H} (£2) such
that

= [, (AVu, Vo) ((bV}Jrcu)v:fov
— F ) VvEHO ().
(2.2)

Assumption 1 The coefficients in (2.2) satisfy A €

CO1 (2, RIXD), b € CO1 (2,R7), ¢ € L® (£2), and
A A
0 < a:=inf inf vv) <sup sup (Av,v)
z€2 veR4\{0} <v,v> zENR veR4\{0} <Uav>
=0 < o0
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1
< 1
0< znel.% (c (x) 5 leb(:L')) .

We set coo 1= |[¢]| o () and

boo = max {||b|\Lw(Q,Rd) , ||divb||m9)}. The en-
ergy norm is denoted by

1/2
[0l ppg = a (v,v)"?,

where Assumption 1 implies that ||-|ppg i & norm
and Friedrichs inequality implies

H’U”%DE 2 fQ (AVv,Vv) >« HVU|2|2L2(Q) (2.3)
e HU”Hl(Q)v

where cp denotes the Friedrichs constant. In fact, the
norms [||lppg and |[-[| 1 () are equivalent since also

b
2 2 . 00
[vllppr < Ca l[vl[f (o) withCo = 7+max{coo,ﬂ}.

(2.4)
For a subdomain w C {2 we set

Iollpp,e = aw (v,0)
= [ ((AVv, V) + (b, Vo) v + cv?) .

Remark 2 The constants in the estimates below pos-
sibly depend (continuously) on «, 3, ¢, and by, and
might tend to infinity with increasing 3, boo, Coo, L.
We suppress the dependence in the notation.

Note that these conditions ensure that problem
(2.2) is well posed and the coercivity estimate holds
trivially

2
a(v,v) = vllppp Vv € Ho ().

Assumption 1 implies the continuity of a (-, ), i.e.,

a(u,v) < Cs ||v|lppg [[v]lppE Vv e Hg (2) (25)

with Cg := 1 + cple=.

3 Conforming hp-Finite Elements

Let 2 C R? be a polygonal domain and let 7 :=
{K;:1<i< N} denote a conforming simplicial fi-
nite element mesh. With each element K € T we as-
sociate of polynomial degree px € N> which are col-

lected into the polynomial degree vector p = (px) gc -

Then, we define the conforming hp-finite element space
for the mesh 7 with local polynomials of degree pg
by

SP={ueHy () |VK €T ulg€ePy}. (31)

Here P, denote the space of bivariate polynomials
of maximal total degree p. For a subset w C {2, we

write Pp, (w) to indicate explicitly that we consider

u € Py, (w) as a polynomial on w. Formally we define
P_; := {0}. We set

pri=max{px: K €T}.

By convention the triangles K € T are open sets.
The boundaries of the triangles K € T consist of one-
dimensional edges which are collected in the set &.
Furthermore, let £o := {F € £ | E C §2}. The union

S := |J F forms the inner skeleton of the mesh
Ee€&qn
T. For each E € £ we fix one unit vector ng which

is perpendicular to E. If F C 042, the orientation is
chosen such that ng points to the exterior of 2. The
E-piecewise constant vector field n is given by n| =
ng. Finally we define the jump of some piecewise

smooth function g € [[ H! (K) across E € &g, by
KeT

o

91 (#) = lim (g (o + enp) — g 0 —enp) Vi € B

This defines the jump function [¢]| = [g] for all
FE € £ almost everywhere.

Let N}, denote the set of inner vertices of 7. For

z € N§, we denote by bl € St the canonical con-

tinuous, piecewise affine basis function. The volume

star for the node z is given by w, := suppb! and its

measure is denoted by |w,|. For z € N, we set &, :=

{EGE:ECGQQ(EZ}and’E::{KE’T:Ksz}.
Let Vg denote the set of inner vertices of K and let

WK ‘= U Wy.

z2€EVK
We denote by V1 the trianglewise gradient and

by divy the trianglewise divergence operator. Let b1
denote the 7T -piecewise constant function with values
h7|g = diam K for all K € 7. Similarly we define
he : 6o — R as the E-piecewise constant function
belp := diam E for all E € £p. The maximal mesh
width in 7 is defined by

R max := max{diam K : K € T}.

If 7 is clear from the context we write h short for
7 max. The shape regularity of T is described by
the constant

diam K
diam BK

pTi= max{ K e 'T} , (3.2)
where By is the maximal inscribed ball in K. Since
T contains finitely many simplices the constant pr
is always bounded but becomes large if the simplices
are degenerate, e.g., are flat or needle-shaped. The
constants in the following estimates depend on the
mesh via the constant p7 — they are bounded for any

fixed p but, possibly, become large for large pr.
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Concerning the polynomial degree distribution we
assume throughout the paper that the polynomial de-
grees of neighbouring elements are comparable':

7 (px +1) <prr +1 < pr(px +1)

VK,K' € T with K N K’ # (. (3.3)

The finite element solution is defined by:
Find v € S¥ such that a (v}, v) = F (v) Yo e ST
(3.4)

In view of an adaptive solution process we gener-
ate a sequence Sy := ST/, £ € Ny, of finite element
spaces, where we require that all meshes 7, are con-
forming and the constants p, corresponding to the
shape regularity of the mesh 7; and the polynomial
degree vector p, are uniformly bounded from above
by some positive constant p. We also assume that
Teq1 is a refinement of Ty in the sense that for any
K € T; there is a subset sons (K) C Ty41 such that

U =

K’esons(K)

?:

To reduce technicalities we make the following as-
sumption concerning the concrete refinement method
(cf. Figure 1). As usual for conforming h-refinement,
there exists two types of refinements. Some triangles
are marked for refinement while this marking induces
some additional refinement of neighbouring triangles
in order to avoid hanging nodes.

Assumption 2

a. A triangle K, which is marked for refinement, is
regularly refined by connecting the midpoint of the
edges as well as the midpoint of the longest side
with the opposite vertex in K (cf. Fig. 1, Pic 1) so
that the set sons (K) contains siz new triangles.

b. To eliminate hanging nodes neighbouring triangles
are refined by inserting a line L from one hang-
ing node to the opposite vertex and connecting the
vertices of K with the midpoint of L (cf. Fig. 1,
Pic 2). If there is a further hanging node then this
node is connected also with the midpoint of L (cf.
Fig. 1, Pic 3). If K contains three hanging nodes
or the shape reqularity of the new triangles exceeds
some threshold it will be regularly refined.

c. For any triangle K € Ty, one of the following con-
ditions are satisfied (cf. Fig. 2):

i. K will be p-refined, i.e., K € Tp41 and the
polynomial degree is raised by 1.

1 We use here the same constant p as for the shape reg-
ularity to simplify the notation.

K, E

B

Fig. 1 Refinement patterns of a triangle which satisfies the
interior node property. Second row, from left to right: Pic.
1: Regular refinement. Pic. 2,3: Refinement patterns for the
elimination of hanging nodes. Third row: If two triangles
K1, Ko share an edge E and they will be both h-refined,
then the common edge E must get an interior point z .

I I

13 P 12

Pl Pl

Rl
L 1@ h
A

Fig. 2 Definition of the polynomial degrees. From left to
right: Picl: regular refinement. Pic 2: K is h-refined, Kis
p-refined and pp > pk. Pic 3: K is h-refined, Kis p-refined
and pz < pg. Pic 4: p-refinement.

i K will be h-refined, i.e., there exists a set of

sons o (K) C Tov1 with K = U K’ and
K’esons(K)

at least one verter of each K' lies in the in-

terior of K. The polynomial degree px defines

the polynomial degree on K' € sons (K) as fol-
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lows
DK if K is reqularly refined,
IK €T K'NK is a full
= L s | o o R ,
K is p — refined
Pi 2 PK
DK otherwise.

Assumption 2 implies the interior node property
(cf. [24, Sec. 3.4]).

Definition 1 (interior node property) Any K €
T¢ which will be regularly h-refined and the three
adjacent triangles T € T; as well as their common
sides contain a node of the finer mesh 7yy; in their
interior and the resulting triangulation 7y4+; has no
hanging nodes.

Remark 8 Let K1, Ko € Ty denote two triangles which
share an edge E and let p,, = pk,,, m = 1,2. The
condition u € Hj (§2) in the definition of S} in (3.1)
implies that for any v € Sy the one-dimensional poly-
nomial degree of v along F satisfies

deg (u|p) < pp := min {p1,pa} .

Notation 3 To reduce the number of indices we write
wg short for u%, be short for by, divy short for divr,,
pe short for pr,, Nt for the inner triangle vertices for
the mesh Ty, etc. The star w, corresponds always to
the triangulation Ty while we suppress this additional
index in the notation of w,.

Definition 2 The saturation estimate for a sequence
of finite element solutions (u¢), is an estimate of the
form

llwers — uHPDE < ke |lue — U“PDE

oo
for some Ky < 1 such that Hw =0.
=1

It was proved in [19] that the saturation estimate
holds for the case of a bounded, two-dimensional do-
main {2 with coefficients

A=1I b=0 and c¢=0, (3.5)

where I is the 2 x 2 unit matrix and the analysis was
restricted to P; finite elements with h-refinement. It
was proved that it is necessary and sufficient for the
saturation estimate that the data oscillations (which
will be introduced in (6.5)) are controlled. Here, we
generalize this result to the setting described in Sec-
tion 2 and also derive p-explicit estimates for the con-
traction factor k.

4 Residual A Posteriori Error Estimation

The Galerkin error is denoted by ey := u — uy. In the
following, we will investigate under which condition
the saturation estimate of the form

||e€+1||PDE < Ky Hel”PDEv (4.1)

hold for some kg € ]0, 1] depending only on the poly-
nomial degree p and the shape-regularity of the mesh
but not on the mesh width.

For the proof of the saturation estimate, we will
use tools from residual a posteriori error estimation
which we briefly recall: To obtain an a posteriori error
estimate we obtain by Galerkin’s orthogonality for
every v € Sy

leellppr = a(ec ec —v) = [, res (ug) (g — v)

+ fGn Res (ug) (e —v), (4.2)

where the volume residual res : S; — L? (£2) is given
by

res (v) := f + div, (AVv) — (b, Vv) — cv
and the edge residual Res : Sy — L? (&) is given by

Res (v) := — (An, [Vv]) a.e.in &p.

By choosing v € Sy as the Clément interpolation of
ey and using a trace inequality for the last term in
(4.2), results in the classical residual a posteriori error
estimation. In [25], [26] the local and global residual
a posteriori error estimator is defined by

2

T () 1= ] MK s (0)
PK L2(K)
2
h
+ ) —2 Res (v) YoeS, VKEeT.
ECOKNQ 2pK 12
(E)
(4.3)

The global error estimator is given by

e ()= | Y i (v).
KeT,

Due to the finite overlap of the stars w,, the error
estimator (4.3) is equivalent to

1 (0) = [T oona B (0) with
2
2 (v) == ’ hs res (v ‘
n; (v) = || = res (v) e 2 (4.4)
he
+> pee. Hw/p—zRes (v)’ L)

and
p. :=min{px : K Cw,} and (4.5)

h, :=max{hg : K Cw,}.
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Theorem 4 (Melenk, Wohlmuth) Let 2 C R? be
a bounded Lipschitz domain. Let a (-,-) in (2.2) sat-
isfy Assumption 1 and let f € L?(§2). The solution of
(2.2) is denoted by u and its Galerkin approzimation
by ue (see (3.4)). There exists a constant Cye inde-
pendent of the local mesh width and the local polyno-
mial degree but, possibly, depending on the constants
in Assumption 1 such that

Hu - uéHPDE < Crelné (Ug) < Crelnjtar (Ug) .

The proof of this theorem is a slight modification
of [26, Theorem 3.6] and we include it here for com-
pleteness.

Proof The error u — uy can be estimated by using
(4.2) and by setting w = ey — ey with the hp-Clément
interpolation operator I as in [26, Section 2.1]:

HegH%DE:/Qwres(w)—i—/G w Res (uy)
0

< Crame (we) llecllppr

for all v € Sy. Clearly we have

ne (v) < (v) < Cyne (v)

where Cy depends only on the constant p, in (3.2)
and (3.3). m

5 Projection of Polynomials onto Piecewise
Polynomials

The proof of the saturation estimate is based on es-
timates of some projection of the volume residual to
the space of piecewise polynomials locally on stars
w,. In this section, we will derive stability estimates
for this projection.

We start with a result of a weighed L? projection
of global polynomials of maximal total degree p to
piecewise polynomials of lower degree. The setting is
as follows.

Let 2 € R? and let 7, := {K; : 1 <i < ¢} denote
a triangle patch around z, i.e., T, is a set of (open)
triangles which

— are pairwise disjoint,

— share z as a common vertex.

— For all 1 <7 < g, the triangles K;_; and K; share
one common edge?.

2 We use here the convention Ko := Kj. Clearly ¢ > 3
holds.

a a
Let3 w, := int <UK> and let & :=w, N U@Ki
=1 i=1
denote the inner mesh skeleton. We denote by P, (7>)
the space of piecewise polynomials, i.e.,

Py (T2) =
{f:w\G=R|VI<i<q flg, €Pp(K;)}.

(5.1)

Next, we will introduce weighted scalar products
and associated norms. The weights are defined triangle-
and edge-wise and depend whether the triangle will
be h-refined of p-refined.

Definition 3

a. p-refinement.
If K will be p-refined, then, the cubic weight func-
tion 45([?) and quadratic edge bubble P are given,

on the reference element K := conv ((8), (é), ((1)))

and on the reference interval E := (0, 1), by

45(;) (x1,22) = (1 — 21 — x2) x122  and (5.2)
Qs (x)=a(l—2x),

while on K and E we set
45(;) = 45(;) oAR' and &p:=dz0A5", (5.3)

where Ay : K — K and Ag : E — E are affine
pullbacks?.
b. h-refinement.

The edge bubble @ for h-refinement is the same

as for p-refinement.

bl. Let K be regularly refined (cf. Figure 3). Then,
45(121( is the piecewise linear function on the
submesh sons (K) which has value 1 at 2 x and
value 0 at all other vertices of the refined mesh.
Let E denote the edge as indicated in Figure 3
which splits K into the triangles K; and K.
Then @g) is the product of the barycentric
coordinates for the two endpoints of E with
respect to the two triangles K7 and K.

b2. If K is non-regularly h-refined (cf. Figure 1,
Pic. 2,3), then the weight function for K is the

piecewise linear bubble function 45([;) which in-

terpolates @S) at the vertices of the submesh
sons (K).

3 For a subset w C R?, we denote by int (w) the open
interior of w.

4 Note that the scalings compared to the scalings in [39,
p.83] differ by fixed constants of order 1.
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C
M, M,
B K2
K! WE
XK,
K
A M, B

Fig. 3 Illustration for the notation of a regulary h-refined
triangle K. The edge E = AM 4 splits K into the two trian-
gles K1 and K2.The subtriangle K/ has vertices A, Mc,zx
while the vertices of K) are A,zx, Mp.

The weight function for a triangle K is

o\ if K will be p-refined,
@%) if K will be non-regularly

D =
K h-refined,

o)+ @2 if K will be regularly h-refined.

(5.4)
For z € N}, the function @, : w, — R is given by

D, | =Pk VK € w, (5.5)

and extended by zero to 2.
These weight functions induce bilinear forms (-, -)

and (-,-), via

(u,v) ::/ dxuv and
K

(u,v), =

> (u,v)K:/w @, uv

KCw, z

1/2

and a corresponding norm |||, := (-,-);

Next we define a projection
Iy P, (K) = Pp_q (K)

by

/@K(Hf(v)w:/ & gvw Yw e Py (K),
K K

(5.6)

where the definition of @ is as in (5.4), i.e., depends
on how K will be refined.

Definition 4 For a triangle patch 7., let p, be as
in (4.5). The star-wise polynomial projection II, is
applied to polynomials v € Pp,, _; (w,) and given by

&2 ety
@g)v

if K is p-refined,

if K is non-
regularly h-refined,
@%?K’U + By I12: v if K is regularly
h-refined,

(L)l =

Theorem 5 Letp > 1. For all u € Py, (w,), the con-
dition

Z / @g)uw:() Yw e Py (T2).
K

KeT.

(5.7)

implies u = 0.

For a proof we refer to [23, Theorem 1.1]. A con-
sequence of Theorem 5 is the following corollary. To
reduce technicalities we make an assumption on the
minimal local polynomial degree.

Assumption 6 For all ¢ and z € N} it holds: If
all K C w, will be p-refined then p, > 2 otherwise
pz > 1.

Corollary 1 Let Assumption 6 be valid. The projec-
tion II, is injective.

Proof 1f all triangles in w, are p-refined, then the in-
jectivity follows from Theorem 5.

If, at least, one triangle is h-refined we distinguish
between two cases:

a. K is non-regularly h-refined. Then, the positivity
of &2 implies (IT,v)|, =0 = v =0.

b. K is regularly h-refined. We use the notation as
introduced in Figure 3. Note that (HZU)|K{uK; =

7))
( K,k \Y K Y K{UK,

bl. If the degree of v satisfies degv = p, — 2,
it holds IT%:'v = v|, Then, 110 gy gy =

2 9\

’
1

K, together with the analytic continuation prin-
ciple, i.e., ”|K;uK§ =0 = v =0, imply the
injectivity of II, for this case.

b2. If degv = p. — 1, it holds v+ IT5 ~"v # 0. The
positivity of @%?K again implies (IT,v)| K{UK} =+
0.m

. The positivity of 2 on KU
2

Corollary 2 Let Assumption 6 be valid. For all z €
N}, the estimates

(v, 112v) 2,

2
[0l

(5.8)

- -7

in
vEPp_1(wz)\{0}
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el <@, <o, From (5.10b) we get
L?(w, #
2
< ol ooy - (5.9 (0.1L0) o) = |20t
: L2E) (5.11b)

hold. The constant c, in (5.8) satisfies 0 < ¢ <1 - H@]_(1/2HZ’U _

L*(K)

and depends, possibly, on the polynomial degree p and
the shape regularity of the mesh.

Proof For the proof of (5.8), we distinguish between
the following cases.

a) If all triangles in w, are p-refined, estimate
(5.8) for some constant ¢, > 0 follows from the in-
jectivity of IT, via the compactness argument in [23,
Theorem 6.4] and the equivalence of norms on the
finite dimensional space P, 1 (w;).

b) At least one triangle in w, is h-refined. Let
K Cw,.

b1l) K is non-regularly h-refined. Then, the posi-
tivity of@)gp implies (v, HZU)LZ(K) = H@}(pv’ ’

0 for all v € P, 1 (K)\ {0}.

b2) K is regularly h-refined. We use the notation

as introduced in Figure 3. Then,

L2(K)

(v, I0) o

— (1) p-—1
= (,U,@K’KU)LQ(K) + (U,@KHK U)Lz(K)

1 z—1 2—1
:(U,QS;?KU)LQ(Kﬁ(H;; v, @i IR )
W o

, "
|

()

Again, the positivity of @}/; on Kj U K3 implies
(v, 11.0) 2 () > 0 for all v € P,y (K) \ {0}

L2 (K)
2

2
L2( L2(K)

2
L?(K)

For the estimate (5.9) we again consider the differ-
ent refinement options separately. It is easy to check
that pointwise on K, we have @k < 1 so that @% <
Dy

a) K is p-refined, i.e., Pk := 45(;). Estimate

2
(U,HZU)LQ(K) :/ @Kvﬂfg_lv < H\/@K’U‘
K

L2(K)
(5.10a)

holds since H%_l is a projection. On the other hand,

2
(Uvan)N(K) = [ Pk (H% lv)

2 (5.11a)
- HQS;Q/ 2 [T .
L2(K)
b) K is non-regularly h-refined. Then,
2
(v, IT.0) 2 ) = H\/@KU e (5.10b)

¢) K is regularly h-refined. Then,

(vaHZv)LZ(K)

2
e

L2(K) 2(K)
2 2
< H\/qﬁ?ﬂ + H‘/@K”‘ y (5.10c)
L2(K) (K)
2
<o|vam|,
> KU L2(K)

For the first estimate in (5.9) we use the pointwise
estimate on K

— (1) p.—1 2
(ILv)? = (@0 + @i T3 M0)
2 2
<2 ((@%’KU) + (@ang‘lv) )
2

<2 (@Q}K + qu) (@%?sz + P (m;;flv) )

(1) 2 p—1, >
< 40 (O + B (115 0)

to get

fK ¢;(1 (HZU)Q
2 2
+ |V )
L2(K)

<4 H,/@?Kv
EERIVAICT

=4 (v, ILv) 2 (g -

(5.11c¢)

The second estimate in (5.9) follows by summing
the inequality (5.11c) over all K C w, while the third
one is a consequence of [[v], < [|v] 2, since 0 <
P, <1.

The first estimate in (5.9) also follows by summa-
tion over all K C w, the inequalities (5.11). m

The derivation of a sharp positive lower bound
for ¢, seems to rather involved. Instead we have per-
formed numerical experiments (cf. Appendix A) to
support the following conjecture.

Conjecture 1 The constant ¢, is bounded from below
by a constant ¢y > 0 which only depends on the shape
regularity of the mesh but neither on the mesh width
nor on the polynomial degree p.

For z € ./\/2, we introduce the subspaces for K €
Te (recall Notation 3)

Sev1,x :={u € Spq1 | suppu C K} and

5.12
Set1,2 = {u € Sp41 | suppu C w,}. ( )
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Theorem 7 Let Assumption 2 and 6 be satisfied.
For z € N}, E € &, and w € Sy, let Jg(w) :=
(Ang, [Vwl]g). Set p == p, (cf. (4.5)). For any v €

Pp—1 (ws), there exists a wei1,, € Set1,» such that
Z / Jebl = Z / JEPL+1,2; (5.13a)
EeE, EcE,
cxllbeol. < | [ 0= peen)| (5.13b)
12 (b! N

H Pe+1, ) L2(w2)

h.
+ CQ; (0% - WH%)HPDE,% < Cihs. (5.13¢)

The constant co > 0 only depends on «, 3, bs, Coo,
and the shape-reqularity of the mesh while Cy is a
number.

Proof We make the ansatz

1
Yet+1,2 = by — Yegaz,

for some py1,. with ¢eq12|, € Spy1,x for all K C
wy. Hence 1y 4| ;¢ Vvanishes on all edges and condi-
tion (5.13a) trivially is satisfied.

Statement (5.13b) is trivial for v = 0 and we con-
sider here v € P,_1 (w;) \ {0} . Let

Ilv
Yerrs = he e

and observe that ¥11,. € Se41,.. Hence, by Corollary
2 we obtain

/ v (bi - ‘P€+1,Z)

‘(Uanzv)p(wz)

[vll,
> ¢qhy ||sz

—h,

Finally, we consider estimate (5.13c) and get

‘@;1/21721;
45;1/2 bi _ . —h, L2(w:)
H ( Pe+1, ) L2(w.) H”HZ
1/2
(5.9) IIv),/ (5.9) .
2 he he (01120 ) < Chs,. (5.14)
c vl
For the H'-seminorm we get
IIv
[V (b — @es1,- HLg(w) h V<”v|z> o
(5.15)

We distinguish again three cases.
Case a. Let K C w, be a triangle which will be
p-refined. Hence, @ = 45[?) (cf. Definition 3).

We apply Lemma 3 to obtain

2
1/2 pzfl

||V(H v)”Lz(K) <C L2(K)

0h2

<o E (5.16a)

/2
/v’

L2(K)

The last inequality in (5.16a) is trivial for px > p
since (I1,v)|, = v, while, for px = p, we employ
(5.10a) and (5.11a).

Case b. Let K C w, be a triangle which is non-
regularly h-refined. Hence, @ = @ ;). We introduce
the function® dx : K — R by

dic =dg o Ayt with d (z) = dist (z aff) ,

where A is as in (5.3). Since both, 45([;) and di
are piecewise linear bubble functions with maximal
value O (1) in the interior it is easy to verify that the
pointwise estimates hold

cdi < W < Cdg

c||Vdk|l < HV@&PH < CIIVdKll} ae.  (5.17)

with fixed constants 0 < ¢,C = O (1). Estimates
(5.17) imply the pointwise estimate
2 2 2
3 IV (k)" < D ||V + | VPi " 02
< C2 (& Vol + ? | Vx| -

Hence, we may use [26, (23) with 6 = 1 and (22) with
a =0 and S = 1] to obtain

2 2
3 IV UL 12y = 3 IV (0Pr) 1720
Cc? 2 1/2 2 2
< R (P HQSK v L2 (K) + ||U|L2(K)) (5.16b)
<22 ||gi2|
= ’ ’ L2(K)

Case c. Let K C w, be a triangle which is regu-
larly h-refined. We employ the notation as explained
in Definition 3(b1); illustrated in Figure 3. It holds

V(L)) =
=V (2 (v+ 17 0) ) + v (025 0).

\Y (@%?Kv + @Kﬂf{ﬂv)

For the first term and the piecewise linear bubble
@?K we can argue as in Case b to obtain

¥ (e (o 170 ey

<2 Hw/éﬁiK (v+ g )

5 The function dg differs from the function @k in [26,
(27)] only by a scaling constant which is of order 1.

2

(5.18a)

)

L2(K)
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while we employ Lemma 4 for

2
¢(2)sz—1 )‘
HV( KHK Y L2(K)

<22 | e (et ’ (5.180)
< G|V (me )L
L2(K)

Thus,
IV (L) 1) 22

<2 <Hv (200 (v+ Ufg*lv))’

2
i)

2

L2(K)

n Hv (@ﬁ?nfg*lv)’

2

2 2

L2 (K)

X

(5.18) . . p2 1 1
< 2(02+02)@ (H./qﬁ%}K (v+H§g v)
§4(02+02)5—2x
K
(=
L2(K)
2
L2(K)>
h%
2
(v, +lvwme
L2(K)
o | /ool
(] v +H (] U‘
<H oK L2(K) Fllee )

e )
+ H@ (15:10)
<s(e ) & |V

2
+ Vol
~ ~ p2
—4(C2+ ) Lrx
2
L2 (K)
<4 (02 + OQ) ;
hi
The combination of (5.16) with (5.15) leads to

2

(5.16¢)

L2(K)

|‘VCP€+1,2HL2(NZ) < C~’Op-

6 The Saturation Property
Note that the Pythagoras theorem

2 2 2
HeéHPDE = ||€€+1HPDE + [lue — W-HHPDE

only holds for symmetric bilinear forms, i.e., b = 0
in (2.2). For non-symmetric bilinear forms one can
prove a quasi-orthogonality and we follow here [24,

L2(K)

Proof of Lemma 2.1.]. One ingredient in the proof is
an Aubin-Nitsche argument (see, e.g., [16]) which we
recall here. For 0 < s < 1, we say that the adjoint
problem

find ¢, € Hy (£2)

For given g € L? (2) such that

a(v,y) = /ng Vv € Hj (12)

is H'*s (£2)-regular if, for any right-hand side g €
L2 (£2), the solution 1, is in H'™* (£2) and there ex-
ists a constant Cy independent of g € L?({2) such
that

10l rise < Cs gl 2 -

We introduce the adjoint approximation property for
a subspace S C Hg (£2) by

77 (S) — Sup lnf ||w9 - ,UHPDE .
geL2(2)\{0} V€S H9HL2(Q)

In our context, we obtain, e.g., from [16] the estimate

lectill L2 @) < Csn (Seta) lleetllppg -

If the adjoint problem is H1** (£2)-regular, standard
approximation results for finite elements lead to

||¢97'”HH1(Q)
9T 22 e
Ilwyl‘H1+5(Q)

Tall 2 o

n (Sz) S Ca SupgeL2(Q)\{0} infvesl

S CaCapproxhz SungLz(Q)\{O}
S Cacapproxcshi’

where C,pprox only depends on the shape regularity
of the mesh. Hence,

leveillzzq@) < Canabi lecsallops, with o
Caual == CSCaCapprosz- -
Lemma 1 Let Assumption 1 be satisfied and let the
adjoint problem be H** (£2) reqular for some 0 <
s < 1. Then, there exists some Cy > 0 depending only
on a, B,bso, Coo, and the shape regularity of the mesh
such that, for any finite element mesh Ty11 with maz-
imal mesh width hey1 < C; %, the quasi-orthogonality

2 2 2
||€€+1||PDE < A%H HeéHPDE — |lues1 — W”PDE

1
A?H =

th S
v 1= Cihi,

(6.2)

holds.

The proof is adapted from [24, Lem. 4.1] and in-
cluded here for completeness.
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Proof We set €p := ugi1 — ug. It is easy to conclude
from Galerkin’s orthogonality that

2 2 2 -
leclppe = llect1llppr + [1Eellppg + @ (Ees eet1)

holds. Then, integration by parts yields

a(Ee,e0+1) = a(eps1,20) +/ ((b, VEr) €141

0
— (b, Veri1) )

= /Q (2 (b, V&) + (divb) &r) eg11.

Hence,

2 2 ~ 12 ~
lec+1llppr =lleclppr — lEellppE — /Q (2 (b, V&y)
+ (divb) &) ept1- (6.3)

The integral can be estimated by Young’s inequality
and estimate (6.1)

_/9(2 (b, V&) + (divb) &) ept1

(3bso)”

2 2
< dllectillr2() + Y el 2 (2
(2.3) , M2 cp o
<94 ||€l+1||L2(Q) + s lEelppE
9bgOCF

2 12
< 6CHmhiis llectlppy + I€ellppE -

200
Inserting this into (6.3) leads to

2 2

(1 - 6Cc21ualh%il) ||€é+1||PDE < ||€€||PDE
9b2 Cy ~12

- (1- 22 ) tedton.

We choose 6 such that both parenthesis have the same
value and obtain

2
||€é||PDE

lecrillpps < T A
PDE 170*,12“ PDE

Cy := 3Cquatbso C_F
2a

Let the mesh width hgy1 of Toy satisfy hj,, < C'.
Then the assertion holds with A7, asin (6.2). m

The proof of the saturation estimate requires con-
ditions on the data oscillations. First, we will intro-
duce some edge bubble for triangles with a common
edge. For E € Eq, let K1, Ko € Ty denote the trian-
gles which share E as the common edge.

Case a) Both, K7, Ky will be p-refined.

In this case, let wgl& € Si41 be the quadratic
edge bubble, i.e., the product of the barycentric coor-
dinates in K7, K5 for the endpoints of E.

Case b) Both K3, K> will be h-refined

Let zg € FE denote the interior vertex on the
edge E (cf. Figure 1) and let K € {K1, K3} be an
adjacent triangle with inner vertex zg. Let K’ :=
conv{zg,zi, A} and K" := conv{zp, B,xx} with
A, B denoting the endpoints of E. Then, the piece-
wise affine edge bubble @gi K, restricted to K, has
value 1 at x and vanishes at all other vertices of tri-
angles in sons (K7). Assumption 2 ensures that @%2 o
Sg+1.

Case c¢) K; will be p-refined and Ko will be h-
refined. Let pp, := pk,,, m = 1,2 and define pg =
min {p1, pa2}. Let K’ € sons (K3) be the triangle which

2
. (resp. QD(KB,K’

is the product of the barycentric cooi‘dinates in K3
(resp. K') for the endpoints of E and zero outside
Ky UK.

Case d) K; will be h-refined and K» will be p-
refined. Then @g? K, 18 defined as in Case ¢ by inter-
changing the roles of K and K.

contains F as an edge. Then, @gZ,K,

We define

, in Case a,

) i'n Case b, (6.4)
in Case c,

K, I Case d.

For g € L?(2), we define averages g, € P, _1 (w5)
(with p, as in (4.5)) as the L? (w,)-orthogonal pro-
jection onto Pp,_ 1 (w5).

The data oscillations are defined by

osc (v) =, /> cpn 08¢Z (v)  with

osc, (v) = h—z@)l/;(res(v)fres (v))‘ (6:5)
z = || p. T OS¢ z L2(w.)

with

5
@osc,z = ]c)—éz@z +pz¢g,z +1 and ¢57Z = Z OB

™ Eec&.

and res (v) is a shorthand for (res (v)),.

Theorem 8 Let Assumptions 1, 2, and 6 be satis-
fied. We assume that the adjoint problem is H' T (£2)
reqular for some 0 < s < 1. Further we assume that
the maximal mesh width of Ty+1 satisfies hyy1 < C*
with Cy as in Lemma 1. Let ¢, be as in (5.18b) and
Crel as in (4).

There exists a constant Cy > 0 depending on a, 3,
boo, Coo, and p but independent of be, pe, u, and f
such that for any 0 < u <1 and any C3 > C3Cy the
condition

I
osc (ug) < Cn ||€€||PDE (6.6)
3
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implies the error reduction

lectillppe < welledlppr  with

2
Cn

Kg = /1?“ <m> (1—pu2)
3Py

Remark 4 The condition on C5 implies that x; > 0.
F the definiti f A2, = —=~—— with h
rom the definition of Ay, 4 =k, W1 +1 <

(20*)_1/5 as in (6.2) it follows that the condition

2/s
C7T .
herr < H (pe) := Cy (5—/2> with
Py

1/s
1
Cpi=|—
C* (2030rel)

implies

2 1 2
C C
2, (—E ) <12 —=
i <CB Crelp3/2> 2 <CB Crelp3/2>

and, for 0 < pu < 1/+/2, it holds

2
Cr 1
CBCrelp[

Proof of Theorem 8. Since upy1 — ug € Spy1,
the quasi-orthogonality (cf. Lemma 1) implies

(6.7)

2 2 2
A?-H ||€€||PDE 2 ||€Z+1||PDE + [Jwes1 — W”PDE

with A7, ; as in (6.2). Hence it is sufficient to prove a
lower bound for ||Jugs1 — ue||>pp in terms of ||eg||?

41 LIlPDE LIIPDE
and data oscillations. The residual a posteriori error
estimate can be recast in the form of stars (cf. (4.4)):
By a triangle inequality we obtain

HeéHPDE <2Crel Z (‘

he ?
—res, (ug)

ZEN} N L?(w:)
2
+ > \/>Res (ug) (6.8)
Eeé&, L2(E)
L 2
+ ‘ —= (res, (ug) — res (ug)) ) .
Dz L2(w2)

Hence, it is sufficient to bound the jumps and pro-
jected volume residuals from above by ||ue+1 — wellppg
and to control the last term by the oscillation condi-
tion (6.6).

We start with the jump term and employ the same
arguments as in [24, Proof of Lemma 3.1, Step 2].
Since wy is continuous, [Vuy] is parallel to ng, i.e.,

ong

[Vw]E = jgng and jg = {BW}E € Pp,—1 with

pg = min {p1, pa} (cf. Remark 3). The continuity of
the coefficient matrix A implies

Jg = (Ang, [Vu|g) = (Ang,ng) jg =: agjE,

(6.9)

where o < ag (x) < B (cf. Assumption 1). Conse-
quently

2

Hv (PEJEHLZ(E) =
2

Hv (PEJEHLZ(E) =

(26, Lem. 2.4] 2 9
> c— liElL2(m)
PEg

2
(0% 2
>c| — J .
> <ﬁpE) el

< Bhs /E (An, [Vl ) (o) -

ag (jeyr) JE < 5/ (jevE) JEe
E

L

aLiper > 042/ iBeE
E

(6.10)

Thus

|izeae].

L*(E)

Next we extend jg to wg. For K C wg, let A, Ag
be chosen such that (cf. (5.3)) Ak|,,_o = Ar holds.
Let Z () := (21,0)" for & = (x1,22) € R We define
J&  wg — R trianglewise by

JBlk ::on/lKoZAoAf(l. (6.11)

Note that j7 is a polynomial of degree pg —1 on both
triangles which share E as the common edge. The
construction of g along the definition of the poly-
nomial degrees on the refined mesh (cf. Assumption
2) imply ¢grj% € Sey1. By using partial integration
and the fact that u,y; is the Galerkin solution we get
for any F C w,

5| Vezera|, , <he [ an(Fuds) Geer)
(6.12a)
— hp / (AVur, V (jon)) + dive (AVour) (jhor)
: (6.12D)

hi { (e = uern, Giom) + [ ves. (ue) (o)
+ (res (up) —res, (wp)) (Jrer)}- (6.12¢)

From Lemma 5 and Corollary 6 we conclude by an
affine pullback to the reference element that

IVeEiEl L2y < Cs 2B)

69) C
= H\/hEQOEJEH )

\ hE e

hE@EjE‘
(6.13a)

. (6.13b)
L2(B)

||<PEjE||PDE < CspE
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where Cs, Cg only depend on «, 3,0, Co and the
shape regularity of the mesh. The combination of
(6.12) with (6.13) and (6.10) leads to

HU Res (up)

<pE/ res, (ug)

3/2
< C7PE/ { llwe — WHHPDE,wE
E)

(6.14)

|
he 1/2
et

L2 (we)

+

)

with C7 depending only on «, 3,bs,Cx0, and p. A
summation of the squared inequality (6.14) over all
E € &, yields

(res (ug) —res; (ug))

L (wE)

2
h
> \/ —= Res () < Cgp x
pee. ||V PE L2(E)
h 2
{HW - W+1||12>DE,wz + ‘_Z ¢1€/z2 res; (ug)
D=z L2(w.)

h,
+ Hp—@é/j (res (ug) — res; (ug))

2
. (6.15)
L2(w)

Hence, we are left with the estimate of the volume
residual.

Partial integration and the fact that u, solves the
Galerkin equations leads to

> / Jpb! = / (AVug, VL) + dive (AVup) bl
(6.16)

1 +/ (res (ug) — res; (ug)) bl.

We choose @41, as in Theorem 7 such that (5.13)
holds and obtain as in (6.12c)

Z/JEWHZ— Z/ (An, [Vug|g) @et1,-

Ecg. Ecg.

Z / (AVue, Vri,) +dive (AVug) etz
KCw,

=a (¢ — Wet1, Pot1,2) + / res; (W) Y1,z
w

z

+ [ (res () = vess () e (6.17)

z

The combination of (??) and (6.17) with (5.13a)
allows to eliminate the jump residuals and we obtain

/ res; (ug) (b3 — peg1,2) = a (U — ues1, Pes1,- — by)
ws

o

(ves (ug) — res. (ug)) (peg1,2 — bl) . (6.18)

z

Recall the definition of 41 , as in the proof of The-
orem 7

IIv

with v, := h, ol
z

1
bz — P41,z = Uz

and we apply this definition for v = res, (u¢). From
this and (5.13b) we obtain a bound of the averaged
volume residual on stars

(u)|

<Cs ||ue — wet1llppp, o,

L (w=)

Pl+lz — biHPDE,wZ

+ thd%/Q (ves (ug) — res, (W))’ L)

< L2<wz>) '

Hence, from (5.13) we conclude

h,71

z

X

2 (WH,Z - b,lz) (6-19)

<C
w ., <
h, &L/

(res (ug) — res, (w))’ L)

(6.20a)

Note that®

—T—= X

&2, ves, ’ >
H res; (ug) L) = PL

hZ S
—ég/j res, (u¢)

for s € {0,1}.

L2 (ws)
(6.20D)

6 For s = 1 this follows from Corollary 6. For s = 0, we
conclude from [39, Prop. 3.37, Cor. 3.40, Prop. 3.46] that

-

holds and from [26, (22) with o =0 and 8 = 1]

2

for some constant ¢ > 0 which is independent of p and hx.

> ol
v 2
o2 12 )

YweP,(K), p>1

L*(K)

YweP,(K), p>1

> ol
Z VL2 (x
L2(K) P (K)

Finally, for @gi)K + 9155?) we employ

qﬁg’) < qﬁg’)K + qﬁg) pointwise
to obtain
2 3 c
H P+ 0w _’ D) L2 (K) > 5 ol 12 1)
L2(K) p

YoeP,(K), p>1.

%Pz e — W+1||PDE,wZ
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The first and second term in the right-hand side in
(6.8) can be estimated by means of (6.14) and (6.20)

5
2 p 2
||e€HPDE < 203.910 E ( 5 flwe — W+1HPDE,wz

C
2
. (6.21)
LZ("-’Z)

ZeEN} T
where, again, Cy only depends on «, 3, b, Coo, and
p.

h.
Do/2 . (res (ug) — ves. (ur))

i

z

Taking into account the finite overlap of the sup-
ports w, we end up with

5
leelspg < (C2Cra)? (f—f l[ue — uesllppy + osc? (W))

s

(6.22)

where C3 only depends on «, 3, b, o, and p.

Choose C3 > (C5C;. The assumption that the
data oscillations are small, i.e., osc (ug) < 'c%v implies
forany 0 <pu<1

9 ¢ 2
Z we — werllppg .o, = —C’??;)? (1- /ﬂ) lecllppE -
zeN}

The combination with (6.7) finally leads to
lec+illppr < A7 |\€e|\12:DE2 — lluesr = wellppe
< (42~ (257 ) (1= lealboe
and this is the assertion. m

Corollary 3 Let the assumptions of Theorem 8 be
satisfied. Condition (6.6) follows from the computable

condition
h
\/ —~ Res (uy)
PE

for sufficiently small 0 < i < fig, where [ig depends
on avﬂvbOO7cooauvc37 and p-

2 1/2
fcx
5/2
Clop/

D

Ec&qn

osc (ug) <

L2(E)
(6.23)

Proof Observe that (6.12¢) and (6.17) remain true if
ug+1 is replaced by u. Hence, we may also replace
g1 by win (6.14) and (6.20). By doing so, the com-
bination of (6.14) and (6.20) yields after summing the
squared norms over all z € A} the estimate

2 1/2
LQ(E))

5/2
< Cio (2 ferllop + ose )

Z—g Res (w)‘

(Socen

where C1g only depends «, 3, b, oo, and p. The con-
dition (6.23) implies (since 0 < ¢ <1 (cf. Cor. 2))

2 1/2
.1 cq h
osc (ug) < he——=rm Z ~ Res (u)
10 p, Feo PE L2(E)

< illeellppg + 1 osc (ue) -

For sufficiently small 0 < i < fig, this implies (6.6).
|

Corollary 4 Assume that the sequence of meshes and
polynomial distributions are chosen such that the os-
cillation condition (6.6) holds on every level £. Let
Conjecture 1 be satisfied. Then, the contraction of the
error on level £ is given by

14
C
Ce = H (1_ 5/2)
k=1 Py,
for a constant 0 < C < 1 which is independent of the
polynomial degrees, i.e.,

lleellppr < Celleollppr -

Recall that py, denotes the mazximal polynomial degree
at level k which is monotonously increasing. Define
the sequence (n;);cy recursively by ng = 0 and, for
1 =1,2,..., by the condition

PE =1 form;_1+1<k<n,,

i.e., the mazimal polynomial degree stays fix for §; :==
n; — nj_1 consecutive levels.

1. If, for some ko > 0, it holds n; = oo for all k >

ko, then ¢ < (1 ~op

2. 1If, 21?;1 p;5/2 = +00, then limy_,oo (s = 0.
3. If 6 > ¢i®/?, then limy_o0 ( = 0 as £ — oo, while

limy 00 pr = 0.

¢
) — 0 as { — oo.

Proof The first statement is trivial. For the second
statement we employ for s > 0 and C < 1

d C
¢ < exp <Zlog (1 - —s)> )
k=1 Py

Note that, for 0 < e < 1,
log(l1—¢) < —¢
so that

¢
1

Ce <exp —CE — .
< =1 Pk

From this, the second statement follows. For the third
one we use

51’
. < B %)
ehm Ce < exp < C ZE 1 i8>

Hence, for §; > ci®*~! we have limy_,oo ¢, = 0. ®
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A Lower Bound for the Constant c,.
Numerical Experiments

In this appendix we will invest the dependence of the sta-
bility constant ¢, of the polynomial projection operator IT,
(cf. (5.8)) on the polynomial degree p. We consider mainly
two cases: pure p-refinement and h-refinement.

A.1 p-Refinement

First, we will rewrite the definition of c¢; as an algebraic
eigenvalue problem which we will solve numerically. We
have performed numerical experiments for the two-dimensi-
onal setting on stars as described in this paper but also
considered the one-dimensional case where w. consists of
the two intervals which have z as a common endpoint.

A.1.1 Equivalent Formulation

The goal is to investigate the dependence of the constant

(v, IT2) 1o,

= in Al
vePp (ws)\{0} H@/zv‘ 2 (A1)

L2 (wz)

on the polynomial degree p numerically. Let d denote the
spatial dimension. Let w, consists of ¢ > d simplices Kj,
1<i<q.

By employing a global affine map we can pull back
the star w, to a reference configuration, where K; = K is
the unit simplex, on the expense that ¢, in (A.1) depends
additionally on the shape regularity of K. Let x; : K —
K; denote affine bijection with the special choice x1 = id.
Then,

2 = |K|
pL/2 ‘ _ i
H = U2 Z

—
— _Dkv;,
%]

where v; = vox; and @z denotes the product of barycentric
coordinates. Let (P”)nebp denote a basis of Py (w.) for a

suitable index set ¢,. We write

P
v = Z n Pn
n=0

and obtain

|#2/%

z

(A.2)

2
=vIM®y,
L2 (wz)

Ki| [ —
<M£p)) ::‘—AZI P (Pnoxi)(Pmoxi), mmEi
n,m ’K‘ K

q
and M®) = Z M),
i=1
For the special case that 5;( is the polynomial bubble func-

tion we can choose an orthogonal basis for P, ([A() (cf. [30],

[22]) so that Mgp) is a diagonal matrix.
In order to invest (A.1) we introduce a matrix repre-
sentation of ITYv with v as in (A.2) via the ansatz

-1
IIv|k, = E Wi Pm 0 X;

meip

The coefficients w; = (wm,i)me., are determined via

w; = (Mgp_l))71 W,v with
| K
’1?

(Wi)pm = ‘ /A P PnoxiPm for me lp—1,1 € Lp.
K

Hence,

a -1
(v,[IZv), =vTBv with B:= ZW;" <Mgz’)1_1)) W;
i=1

so that the constant ¢, has the algebraic representation

. vTBv
cr = inf ————.
verr vIM(©@®)y

Hence, ¢, is the smallest eigenvalue of

(M(p>>‘1/2 B (M(p>>‘1/2

A.1.2 The One-Dimensional Case

In this case we have K = [~1,1] and P, are the Jacobi

polynomials PV which are defined as follows

Pr(baﬁ) (z) (2)n

n!

I —n,n+a+p+1 1-x
201 a+1 ) ) )

where ()n is Pochhammer’s symbol and 2 F; is the termi-
nating Gauss hypergeometric function

-n,b ~ (=n)k (D) i
2 F 2| = — 2"
( ¢ ) ,; (c) k!
We consider K1 = K and Ko = [1,1+ 4] for some § > 0.
Note that Mgp) in this case is given by

(n+1)
@n+3)(nt2)

Mgp):dia,g [8 inE L

The mapping x2 is defined by

L 1-d

144
x2 (Z) + R

2 2

(1+43).

To observe the behaviour of ¢, with respect to p and §, we
consider three different cases: § = 0.5,6 = 1,8 =2, = 4.
The following observations can be obtained from Figure 4:

— cx converges to a positive constant with respect to p,
— cx is properly bounded from below,
— cx is decreasing as § goes to zero.

A.1.3 The Two-Dimensional Case

Now we consider Jacobi bivariate polynomials as our basis
functions on the reference triangle, which are defined as
follows:

1,1,1 L 1,342k 1,1 2y
Pl (a,y) == (1 —2) PR (1 22)P(0 Y (1 - ﬁ) ,
which is a polynomial of degree n in =z and y.

We study different triangulations. Again we assume
that Kj is the unit simplex and the common point of all
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1 ——
_— ——5=05
- =1
oo =1
7 ——5=2
—s=4
08
07 :
06 :
05F [ —
-
/
/
04F q
03 il
021 4
o1 ‘ ‘ ‘
1 2 3 4 5

Fig. 4 Performance of ¢, versus p for the one-dimensional
case.

triangles in the patch is (0,0). The meshes consist of the
following nodes and are illustrated in Figure 5:

v1 = {(0,0),(1,0),(0,1), (-1,1),(-1,0),
vz = {(0,0),(1,0),(0,1), (-1,1), (-2,0),
(0773)7(1771)}7
v3 = {(07 0)7 (17 0)7 (07 1)7 (717 1)7 (7370)7 (747 72)7 (737 73)7
(—=1,-4),(0,—4), (1, -2)}, (A.3)
=1{(0,0),(1,0),(0,1), (=1, -1)},
vs = {(0,0), (1,0), (0,1), (~0.1, -0.2)},
={(0,0),(1,0),(0,1), (=4,3), (=4,0), (-4, -4), (0, -4),
(1,-0.1)}.

07 71)7 (17 71)}7

(
(727 71)7 (717 73)7

Figure 6 shows the behaviour of ¢ with respect to p in
each case and we summarize the main observations.

a. In the first three cases, i.e., the number of triangles (at
least six) is varying while the shape regularity constant
is always moderately bounded, the lower bound of ¢,
is approximately 1. It also shows that the constant c,
is robust with respect to the elongation of the triangles
which is in analogy to the one-dimensional observation
(6 increases).

b. If we consider the minimal number (three) elements,
again, with moderate shape regular constant, we still
get a proper lower bound. Recall that the dimension of
the image space Pp,—1 (7%) (in (5.1)) increases with the
number of triangles so that we expect that the constant
cr becomes larger with increasing number of triangles.

c. On the other hand, if we consider the minimal config-
uration with only three triangles and large shape regu-
larity constant (the area of the triangles is highly vary-
ing) as described by vs, then the constant ¢ becomes
smaller as expected.

d. Configuration vg supports the statement that, if the
space Pp_1 (72) is large enough, then a few tiny el-
ements can be still harmless. We can see that these

Mesh number # 1 Mesh number # 2 Mesh number # 3

Mesh number # 4 Mesh number # 5 Mesh number # 6

Fig. 5 Illustration of the geometric configuations described

in (A.3).

<

A< w<

< <
o

Fig. 6 Performance of ¢, versus p for the two-dimensional
cases.

numerical examples confirm our hypothesis that ¢, de-
pends on the shape regularity of our meshes but does
not depend on p.

A .2 h-Refinement

In this section we study the similar problem as in previous
section but with h-refinement instead of p-refinement. In
other word, we apply one level of regular h-refinement on
each mesh and observe the behaviour of the constant cx
with respect to p on the refined mesh. To be able to make a
comparison between the results, we take the same patches
as in previous section. From the definition of &, for this
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case we have

Cr =

ZKsz IKUQS(U U+IK < o) +¢'(2)) % ty
ke Jicv (23 +¢(2))

and @g) are piecewise linear and quadratic

inf
€P,_1(K)

)

where qﬁg’)K

functions defined as in (5.4). Figure 7 shows the behaviour

W

~

35F

IS

< < < < .S .<
o

25F b

05 b

Fig. 7 Behaviour of ¢, versus p with one level of h-
refinement

of ¢, for the same patches with respect to p. It supports our
hypothesis and shows the similar behaviour as in p-version.
Also here we observe that ¢, does not depend on p, but it
only depends on the shape regularity of the mesh.

B Polynomial Inverse Estimates

We start with a one-dimensional estimate.

Lemma 2 For a < b, let D[4 (z) =

one-dimensional bubble function. Then,

pt1
@ bl

% denote the

1/2
@[a b] }

L2([a;b]) L2 ([a,b])

Vv € Py ([a, b]) .
Proof We first prove the result for (a,b) = (0,1). Observe

that H@ = 1 so that Leibniz rule gives us

0 1]HL°°(0 )

|(@0,110)'|

oy S 1701 ‘ L) 120011l 22 0,11

<lvllzz o1y + ||@[0,1]U'||L2([0,1]) :

For the first term, we apply [26, Lemma 2.4 with a = 0
and B = 1] and for the second term [26, Lemma 2.4 with
§ = 1] to obtain

|@oa)’|

< C (p + 1) HQS[OJ]U‘

(B.1)

L2([0,1]) L2(j0,1])

The result then follows via a scaling argument. B

Corollary 5 Let a < b and P, be as in Lemma 2. Let
Pla,p] € W ([a,b]) be a function with the properties

}W[a,b]|§011@[a,b] pointwise and

Ci2
! H < .
H (@b Loo (fa,t]) ~ b—a
Then
+1 12
w /‘ < C(Ci1+Ci2) 2 H
H( @01°) || gy S € O+ O T 1P oo

Vo € Py ([a, b]) .

Proof Leibniz’ rule gives us

| @asre)’|

L2([a,b]) = wa‘l»b]v‘ + 110007 | 22 a0
< Ci2
~b—

<C(C11+ C12)

L2([a,b])

L vllze ey +C1 [2a,01v ||L2 [a,b])

p+1 H 1/2

[a,6]”

L2 (b))’

where the last inequality follows as (B.1). m

The two-dimensional version is formulated next. The
estimates are similar to those in [39, Sec. 3.6] but differ by
powers of the weight functions in the right-hand side and
also by the choice of the weight function in Lemma 4. The
proofs follow the lines of the proofs in [39, Prop. 3.46] and
also employs tools from [27, Appendix D].

Lemma 3 Let K denote a triangle and let P be the cubic
bubble function as defined in (5.3). Then, it holds for all v €
Py (K)

+1
IV (@xv)ll2 (k) < CL H 1/21"

LK)

Proof Let K = K be the two-dimensional reference trian-
gle. Note that

Dp (21,22) = Plo,1-0,) (22) (1 —21) Ppo,1) (1)

with @[, 3] as in Lemma 2. First, we consider the derivative
with respect to z2 and obtain

102 (22) 172 )

_ /01 (/OH“ (02 (@5 (zl,xg)v(xl,zg)))2d12> da:
- /01 &2, 1) (1) (1 - 21)7 x

/1—%1 ( o
o O0xo

/N

(915[0,1711] (zz)v(z1,x2))) dl‘g) dry.

We then get
5 1—x, o 2
1-— — (Pj0.1- d
(=0 [ (5 @ (@2) 0(o0.22) ) o
2
— (1 — )2 NY
= (1—=) H(é[o’l’zl]v(zl’ ) ’L2(0,1_x1)
2

CLE o e, o]

L2(0,1—z1)
Since @[2071] (z1) Plo,1-a,] (z2) < P (z1,22) we end up with
2 2
192 (220) || 727y < € P+ 1)
1 1—x,
/ / 45[20’1] (x1)¢[0’1_x1] (mg)vQ (z1,z2) deada

<C(p+1)? H@”z ‘

12(K)
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Since IA(, ¥, and the integral are invariant under permu-
tations of the coordinates, the same estimate holds for the
other partial derivatives. m

Lemma 4 Let K be regularly h-refined and let 45;(2) be as
ezplained in Definition 3 and illustrated in Figure 3. Then, it
holds for all v € Py, (K)

[0 (@#270) |, < 5t |V

Proof Via an affine transformation it suffices to prove the
result for the reference element K7
((1)),(_01)}. The common edge is E = {0} x (0,1). Let
K = K; U K. The edge bubble 4"%2) (cf. (5.4)) is given
by

L2(K).

@g?) (z1,22) =22 (1 — |z1] — 22) .
We first consider the derivative with respect to z2. Let

x2 (1 —|z1| — x2)
(1—aa])?

i.e., @[0,1—|s,|] is the one-dimensional bubble function for

P(o,1-|a,|) (2) =

)

[0,1 — |z1]|] and satisfies @g) =(1—|z1])? D[0,1— |z, |- Hence,
@) ' "
4 = 1-—
oz (#520) [oagy = [, = 1" >
—lz1]
/ (92 (P0,1- 12y ) (#2) v (1, 22)))* dwraday
0
Lem. 2 1 2
N IR e
-1
—lz1] )
/ Dl0,1—|z1]] (z2) v® (21, 22) dzadz1
0
=C(p+ 1)2/ 202, (B.2)
K

Next, we will estimate the derivative with respect to
z1. We split the triangle into the two regions

Dy := {(3;) €K :m < %} and

D2 = conv {(1/2), (), (1)}

In addition, we will need
D = conv { (3), (1/2). (), () } -
On Dy we obtain

for (#2) L < ) B0

1—xo 17 _ 2
/ (81 (#v(ml,mz))> dxidxs
zo—1 -

Lem. 5 1/2 1—zo
< C(p+1) / /
za—1 17:1:2
@g) (z1,22) v? (z1,22) dz1das
<Cp+1)?||yo'Pv , (B.3)
L2(Dy)

since z2/ (1 —2z2) <1 on Dy.

= K and Ko = COHV{(g),

K
a=1/2

Fig. 8 Reference triangle K which is split into K1 and Ks.
The shaded regions illustrate the integration domains in
the splitting of the integral in (B.8).

On D3, we observe that
PAC)) }
2 lor (#520)

Let d : D3 — R be defined by

<
L2(D2)

(2)}

Hofou|;

L2(Dy)
(B.4)

L2(D2)

d(ml,xz) =c3 dist((xhxg)"' 78D3)

where the scaling c3 is chosen such that d interpolates sﬁg)
at the vertices of the two triangles K,,N D3, m = 1,2. Note
that

d< 915;(2) < 1 pointwise in D3 and (Pg) < 2d pointwise in Da.
Since Hal@§§>H
(B.4) as in (5.16b)

) < C we obtain for the first term in
K

Hvalgbg)Hm : < Cllvll gz (py)
<Collpap,y < C @ +1) [|d/20]|,,

SC(p+1)’\/@v

(Ds3)

L2(Ds) .
(B.5a)

For the second term in (B.4) we get, again, as in (5.16b)

(2)
(3% aIUHLQ(Dz) < 2||d81v||L2(D3)

[26, (23) with § =
< C(p+1) [Vavl . p,, (B-5b)

ool

The combination of (B.4) and (B.5) yields

Jor (o£24)];

The combination of (B.2), (B.3), and (B.6) yields the as-
sertion. W
The following lemma is illustrated in Figure 8.

L2(Ds)

<Cp+1)?||yo'Pv

B.
(D) (B.6)

L2(Ds)

Lemma 5 Let K be the reference triangle split into IA(l =

conv ((5), (5), (9)) and Kz = conv ((§), (5)- (7)) for some
a € ]0,1[. Let aplér‘ denote the continuous, piecewise linear

function which has value 1 at (8) and vanishes at BIA(\El with
E1 = [0,1] x {0}. Then, for any polynomial v € P, which is
constant with respect to xo it holds

lin lin
NE e .
IV (k™) ||L2(K) <C(p+1) Hﬁ

o

L*(K)

L2(Ey)
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Proof We prove this lemma only for a = 1/2 to reduce
technicalities. The arguments apply verbatim for the gen-
eral case. The function ¢i* and its partial derivatives are
given by

2z (z1,22) € K1,
2(1 — 1 7332) (1‘1,:)32) € Ko,

OB (21,02) = {

i 2 (z1,z EIA(,
e =, (R,

in 0 (z1,22) € K1,
O2" (w1,22) = {72 Ezi :1:2% € IA(;

Since v € P, is constant with respect to zo we write, with
a slight abuse of notation, v (z1,z2) = v (z1). Hence,

H / hn

The result of the inner integration is

11—z X
r(z1) ::/ O (1, 22) dao
0

2 (fl 21 r1dzo +f1 N (1 —x1 —a:g)dx2>
2[01 1 (1—21 —J:g)da:g

21 (2—-3x1) 1 <1/2,
Tl A —z)? x> 12

Since r < !iP (-,0) pointwise on [0,1], the first assertion
follows.

Next, we investigate the derivative with respect to zs.
It holds

i 0 (Z‘l xz) (S 1?1
o lin = 0. lin _ X ) o1,
2 (LPE U) Vo2¥9E =V {72 (:Bl,:BQ) c K2~

Thus,

/K(az( Lin ))2:/1?(1;8 oliny? §4/Rv2§4/01v2

[26, Lemma 2.4 with o = 0 and 8 = 1] 2 1 5
< 4(p+1) / @[0’1]1)
0

1
<ac(p+1? [ o, (B.7)
0

For the derivative with respect to z1, we get

q(z1,32) =01 (p" (z1,22) v (x1)) R
:2{(:1:11)(11)) in K1,
(1—z1 —x2)v (z1) —v(z1) in K.

The function q is on 1?1 and on [?27 an affine function
with respect to z2. We split the integral into

1 11—z
1/2 pl—2z,
[
0 0

=: W14+ Wz 4+ W3

1/2 1—x; 1 11—z
[ WY/
0 1—22, 1/2Jo

(B.8)

1 1—x,
/ v2 (z1) (/ golén (z1,22) dxz) dxq.
L2(K) 0

and obtain for the summands

Wy = 4/01/2 (1—-2z1) ((xlv(ml))')del
1/2
S/ ((2x1v(ml))/)2d:v1
0
1 N2
S/0 ((1 (z1,0) v (z ))) dz

Cor. 5 2 i 2
< Clp+ D)7 ||\/eptv

2([o,1])

For Wy and W3 we use the fact that the Simpson rule is
exact for quadratic polynomials and (B.7) to obtain

1/2 pl-u,
Wa —4/ / (1 —21 —22)v ($1)—U(Z‘1))2d$2d$1
1—2x,

2 1/2
= — 1
7!

)) dx1

?11/ (z1) —v(z1)

(z1v(z1))’
2

z1v (z1) —v (21) +4
—_—

=(z1v(z1)) —2v(x1) 3
—3v(z1)

+0v? (21
2

< 3 /01/2 x1 (4 ((z1v (xl))/)z + 2702 (J:l)) dx

%/01((( i (01,0)v (2 >)')2>d“+9”v”iz([o’”)

2

Cor. 5 l
< C(p+ 1) in

PEp v

LQ([OJD.

Finally, for W3 we obtain

1 11—z,
W3 :4/ / (1 =21 —a2) v (21) — v (21))? deoda;
1/2Jo
2

17173:1 ! —v(z
_4/1/2 I g =e) v @) v @)

((A=z1)v (1))’
2

+4 (““)u(m)f@(m) + 02 (21) | dan

2
3 (((L=z)v(z1)) —v (1))
1
1_
§4/ e § (3 (((1 7:1:1)1)(:1:1))')2 + 9 (:1:1)> dx1
12 6
1 [t N2 5
< — 3(21 —z1)v(x1)))” + 360 (x1) doa
12 /s
1 ! in %
<7 [ (@ @vE)) don 4+l
Cor. 5 . 2
< C(p+ 1) <p%“v .
L2([0,1])

Corollary 6 Let K be the reference triangle and let vE (z1,22)
=1 (1 — 21 — z2) denote the quadratic edge bubble on K for
the edge E1 = [0,1] x {0}. Then, for any polynomial v € P,
which is constant with respect to xo it holds

IV@Bella(r) < C V@B 2 s

IV (p0)ll (i) < C 0+ 1) VBBV 125, -
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The proof follows by a simple repetition of the argu-
ments of the proof of Lemma 5.

Lemma 6 Let K be a triangle and E one of its edges. Then,
for any of the functions pg (6.4) and corresponding version
D as in (5.4) it holds

1/2U’

<C(p+1) H@”Z ‘

Vv € P, (D).

L2(D) L2(D)

The proof requires two preparatory lemmata and fol-
lows the ideas in [27, Appendix D].

Lemma 7 Let I = [a,b] for some a <b and let w: I — R be
a weight function which satisfies

SA,B.D >0 with {w is positive in |a,b[,

(Pr)

where @p () = 772, 0o = 1 — @y, and P[qp) = Papp s in

(2). Then, it holds

Hw1/zv

w@ab

Vo € Py (1),

LQ(I) L2(I)

where C' is independent of p,v,w, a,b.

Proof By employing an affine transform it is sufficient to
prove the assertion for the unit interval I = [0, 1].

a) w(z) = Pg1)(z) = = (1 —z). We may apply stan-
dard inverse estimates to obtain

[26, with aa =1, 8 = 2]
1/2
H 0.1% L2 () < Cle+1) |20l ey
= C(p+ 1) H,/wé[o’l]v‘ L2 .
b) For w(z) = ¢p () = = we observe that w(z) <

2%19,1) (z) holds for all 0 <z <1/2 so that

12|12 etz 2
oo UHL2(I) <2||%p0.3 L + ||U||L2([;,1])
[26, Lem. 2.4]

< Cp+1)%x
mmﬂ)'

< w'/2 pointwise in [0, 1]

1/2
Plia

#0100, + 21170

The result now follows from 4"[0/ 1 <

and /2w > 1 pointwise on [57 1].
¢) The w (z) = pq (z) follows from Case b by symmetry.
d) Let w be a general weight function which satisfies
the assumptions of the lemma. Hence, from Part a,b,c we
conclude that

o2

UHL2(I) AH\/_””L?(I)+B||\/_UHL2(I)
+DH,/ OI]UHL2(I) <c'( p+1) H‘/W¢OI]UHL2(])
holds. m

The following lemma is a weighted version of [27, Lem.
D3J.

Lemma 8 Let d € (0,1), a,b be given such that
1+ bd and define the trapezoid

—14ad <

D := D (a,b,d) := {(z1,22) € R? | 22 € (0,d)

and —1+4azxe <z1 <1+ bxa.

w(z) < Apa () + By (z) + D&, 4 (z),

Let w € Py (D) be a polynomial such that for any 0 < z2 < d,

w (-, x2) has property Pl_1{aw,,14bws]-
On D we define the weight function

Papd (z1,72) :=min{|z1 — (=1 + ax2)|,|z1 — (1 + bz2)[}

which measures the distance of the point (:1:1 s 1‘2) from the
lateral edges of D. Then, there ezists a constant C = C (a, b, d)
such that for all p € N and all polynomials v € Py (D) it holds

Cp+1) H\/w‘f’abd ‘

=

L?(D) 2Dy’

Proof Note that

Cl3¢[—1+am;,1+bx2] (731) < @a,b,d ($17Z‘2)
< Cl4¢[—1+ax2,1+bﬂc2] ($1)

for positive constants C13, C14 which only depends on a, b, d.
Hence, the one-dimensional case (Lemma 7) implies
LR U2 (2, ) 02 (01,02) doy < C (p+1)° X

13b
—1-5-322%2 Vw (w1, 22)

Do pd (21, 22)v% (21, 22) do1.

Integrating this estimate over zo € (0,d) completes the
proof. ®

Proof of Lemma 6. By using an affine pullback we
may restrict to the case that K is the equi-sided triangle

conv ((5), (5): 3 (J3)) and E = (0,1) x {0}.

It turns out that the proofs for the different cases in
(6.4) for g and in (5.4) for $x uses the same arguments
and we work them out exemplarily for the case of the
quadratic edge bubble

x2 x2

eotenas) = (m = 2) (10 - 72)

and for & = @g) being the cubic bubble on K.
First, we will cover K with 4 trapezoids and one trian-

gle: Let v = (cos Z,sin Z)T =271/2(1,1)7. Then,

2. T : mirror image of 77 with respect to the angle bisec-
tor at (0,0)T.

3. T3 : counter-clockwise rotations of T} by
barycenter of K.

4. Ty : mirror image of T3 with respect to the angle bisec-
tor at (1,0)T.

5. Ts := {(xl,xg)-r ceK ‘ T > 1/2}.

2Zabout the

Case T7: We introduce

L 0<#1<1/2 - (%
X : (OS s< I, (531)) —T1 by x(Z1,s):= (0) + sv
The bubble function ¢g restricted to the line (5”01) + sv
results in

s, (3) == o5 0 x (£1,5) :(Ll(m)fs)( Sl

S0 <1/2
0<s<Li(z1))"

V3+1, S>
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Note that the function 3, satisfies the assumptions of
Lemma 7 and ¥ := vox is a polynomial of maximal degree
p. Hence,

1/2 Ly (1)
/ ppv? :/ / g, (8)02ds | doq
Ty 0 0

5 1/2 Ly(21) 5 N
<C(p+1) / / Pz, (8) Pl0,L,(21)] (s)v%ds | dzy.
0 0

Composing P[g,, (z,)] (s) with x =1 yields the function

T2

1+\/§:))2 <17{L‘17%)
V3 (1 —z1 +z2)?
Note that the distance function

&} (v1,x2) = dist ((z1,22)7 , 0K)

d(z1,22) =

is piecewise linear on K. It is easy to verify that d (z1,z2) <
C®1, (z1,z2) pointwise on Ty for some C = O (1) so that

/goEvQSC'(p+1)2/ epdiu?.
T T

Since ppdl < C®k pointwise on K we have proved the
assertion for T7.

Case T3: The proof for the trapezoid T3 follows by
symmetry.

Case T>: Next, we will consider the trapezoid T> and
first note that by interchanging the x1, zo-variables the case
becomes equivalent to the estimate

/ SOE‘UQ < o’ (p+ 1)2/ @?)U2
T

Ty

UEPP(Tl)v

where ¢z is the qudratic edge bubble for the edge E =

(8), (\}5//22) with explicit form

op (r1,22) = %:}32 (1 —x1 — %) .

This time, the bubble function ¢y, restricted to the line
(%1) + swv, is given by

_ \/§3+13(L(5:1)fs)

S0 <1/2
0<s<Li(z1) )"

The function 1;11 satisfies the assumptions of Lemma 7
so that

1/2 Li(&1) _
/ opv? :/ / ¥z, (s)9%ds | dx1
T 0 0

$a, (5) = o o x (£1,5)

L (12 [ L) Y A
<C(p+1) / / Pz, (8) Pl0,L,(21)] (s)v%ds | dz1.
0 0

Now we can argue as for the Case of Ty to obtain

/ K,OE’UQ SC! (p+ 1)2/
T Ty

Since ¢ 5P}, < Cdy pointwise on K the assertion follows
for To.

@E¢}<v2.

Case Ty: The proof for the trapezoid T4 again follows
by symmetry from the case Ts.

Case T5: On T we have the pointwise estimate pp <
C@g) and the estimate for 75 is trivial. B

References

1. M. Ainsworth and J. T. Oden. A posteriori error es-
timation in finite element analysis. Comput. Methods
Appl. Mech. Engrg., 142(1-2):1-88, 1997.

2. M. Ainsworth and J. T. Oden. A Posteriori Error Es-
timation in Finite Element Analysis. Wiley, 2000.

3. M. Ainsworth and B. Senior. Aspects of an adaptive
hp-finite element method: adaptive strategy, conform-
ing approximation and efficient solvers. Comput. Meth-
ods Appl. Mech. Engrg., 150(1-4):65-87, 1997. Sympo-
sium on Advances in Computational Mechanics, Vol. 2
(Austin, TX, 1997).

4. I. Babuska and W. C. Rheinboldt. A-posteriori error
estimates for the finite element method. Internat. J.
Numer. Meth. Engrg., 12:1597-1615, 1978.

5. I. Babuska and W. C. Rheinboldt. Error estimates for
adaptive finite element computations. STAM J. Numer.
Anal., 15:736-754, 1978.

6. W. Bangerth and R. Rannacher.
ement Methods for Differential Equations.
Basel, 2003.

7. R. Bank. PLTMG: A Software Package for Solving El-
liptic Partial Differential Equations. Users’ Guide 11.0.
Department of Mathematics, University of California
at San Diego, 2012.

8. R. E. Bank and H. Nguyen. hp adaptive finite ele-
ments based on derivative recovery and superconver-
gence. Computing and Visualization in Science, 14:287—
299, 2012.

9. R. E. Bank and A. Weiser. Some a posteriori error esti-
mators for elliptic partial differential equations. Math.
Comp., 44:283-301, 1985.

10. R. E. Bank and J. Xu. Asymptotically exact a poste-
riori error estimators. II. General unstructured grids.
SIAM J. Numer. Anal., 41(6):2313-2332, 2003.

11. P. Binev, W. Dahmen, and R. DeVore. Adaptive fi-
nite element methods with convergence rates. Numer.
Math., 97(2):219-268, 2004.

12. F. A. Bornemann, B. Erdmann, and R. Kornhuber. A
posteriori error estimates for elliptic problems in two
and three space dimensions. SIAM J. Numer. Anal.,
33(3):1188-1204, 1996.

13. D. Braess, V. Pillwein, and J. Schéberl. Equilibrated
residual error estimates are p-robust. Comput. Methods
Appl. Mech. Engrg., 198(13-14):1189-1197, 2009.

14. M. Biirg and W. Dorfler. Convergence of an adaptive
hp finite element strategy in higher space-dimensions.
Appl. Numer. Math., 61(11):1132-1146, 2011.

15. C. Carstensen and S. Sauter. A Posteriori Error Anal-
ysis for Elliptic PDEs on Domains with Complicated
Structures. Numer. Math., 96:691-712, 2004.

16. P. Ciarlet. The finite element method for elliptic prob-
lems. North-Holland, 1987.

17. L. Demkowicz. Computing with hp-adaptive finite ele-
ments. Vol. 1. Chapman & Hall/CRC Applied Math-
ematics and Nonlinear Science Series. Chapman &
Hall/CRC, Boca Raton, FL, 2007.

18. W. Doérfler. A convergent adaptive algorithm for Pois-
son’s equation. SIAM J. Numer. Anal., 33(3):1106—
1124, 1996.

19. W. Dorfler and R. H. Nochetto. Small data oscilla-
tion implies the saturation assumption. Numer. Math.,
91(1):1-12, 2002.

20. W. Dérfler and M. Rumpf. An adaptive strategy for el-
liptic problems including a posteriori controlled bound-
ary approximation. Math. Comp., 67(224):1361-1382,
1998.

Adaptive Finite El-
Birkhéauser,



22

Randolph E. Bank et al.

21

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

. W. Hackbusch and J. U. Wappler. Remarks on a pos-
teriori error estimation for inaccurate finite element
solutions. Computing, 60(2):175-191, 1998.

T. Koornwinder. Two-variable analogues of the classi-
cal orthogonal polynomials. In Theory and application
of special functions (Proc. Advanced Sem., Math. Res.
Center, Univ. Wisconsin, Madison, Wis., 1975), pages
435-495. Math. Res. Center, Univ. Wisconsin, Publ.
No. 35. Academic Press, New York, 1975.

T. H. Koornwinder and S. A. Sauter. The intersec-
tion of bivariate orthogonal polynomials on triangle
patches. Math.Comp., in press. arXiv:1307.8429v3
[math.NA]J.

K. Mekchay and R. H. Nochetto. Convergence of adap-
tive finite element methods for general second order lin-
ear elliptic PDEs. SIAM J. Numer. Anal., 43(5):1803~
1827, 2005.

J. M. Melenk. hp-interpolation of nonsmooth functions
and an application to hp-a posteriori error estimation.
SIAM J. Numer. Anal., 43(1):127-155, 2005.

J. M. Melenk and B. I. Wohlmuth. On residual-based
a posteriori error estimation in hp-FEM. Adv. Comput.
Math., 15(1-4):311-331 (2002), 2001.

M. Melenk. HP-interpolation of non-smooth functions
(extended version). Technical Report NI03050, Isaac
Newton Institute for Mathematical Sciences, 2003.
W. F. Mitchell and M. A. McClain. A survey of
hp-adaptive strategies for elliptic partial differential
equations. In Recent advances in computational and ap-
plied mathematics, pages 227-258. Springer, Dordrecht,
2011.

W. Prager and J. L. Synge. Approximations in elas-
ticity based on the concept of function space. Quart.
Appl. Math., 5:241-269, 1947.

J. Proriol. Sur une famille de polynomes a deux vari-
ables orthogonaux dans un triangle. C. R. Acad. Sci.
Paris, 245:2459-2461, 1957.

S. Repin. A posteriori estimates for partial differential
equations, volume 4. Walter de Gruyter GmbH & Co.
KG, Berlin, 2008.

A. Schmidt and K. G. Siebert. A posteriori estimators
for the h-p version of the finite element method in 1D.
Appl. Numer. Math., 35(1):43-66, 2000.

P. Solin, L. Dubcova, and I. Dolezel. Adaptive hp-
FEM with arbitrary-level hanging nodes for Maxwell’s
equations. Adv. Appl. Math. Mech., 2(4):518-532, 2010.
R. Stevenson. An optimal adaptive finite element
method. SIAM J. Numer. Anal., 42(5):2188-2217, 2005.
R. Stevenson. Optimality of a standard adaptive finite
element method. Found. Comput. Math., 7(2):245-269,
2007.

E. Siili, P. Houston, and C. Schwab. hp-finite element
methods for hyperbolic problems. In The mathematics
of finite elements and applications, X, MAFELAP 1999
(Uzbridge), pages 143-162. Elsevier, Oxford, 2000.
T.Eibner and J. Melenk. An adaptive strategy for hp-
fem based on testing for analyticity. Comput. Mech.,
39:575-595, 2007.

R. Verfiirth. A review of a posteriori error estimation and
adaptive mesh refinement. Wiley and Teubner, 1996.
R. Verfiirth. A posteriori error estimation techniques for

finite element methods. Oxford University Press, Ox-
ford, 2013.



