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Stabilized sequential quadratic programming (SQP) methods for nonlinear optimization are designed to
provide a sequence of iterates with fast local convergence even when the active-constraint gradients are
linearly dependent. This paper concerns the global convergence properties of a stabilized SQP method
with a primal-dual augmented Lagrangian merit function. The proposed method incorporates two novel
features. First, a flexible line search is used based on a direction formed from an approximate solution of
a strictly convex quadratic programming (QP) subproblem and, when one exists, a direction of negative
curvature for the primal-dual merit function. Second, when certain conditions hold, an approximate QP
solution is computed by solving a single linear system defined in terms of an estimate of the optimal active
set. We also establish two desirable convergence results. (i) It is shown that with an appropriate choice of
termination condition, the method terminates in a finite number of iterations without the assumption of a
constraint qualification. The method may be interpreted as an SQP method with an augmented Lagrangian
safeguarding strategy. This safeguarding becomes relevant only when the iterates are converging to an
infeasible stationary point of the norm of the constraint violations. Otherwise, the method terminates
with a point that approximately satisfies certain second-order necessary conditions for optimality. In this
situation, if all termination conditions are removed, then the limit points either satisfy the same second-
order necessary conditions exactly or fail to satisfy a weak second-order constraint qualification. (ii) The
global convergence analysis concerns a specific algorithm that estimates the least curvature of the merit
function at each step. If negative curvature directions are omitted, the analysis still applies and establishes
convergence to either first-order solutions or infeasible stationary points. The superlinear convergence of
the iterates and the formal local equivalence to stabilized SQP is established in a companion paper (Report
CCoM 14-01, Center for Computational Mathematics, University of California, San Diego, 2014).
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1. Introduction

The nonlinear problem under consideration has the form

minigize f(x) subjectto c(x) =0, x>0, (NP)
xeR?

where c: R" — R™ andf: R" — R are twice continuously differentiable. This problem format assumes
that all general inequality constraints have been converted to equalities by the use of slack variables.
Methods for solving problem (NP) are easily extended to the more general setting with / < x < u. For
problem (NP), the vector g(x) is used to denote V[ (x), the gradient of f at x. The matrix J(x) denotes the
m x n constraint Jacobian, which has ith row V¢;(x)T, the gradient of the ith constraint function c; at x. The
Lagrangian associated with (NP) is L(x, y, z) = f(x) —c(x)Ty —z7x, where y and 7 are m- and n-vectors of
dual variables associated with the equality constraints and non-negativity constraints, respectively. The
Hessian of the Lagrangian with respect to x is denoted by H (x,y) = V*f(x) — Zlm:l yiV2e;(x).

Sequential quadratic programming (SQP) methods are an important class of methods for nonlinearly
constrained optimization (for a survey, see, e.g., Boggs & Tolle, 1995; Gill & Wong, 2012). The kth iter-
ation of a conventional SQP method involves the solution of a quadratic programming (QP) subproblem
in which a local quadratic model of the Lagrangian is minimized subject to the linearized constraints.
In this paper we focus on the properties of an SQP method that uses a merit function to ensure global
convergence. Stabilized SQP methods are designed to resolve some of the numerical and theoretical
difficulties associated with SQP methods when they are applied to ill-posed or degenerate nonlinear prob-
lems (see, e.g., Wright, 1998, 2002, 2005; Hager, 1999; Oberlin & Wright, 2006; Fernandez & Solodov,
2010; Izmailov & Solodov, 2011). Broadly speaking, stabilized SQP methods are designed to provide
a sequence of iterates with fast local convergence regardless of whether or not the active-constraint
gradients are linearly dependent. There are two important issues associated with the formulation of a
practical stabilized SQP method. The first is that stabilized SQP methods have no global convergence
theory. One strategy that has been proposed for dealing with this issue is to start by solving the QP
subproblem associated with a conventional globally convergent SQP method and switch to the stabilized
QP subproblem when it is determined that the iterates are in the proximity of a solution. This strategy
may require several switches between a conventional and a stabilized SQP method before the neigh-
bourhood of a solution is identified correctly. The second issue concerns the assumptions needed to
guarantee a fast local convergence rate. In general, the Hessian of the Lagrangian is not positive definite
in the neighbourhood of a solution, which implies that the stabilized QP subproblem may be noncon-
vex and have local or unbounded solutions. Nonconvex QP is NP-hard—even for the calculation of a
local minimizer (Contesse, 1980; Forsgren et al., 1991). When establishing the local convergence rate
of stabilized SQP methods, the potential nonconvexity of the QP subproblem implies that assumptions
must be made regarding which solution of the QP subproblem is found. This is not a major concern for
equality-constrained problems because in this case, the stabilized SQP subproblem has a unique stationary
point in the neighbourhood of a solution (see Izmailov & Solodov, 2011, Lemma 2). However, in any
stabilized SQP method that must solve a QP subproblem with inequality constraints it is not possible to
guarantee that a stationary point found for one subproblem will be close to a stationary point found for the
next.

This paper concerns the formulation and global convergence analysis of a stabilized SQP method
that uses a primal-dual augmented Lagrangian merit function to ensure convergence from an arbitrary
starting point. Given an estimate (x;,y;) of a primal—dual solution (x*, y*) of problem (NP), the proposed
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stabilized SQP method computes a new primal—dual estimate by solving a QP subproblem of the form

minimize )" (x — xe) + 3 (x — x)TH (e, yi) (x — x) + 3 llyll?

subjectto  c(q) +J () (x —x) + @y —») =0, x>0, (-
where p (1 > 0) is a small scalar parameter. (It must be emphasized that this QP subproblem is not
the same as that used in the conventional stabilized SQP method, which regularizes both equality and
inequality constraints. In (1.1) only the equality constraints are regularized.) The analysis indicates that
the method has the same strong first- and second-order convergence properties that have been established
for augmented Lagrangian methods, while being able to transition seamlessly to stabilized SQP with fast
local convergence in the neighbourhood of a solution. This transition is possible, in part, because of the
result of Izmailov & Solodov (2011, Lemma 2), which establishes that the stabilized SQP subproblem
has a unique solution once the active constraints associated with a local solution have been determined.

The principal contributions of this paper are the following.

1. The method uses a flexible line search along a direction formed from an approximate solution of a
strictly convex QP subproblem and, when one exists, a direction of negative curvature for the primal—
dual merit function. The superlinear convergence of the iterates and the formal local equivalence to
stabilized SQP is established in a companion paper (see Gill ef al., 2014). It is not necessary to solve
an indefinite QP subproblem.

2. When certain conditions hold, an approximate QP solution is computed by solving a single linear
system defined in terms of an estimate of the optimal active set. These conditions may be satisfied
at any iterate, but are most likely to be satisfied in the neighbourhood of a solution. The condi-
tions exploit the formal equivalence between the QP subproblem (1.1) and a bound-constrained QP
associated with minimizing a quadratic model of the merit function.

3. Convergence to first-order Karush-Kuhn-Tucker (KKT) points is established under weaker condi-
tions than those assumed in Gill & Robinson (2013). It is shown that with an appropriate termination
condition, the method terminates in a finite number of iterations without the assumption of a
constraint qualification. The method may be interpreted as an SQP method with an augmented
Lagrangian safeguarding strategy. This safeguarding becomes relevant only when the iterates are
converging to an infeasible stationary point of the norm of the constraint violations. Otherwise, the
method terminates with a point that approximately satisfies certain second-order necessary condi-
tions for optimality. In this situation, if all termination conditions are removed, then limit points either
satisfy the same second-order necessary conditions exactly or fail to satisfy a weak second-order
constraint qualification.

For the main algorithm proposed in Section 2, the cost of each iteration is dominated by the cost of
factoring two matrices with so-called ‘regularized KKT’ structure (see Section 2). However, the algorithm
is easily modified so that the negative curvature direction is omitted, in which case the line search is defined
in terms of the approximate QP solution only. The resulting algorithm requires only one factorization per
iteration and constitutes a globally convergent stabilized SQP method for finding first-order points.

The main algorithm is intended for applications in which some guarantee of convergence to second-
order solutions is needed (see, e.g., Creveling et al., 2008; Abarbanel er al., 2011; Castillo & O’Neill,
2013). For other applications, the negative curvature direction may be omitted completely as described
above, or may be computed in the final stages of the optimization as a check that the iterates are converging
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to a point satisfying second-order optimality conditions. In the latter case the results of this paper and
its companion paper Gill ez al. (2014) imply that a direction of negative curvature, when it is computed,
may be used without impeding the overall convergence rate or preventing global convergence.

The remainder of the paper is organized as follows. This section concludes with a review of the
first-order optimality conditions for (NP) and the properties of the primal-dual augmented Lagrangian
function. Section 2 provides the details of the second-order primal—dual stabilized SQP method. The
global convergence of the method is established in Section 3. Section 4 provides final comments and
conclusions.

1.1  Notation

Unless explicitly indicated otherwise, || - || denotes the vector two-norm or its induced matrix norm. The
least eigenvalue of a symmetric matrix A will be denoted by A, (A). Given vectors a and b with the
same dimension, the vector with ith component a;b; is denoted by a - b. Similarly, min(a, b) is a vector
with components min(«;, b;). The vectors e and e; denote, respectively, the column vector of 1s and the
Jjth column of the identity matrix /; the dimensions of e, e¢; and I are defined by the context. The set of
integers {1, 2, .. ., n} is denoted by 1 : n. Given vectors x and y, the long vector consisting of the elements
of x augmented by elements of y is denoted by (x,y). The value of a scalar-, vector- or matrix-valued
function F with arguments x and y will be written as either F'(x, y) or F(v), where v is the vector (x,y).
The ith component of a vector will be denoted by [ - ];, e.g., [v]; is the ith component of the vector v. For
a given [-vector u and index set S, the quantity [u]s denotes the subvector of components u; such that
jeSn{l,2,...,1}. Similarly, if M is a symmetric / x [ matrix, then [M]s denotes the symmetric matrix
with elements m;; for i,j € SN {1, 2, ..., [}. Given a sequence {«;};>o of scalars, vectors or matrices,
we write o; = O(f;) if there exists a positive constant y such that ||ey|| < y; for some positive scalar
sequence {B;};o.

1.2 Background

At the basic level, the method proceeds to compute a first-order KKT point of (NP), which is defined
formally as follows.

DEerINITION 1.1 (First-order KKT point of (NP)) The vector x* is called a first-order KKT point for problem
(NP) if there exists a dual vector y* such that r(x* y*) = 0, where

r(x,y) = H (c(x), min (x, gx) — J(x)Ty)) ” . (1.2)
Any (x% y*) satisfying r(x*, y*) = 0, is called a first-order KKT pair.

If a suitable constraint qualification holds then a local minimizer x* for problem (NP) is a first-order
KKT point. In this case, any y* associated with a KKT pair (x% y*) is a vector of Lagrange multipliers
for the constraints c(x) = 0. Given a first-order KKT point x* the nonempty set of dual vectors ) (x*) is
defined so that

V(") ={y e R": (x%y) satisfies r(x*y) = 0}. (1.3)
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For any x > 0, the active set at x is given by
Ax) = {i: [x]; =0} (1.4)

At a primal—dual first-order solution (x* y*), second-order conditions for (NP) may be defined in terms
of a partition of A(x*). The index set of strongly active variables is given by

ALy = {i € A @ [g(x*) —J ()], > 0} (1.5)
and, similarly, the set of weakly active variables is

Ay’ y*) = {i € A) 1 [g(x*) = J(x")y*]; = 0} (1.6)
A set of second-order conditions is given in the following definition.

DEeFINITION 1.2 (Second-order sufficient conditions) A primal—dual pair (x* y*) satisfies the second-order
sufficient optimality conditions for problem (NP) if it satisfies the first-order conditions r(x* y*) = 0
(cf. (1.2)), and

pTH(x"y")p > 0 forall p e C(x*y")\ {0}, (1.7)
where C(x* y*) is the critical cone
Cx"y") = null(J(x*)) N{p:p;i=0 for i € A (x*y"), pi >0 for i € Ay(x%y")}.

The proposed method is based on the primal-dual augmented Lagrangian function of Gill & Robinson
(2013), which was first used to define a ‘regularized SQP method’ in which the linear system of equations
solved at each iteration of the QP subproblem is guaranteed to be nonsingular. The function is given by

1 1
M(x,y:y*, 1) =f(x) —c@)'y* + 2—IIC(X)||2 + —lle@) + &y —yHIP, (1.8)
M 2u

where 1 is a positive penalty parameter and y* is a Lagrange multiplier estimate. (The function M is a
member of a one-parameter family of functions that includes the conventional augmented Lagrangian.
For more details, see Robinson, 2007; Gill & Robinson, 2012.) The next result, which is proved in Gill
et al. (2013, Theorem A.1), motivates the use of (1.8) as an SQP merit function.

THEOREM 1.3 If (x* y*) is a solution of problem (NP) that satisfies the second-order sufficient optimality
conditions given by Definition 1.2, then for the choice y* = y*, there exists a positive & such that for all
0 < u < @, the point (x* y*) satisfies the second-order sufficient optimality conditions for the problem
of minimizing the primal—dual function M (x,y; y®, ) of (1.8) subject to the non-negativity constraints
x> 0.

The result of Theorem 1.3 implies that problem (NP) may be replaced by a sequence of bound-constrained
problems with objective function M (x,y;yr, u) defined in terms of a sequence of multiplier estimates
{yf}. This approach defines an inner/outer iteration structure, with the inner iterations being those of
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the active-set method used to minimize a quadratic model of the merit function subject to the bound
constraints. Each quadratic model is defined in terms of the gradient and Hessian of M. For given values
y£ and p, the gradient and Hessian of M at (x, y) may be written in the form

(1.9)

— r syE WE .
VM (x,y;y*, 1) = g —J) (w(xsy ,M)+E(n(x,y ) =)
wy — m(sy* )

and

 E A E _ 2 T T
VM Gy 1) — (H(m(x,y )+ @Oy ) — ) + 2T T ) w10,
J(x) ul

where 7 denotes the vector-valued function 7 (x ; y*, u) = y* — c¢(x)/ . If vi = (x;, yi) denotes the kth
estimate of a primal—dual solution of problem (NP), one possible local quadratic model of the change in
M(x,y;yE, 1) is given by

Quviyg ) = (v = vi) ' VM5 yg. 1) + 30— v) B s W) (v — wp), (1.11)
where y¥ estimates a vector of Lagrange multipliers, and B(v, ; ) is defined by replacing 7 (x, ; yr, 1)
by y; in the leading block of V2M, i.e.,

H (x, yi) + /%J(xk)TJ(xk) J(xk)T)
. (1.12)

B(xi, yis ) = (
J (%) wl

Both this approximation and the exact Hessian V2M have the same characteristic doubly augmented

structure involving the term (2/u)J (x;)"J(x;) in the leading diagonal block. However, unlike VM,

the matrix B(x;,yx; 1) is independent of the multiplier estimate yf (cf. (1.10)). The benefit of using

B(xy, yi 5 1) to define the quadratic model (1.11) is that the QP subproblem

minimize Qi (v;y;,u) subjectto [v]; >0, i=1:n, (1.13)
is formally equivalent to the SQP subproblem

minimize  g(x)" (x —x0) + 5 (r = x)TH (v y) (r = %) + 5 plly

subject to  ¢(xx) +J () (x —x) + u(y —yH) =0, x>0 (119
(see Gill & Robinson, 2013). This equivalence suggests an algorithm based on minimizing (1.13) with Oy
defined with a small ; analogous to the perturbation in the QP subproblem (1.1). However, if M (x, y ; y£, 1)
is to serve as a line-search merit function, it should be defined with a value of w that is not too small.
Accordingly, different penalty parameters uf and u, are defined, with uf used for the definition of the
local quadratic model, and 1, used for the line-search merit function. In the neighbourhood of a solution,
uy and p, are computed so that uf < u,, which implies that uf plays the role of the stabilization
parameter p in (1.1).
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2. A second-order primal-dual stabilized SQP algorithm

In this section we describe a method designed to compute a point satisfying certain first- and second-order
conditions for a solution of (NP). At the start of the kth iteration, the primal—dual point (xy, y;) is known,
together with the regularization parameter uf | and penalty parameter u;_, from the previous iteration.
The first step is to compute yF and uf for the new iteration. These parameters are defined in terms of an
estimate of the optimal active set of problem (NP). This estimate involves a positive scalar € that reflects
the distance of (x, y) to a first-order optimal pair for problem (NP). The e-active set is defined as

Ac(x,y, 1) = {i :x; <€, with € = min (ea, max (/J,,r(x,y)y) )} 2.1

where y and ¢, are fixed scalars satisfying 0 < ¥y < 1l and 0 < ¢, < 1, and r(x,y) is the non-negative
scalar of (1.2). If A is the active set (1.4) then the set of primal—dual free variables is the complement of
Ain{l,2,...,n+m}, ie.,

Fx) ={L2,...,n+m}\ A®). (2.2)
Similarly, the e-free set is defined as
Felx,y,m) = {12, ...,n+mp\ Ac(x,y, ). (2.3)

The e-free set defines the composition of certain matrices used to compute a direction of negative curvature
for O, (v; y,f_l, Mf_l), and the estimate of the active set for the convex QP subproblem.

The following simple argument shows that F(x*) € F.(x,y, u) when p is sufficiently small and
(xx,y) is close to a first-order KKT pair (x*, y*). If i & A(x*) then x; > 0. Assume that (x, y) is sufficiently
close to (x*,y*) and g is sufficiently small that: (i) r(x,y)” < p < xf, (i) |x; — x| < x] — p and (iii)
uw < €,. Then

Ac(x,y,u) = {i: x; < min (e, max (u,r(x,y)"))} ={i:x, < n},

and the inequality |x; — x| < x — p implies x; > u, in which case i ¢ A (x,y, ). We have shown that
ifi ¢ A(x*) theni ¢ A.(x,y, ), which implies that F(x*) C F.(x,y, i), as required.

At the kth iterate (x;, y;) a flexible line search is performed along a direction formed from two primal—
dual directions d; and sy, either of which may be zero. A nonzero d; is a descent direction for the merit
function; a nonzero s is a direction of negative curvature for the quadratic model Q, (v, ;yf_l, /Lf_l). The
descent direction d; is either a ‘local descent step’ designed to facilitate a fast rate of local convergence,
or a ‘global descent step’ designed to encourage global convergence. In each case, d; is an approximate
solution of a QP subproblem with bound constraints.

Overview of the step computation. If a solution of the subproblem (1.13) is written in terms of the step
d, from the base point v, then the QP optimality conditions are given by
[V Qk(Vk +d ;y,f, /’Lf)]}'(\fkﬁ»dk) =0, [VQk(Vk + dk ;y]f’ Mﬁ)]A(vkﬁ»dk) >0 and
[vi +di]; >0 for i=1:n,

2.4)

where the free and active sets are evaluated at the QP solution v, +d;. The local descent step is the solution
of an equality-constrained QP subproblem defined by relaxing the optimality conditions (2.4). (See
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Section 2.3 for more details.) The global descent step is the solution of a convex inequality-constrained QP
subproblem. If v; = (x;, ) is not close to a solution, the matrix B(v, ; uf) may not be positive definite and
(1.13) is not an appropriate QP subproblem for the global descent step. Instead, a strictly convex bound-
constrained QP subproblem is defined that preserves the positive curvature of the nonconvex quadratic
model (1.11) on the reduced space associated with the free variables. The strictly convex QP is defined
in terms of the matrix B(v, ; u) such that

(2.5)

H 2 T T
E\(xk,yk ,,LL) — (H(xk’yk) + “J(.xk) J(xk) J(-xk) )

J () ul

with the symmetric matrix H (xx, yr) defined so that H (X, i) + (/i) (x) 7T () l§ positive definite (the
identity (2.7) below justifies this choice). With this choice of H (x;, yi), the matrix By (x;,y; ; Uy is equal
to By (x,,y, s ) when B (x., y, ; 117) is positive definite. A method for computing a suitable symmetric
(but not necessarily positive-definite) matrix H (xx, yr) 1s given by Gill & Robinson (2013, Section 4).

Once §(xk, vk ;) has been computed, the global descent step is computed by solving the QP
subproblem

minimize Qu(v:yf, i) = v = v)TVM 3, i) + 50 = v)TBO kv = vi) 06
subjectto [v]; >0, i=1:n. .

Throughout what follows, the unique primal—-dual solution of this QP subproblem is denoted by vy,
which has primal and dual components v, = (X, y:). The global descent step is then computed as
dp =V —vi = (B — X, Yk — Yi)-

For numerical stability, it is important that all computations be performed without the explicit cal-
culation of the matrices V2M or B. The relevant properties of B may be determined by exploiting the
relationship between the three matrices

J(x) ul

H(x,y) + %J(X)TJ(X) J(x)T
J(x) —ul

)’ H(x’Y)ﬂL%J(x)TJ(x) and (H(x’)’) J(X)T>’

which are said to have doubly augmented form, augmented Lagrangian form, and regularized KKT form,
respectively. These matrices are related via the matrix identities

H+ T T I g™ (H+L1y7 0 I 0
+ m JY v _ HJ + MJ J 1 @7
vJ vl 0o I 0 vl ;J 1

I =y 75T I
— VL
o )0 )0 )

which hold for all positive v (see, e.g., Forsgren & Gill, 1998; Robinson, 2007; Gill & Robinson, 2013). For
simplicity of exposition, the formulation and analysis of the main algorithm is given in terms of matrices in
augmented Lagrangian form. However, in practice, all computations are performed by factoring matrices
in regularized KKT form. At no point is it necessary to form a matrix in doubly augmented or augmented
Lagrangian form. The term ‘regularized KKT form’ stems from the role of 1 as a regularization parameter
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for the matrix in (2.8). (For other examples of this type of regularization, see Saunders & Tomlin, 1996;
Altman & Gondzio, 1999; Gill & Robinson, 2013.) In practice, the global descent step is found by
solving the QP form (1.14) of the bound-constrained subproblem with H(xy;) = H (e, yr). Gill &
Robinson (2013, Theorem 5.2) show that the application of a conventional active-set method to (1.14)
involves the solution of a sequence of linear equations in regularized KKT form.

Summary of the main algorithm. The computation associated with the kth iteration of the main algorithm
(Algorithm 5 of Section 2.5) is arranged into five principal steps.

1. Given (x;,y;) and the regularization parameter ujy , from the previous iteration, compute
Fe(xp, v, wF ) and B(x,,y, ; u¥ ). Compute the non-negative scalar &, and vector s,((” such that,
if £ > O then &, approximates the magnitude of the ‘most negative’ or ‘least’ eigenvalue of
By (v s ig_,), and st satisfies s\ "B(v, ; uf_)st” < 0 (see Section 2.1). If £, = 0 then s\ = 0. If
By (v ; ) is positive definite then (&, st"”) = 0. (See Algorithm 1.)

2. Use & and r(x;, yx) to compute y¥ and pf for the kth iteration (see Section 2.2).

3. Compute a positive-definite g(vk ; 1) such that §f€ (X Vs m5) = By (x5 ) if the matrix
By (X, Y, s 1) is positive definite. Compute di = (px, qc) as either a local or global descent step.
The vector p; of primal components of d; satisfies x; + p; > 0. (See Section 2.3 and Algorithm 2.)

4. Compute a direction of negative curvature s, = (i, wy) by rescaling the direction s,(cl). The vector
u; of primal components of s, satisfies x; + pr + ux > 0. (See Section 2.3 and Algorithm 3.)

5. Perform a flexible line search along the vector Av, = sy +d; = (g + pr, wi + qi)- (See Section 2.4
and Algorithm 4.) Update the line-search penalty parameter 1.

2.1 Computing a direction of negative curvature for Oy

The values of the regularization parameter f and multiplier estimate yf for the kth iteration depend on
an estimate of the smallest eigenvalue of B (x,,, ; u;_,) computed from the e-free rows and columns
of the approximate Hessian B(x,,y, ; ur_,) given in (1.12). This estimate may be computed in terms of
an estimate of A, (H r +(1/ [Lf_l).]]T_-é J ﬂ), where Hz, is the matrix of e-free rows and columns of
H (xy,yx), and J £, is the matrix of e-free columns of J(x;).

Algorithm 1 summarizes the principal calculations associated with finding a non-negative estimate &,
of max{0, — Ay}, where A, denotes the least eigenvalue of H st / Mf,l)JcheJ e If the computed &,
is positive, then a by-product of the computation is a feasible approximate direction of negative curvature
for the merit function M (x,, y, ; v, u¥_,). This direction is combined with a descent direction to form the
direction of search for the line search (see Section 2.3).

Algorithm 1 assumes that a procedure is available for determining whether or not Hz, +
(1/pg_)J 3 J . is positive semidefinite. If Hr, + (1/uf_)J} J, is not positive semidefinite, the
procedure must provide a direction uz, satisfying

I I
s, (Ho, + MTJ;J}-E)ufs < O Hr. + MTJ;JE) luz |2 <0, 2.9)
k—1 k—1

where 0 is a positive scalar that is independent of x; and y,. Several alternative methods may be used to
find the vector u £, , but the details of the computation are not relevant for the proof of global convergence.
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Algorithm 1 Least curvature estimate of 9
1: procedure LEAST CURVATURE_ESTIMATE(X,, Y, Ur_.Jy, H})

2 Compute Hr, and Jr, as submatrices of Hy and J; associated with F, (x,, y,, ,uf_l);
3 if He, + (1/pf_ Wz d TJ . 1s positive semidefinite then

4 =0, u’=0; w =0,

5: else
6
7
8
9

Compute uz, # 0 such that (2.9) is satisfied;

g = —uy (He + A/ D5 T )ug /llug|* > 0;
w' =0; [ lr =ug;

: wl = — A/uf

10: end if
s = @ w);
12: return s\, 8);
13: end procedure

A specific procedure appropriate for a matrix in regularized KKT form is given by Forsgren & Gill (1998,
Section 4.3). Inequality (2.9) allows the definition of a direction of negative curvature for the quadratic
model Qy(v;yr , uf ) when Hx, + (1/u_ I)J; . is not positive semidefinite (see Lemma 2.1).
The vector w( ) computed in step 9 of Algorithm 1 is the change in the dual variables as a function
of the change u, in the primal variables. The definition of w ' ensures that J, u(l) + uk lwfl) =0,
which implies that the step (x, + u,(cl), Ve + wkl) ) does not change the remduals of the constraints of the
QP subproblem (1.14). It also facilitates a proof that the resulting direction s ) is a direction of negative
curvature for the quadratic model Q. (v ;y,’f_1 s ,uf_l) when &, > 0 (see Lemma 2.1).

The next lemma gives the properties of the quantities computed by Algorithm 1.

LEMMA 2.1 Suppose that &, and si') (u(l) ,((1) ) are computed by Algorithm 1, and that the matrix
Hz +(1/ /,Lfil)J]T_-e J £, is not positive semidefinite. Then

(1) u” #0,s"” #£0,& > 0; and
2) s ( Visa dlrectlon of negatlve curvature for Qi (v;yf |, uX ), the quadratic model of (1.11). In par-

tlcular,s satisfies s "By s uf_ sy < 0, llug” 1> < 0, where 6, = 0 A (Hr, +(1/uf_)JE T )
with 6 the value assoc1ated with the bound (2.9).

Proof. To simplify the notation, the suffix & i is omitted and the quantities uk s Gk, sk R u,((” s w,(cl), & J(xp),
H (x,y,) and B(v 5 uf_,) are denoted by w1, 0, s, u, w, &, J, H and B, respectively.

AsHr + (1/pn)J Te 7. 18 not positive semldeﬁnlte by assumption, Algorithm | computes a nonzero
direction uy, that satisfies (2.9). In this case,

1
W0, 540, )\mm(erJr —JLJ €)<o and £ > 0, (2.10)
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which proves part (1). The definition of B implies that

T 29T T
g (W) (HAETT I (u
w J wnl ) \w
T 2 T 4T T yT 2 T 1 T
= W Hu+ Zd T T+ 20" T Tw + pwl = u <H+—J J)u. @.11)
1 1

The definition of u in step 8 of Algorithm 1, and the requirement that u -, satisfies (2.9), yield the inequality

T 1 T 1 T 2
i (H +-J J)u < exmm(HfE + —JﬂJﬂ)nun . 2.12)
n n

Given the definition § = A, (Hz, + ﬁ];e J Fe), it must hold that & < 0, where the strict inequality

follows from (2.10). The result now follows directly from (2.11), (2.12) and the definition of u = u,ﬂl) as
a nonzero vector in Algorithm 1. 0

2.2 Updating the multiplier estimate and regularization parameter

Given x,, ., yi_, and uf_, from the previous iteration, the computation of y; and uf requires the scalar
&, computed by Algorithm 1, and scalars Dt Do and t;_, discussed below.

The multiplier estimate yf is set to y if (xz, y) gives an improvement in a measure of the distance to
a primal—dual second-order solution (x*,y*). The main algorithm (Algorithm 5 of Section 2.5) uses the

feasibility and optimality measures 7 (x;) and @ (x, yx, &) such that

n() = llea)|l and @ (x, i, &) = max (|| min (e, g(a) —J @) v |5 &) (2.13)

where the quantity & is computed by Algorithm 1. Given 1 (x;) and w (xx, yi, &), weighted combinations
of the feasibility and optimality measures are computed as

Oy (X, i) = () + B G, Vi, §x) and Do (X, Vi §) = Bn () + o (X, yis )

where £ is a fixed scalar such that 0 < 8 < 1. The subscripts on ¢y and ¢, reflect the preference given to
reducing the violation measure or the optimality measure, as defined by the placement of the parameter
B. The update yf =y, is performed if

pv) < 50, or  do(v,E) < 5055, (2.14)

in which case the kth iterate is called a V-iterate or an O-iterate, respectively. A ‘V-O-iterate’ is any
point for which one or both of these conditions holds. The associated iteration (or iteration index) is
called a “V-O iteration’. The quantities ¢,* | and ¢;* | are the values of positive bounds that are reduced
during the solution process. For a V=0 iteration, new values are given by 1, = %rk_l, and ¢y}* = %(j){,‘?,ffl
or ¢git = %(ﬁg},'j‘f 1» depending on which of the inequalities (2.14) holds. In addition, the regularization
parameter is computed as

(2.15)

R {min (ug, max (rk, Ek)y ) if max (rk, Ek) > 0,
My =

% ur otherwise,
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for some fixed y € (0, 1), and where r; = r(x;, y;) is the first-order optimality measure (1.2). Note that
the definition (2.15) implies that the sequence {F} is not necessarily monotonic.

If the conditions for a V-O-iterate do not hold, (x,y;) is checked to determine whether it is an

approximate second-order solution of the bound-constrained problem

minimize M(x,y;y; ,,ur_ ;) subjectto x > 0. (2.16)

Specifically, (x;, yx) is tested using the conditions

I min e VoM (v vE s 1B DI < 7, (2.17a)
VoM (s vy Ve kDIl < 7y, and (2.17b)
& < T, (2.17¢)

where 7,_; is a positive tolerance. If these conditions are satisfied then (x;,y;) is called an M-iterate
and the parameters are updated as in a conventional-augmented Lagrangian method; i.e., the multiplier
estimate yf_, is replaced by the safeguarded value

yf = max ( — Ymax€, min(yk’ ymaxe)) (2.13)

for some large positive constant y,,.x, and the new regularization parameter is given by

(2.19)

= {min (Lpf ), max (r,&)")  ifmax(r.&) >0,
R—

g otherwise.

In addition, a new tolerance t; is computed such that 7, = %rk_l. Numerical results given by Gill et al.
(2014) indicate that M-iterates occur infrequently relative to the total number of iterations.

Finally, if neither (2.14) nor (2.17) are satisfied then y; = y;_,, uf = uf_, #y5* = o)i%,, o0 =
doi-, and 1 = ;1. As the multiplier estimates and regularization parameter are fixed at their current

values in this case, the kth iterate is called an F-iterate.

2.3 Definition of the line-search direction

Once uf and yf have been computed, the line-search directions s; and d; are computed. This section
provides more details of the computation of the local and global descent directions, and direction of
negative curvature introduced in the overview of the step computation. The computations are summarized
in Algorithms 2 and 3 below.

2.3.1 The local descent direction. A local descent direction is computed if Bz, (x;,y, ; uf) is positive
definite and v; is a V-O-iterate (in which case yf =y,). Under these conditions, d; = v, — v, where vy,
is the unique solution of the QP subproblem

€

minimize Qi (v;y;, ;) subjectto [v]s =0, (2.20)
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where O, (v;yf, uf) is the quadratic model (1.11). Given a feasible point v(o) such that

1, =0 and [F71, = v s, (2.21)
the vector v; is computed in the form v<0) + A\?,(CO), where [Av(o)] A = = 0 and [Aﬁ,((o) ] 7 satisfy the
equations B, [AvV ,(CO)] 7 =-1V Qk(A(O) s Ve )15, . This direction is used in the line search if it satisfies
the conditions

[vi +di]i >0, l:n, [VOQ,(v, +d ;y,’f,uf)]A6 > —te and VM/d, <0, (2.22)

where #, is a small positive scalar computed in Algorithm 2. The condition on the e-active components of
V Q, relaxes the analogous gradient condition on the active components of V@, in (2.4) associated with
solving (1.13), and serves to reduce the possibility of unnecessary QP iterations in the neighbourhood of a
solution. In the companion paper Gill et al. (2014, Theorem 3.1) itis shown that, in the limit, a local descent
direction is used at every iteration, and that the iterates are equivalent to those of a conventional stabilized
SQP method. These properties facilitate a proof of superlinear convergence under mild assumptions.

If the conditions for computing the local descent step are not satisfied, or the local descent step does
not satisfy the conditions in (2.22), then a global descent direction is found by solving the convex QP
problem (2.6). If the local descent step has been computed, then the QP solver for the global descent step

can reuse the factorization needed to solve the equations for [ AV, 5 Ix. -

2.3.2  The global descent direction. 'The global descent direction is d;, = v; — v, where v, = (X%, x)
is the unique solution of the strictly convex QP problem (2.6). This subproblem may be solved using
a conventional active-set algorithm in which each iteration requires the solution of a linear system of
equations with matrix in regularized KKT form. Let Q, (v) denote the objective of the QP (2.6) defined with
parameters yr and pf. Given an initial feasible point v( ) for problem (2.6), actlve set methods generate
a feasible sequence {vk }j>0 such that Qk(\?,((’)) < Qk(v,((’ Yy and ¥ v ) minimizes Qk (v) on a ‘working set’

W, of the non-negativity constraints. The first working set W, is the e-active set A, (x,, y,, /Lf), which
defines the initial feasible point 7\ as in (2.21).

2.3.3 The direction of negative curvature. The nonzero vector s(l) = ,(cl), wkl)) computed as a by-

product of the computation of & in Algorithm 1 is a direction of negative curvature for the quadratic
model O (v;y£ |, k). In Algorithm 3, 5" is rescaled to provide the direction s; used in the line search.

@)

First, an intermediate direction s, is computed such that

oW . . M
5@ = @ —@ W) i VM (s yE ) sy
= (g ’Wk ) = 4

2.23
u,’, wkl)) otherwise, ( )

which implies that s,(cz) is a nonascent direction for M (v ;y,f s uf) at v = (xg, yx). The direction s,(f) is then
scaled again by a positive oy, to give a direction s; such that: (i) v, + s, +d is feasible for the non-negativity
constraints, and (ii) the primal portions of s; and d; have comparable norms. (Only the primal part of s,
is influential in the scaling because the dual part w{" of the base vector s\ = (u{"”, w") is a function of
the primal part u,((” , see Section 2.1.) The choice of oy not only ensures that s¢ and d; have approximately

equal weight in the definition of v, 4 s, 4 d; but also gives a sensibly scaled s, when ||s,((1) || is arbitrarily
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Algorithm 2 Computation of the primal—dual descent direction dj
1: procedure DESCENT DIRECTION(X,, Yy, Vi, r, Ji» Hy)

2 Constants: 0 < A < min{y,1 —y} < 1;

3 B = B(x;,y, ; uf); Compute a positive-definite B from B;
4 VM, = VM(x,,y ]f) yk,ﬂk) Iy = r(xk,yk)k;

s 01 =00 D] = s

6:
7
8
9

if (B£, is positive definite and v, is a V-O-iterate) then
[AA(O)]A =0; Solve B, [AV ], = —[VQ,(0M 5 ¥, =7 + A%
d,=v,—v;
if (vi + d; is feasible and VMdek <0 and [VO,(vy + di)]4, = —e) then

10: return d;; [local descent direction]
11: end if

12: end if

13 [AV0], =0; Solve B, A0, = —[VO,(")],.;

14: Compute &, > 0 and 7" such that v(l) =" + @,A5” is feasible for the bounds;

15: Solve the convex QP (2.6) for vy, starting at v,il),

16: dy =V — Vs [global descent direction]
17: return d;;

18: end procedure

large or small. As only the primal variables are subject to non-negativity constraints, the scalar o, must
be chosen to satisfy

2) 2) ~ a 2)
[ + opu +pl; = [+ o + x5, —x ], = [+ o1 = 0,

where % is the primal solution of the subproblem (2.6). The value of oy is chosen as large as possible
subject to the restriction that the resulting primal step ||o;, u,(f) || is no greater than the primal step || — x¢||
(= llp«ll) from the QP subproblem. The curvature estimate &, computed by Algorithm 1 is included in
the bound to give an appropriately scaled direction when ||p; | is small or zero. These considerations lead
to the definition

0} = argmax {a X+ au(z) >0, ||ou(2)|| < max (&, || — xkll)} . (2.24)

o>0

The direction of negative curvature used in the line search is then

s, = (e, wy) = o, w?) = a5 (2.25)

The computation of the vector s; is summarized in Algorithm 3.

The direction s;, is zero if no direction of negative curvature exists for 9y, in which case the value of
&, computed by Algorithm 1 is zero. However, the next result considers one important situation in which
oy 1s positive and s is nonzero.

LeEMMA 2.2 If d, = 0 and & > O then o; > 0 and s, # O.
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Algorithm 3 Feasible direction of negative curvature for the merit function

1: procedure NEGATIVE_CURVATURE_DIRECTION(S,(CI), &.x..d, J,, Hy)

. @ —s,(cl) if VM (v, ;yf,u,f)Ts,(cl) > 0,

2: A\ ) .

S otherwise;
3: Let p, and u” be the first n components of d, and s”;

. @ @ .

4 or = argmax,_, {0 :x +p+ou’ >0, low’| < max(, lpD};
5: 5, = 0,8\ [scaled curvature direction]
6: return s;;
7: end procedure

Proof. A positive & in Algorithm 1 implies that the vectors u , u,((l) and u,(f) are nonzero. This gives a

nonzero s,il) regardless of the value of w,((”. The definition of s,fz) in (2.23) can change only the sign of
u,({”, and hence s,(? must be nonzero also.

It remains to show that oy, is positive. The assumption that d; is zero implies that xy, the solution of the
QP subproblem (1.14), is identical to x; and ||X; — x;|| is zero. The positive value of & provides a strictly
positive upper bound on oy, that will be achieved provided there is no index i € F (x,y,, uf_,) such that

[x¢]; = 0. This is assured by the definition of the e-active set from (2.1), and the fact that uf |, > 0. O

2.4 The flexible line search and penalty-parameter update

The flexible line search defined in Algorithm 4 is a generalization of the line search used in the first-order
primal—dual method of Gill & Robinson (2013). (The idea of a flexible line search was proposed by Curtis
& Nocedal, 2008 in the context of minimizing an /; penalty function.)

Given a primal—dual search direction Av, = d + s, and a line-search penalty parameter ., consider
the univariate function ¥ (o ;) = M vy + aAve;yE, n). (The multiplier estimate y; remains fixed
during the line search and is omitted as a parameter of ¥,.) The line search is based on approximating
Y (a5 ) by the line-search model function

V(e s i, €)= Y03 ) 4+ (0 1) + (8 — Do min (0, Avy B(vi s i) Avy), (2.26)

where ¥/ denotes the derivative with respect to «. The scalar ¢, is either 1 or 2, depending on the required
order of the line-search model. The value ¢, = 1 implies that ¥, is an affine function, which gives a first-
order line-search model. The value £, = 2 defines a quadratic ¥, and second-order line-search model.
The choice of line-search model for Algorithm 4 is motivated by superlinear convergence considerations.
In particular, it allows the acceptance of a unit step in the neighbourhood of a solution, which is a key
result in establishing the asymptotic equivalence between Algorithm 5 and a conventional stabilized SQP
method (see Gill et al., 2014, Theorem 3.4).

A conventional line search requires that the step oy produces a ratio of the actual and predicted
reduction in ¥, that is at least ys, where ys is a scalar satisfying 0 < y5 < 1. The reduction requirement
may be written in terms of the Armijo condition

(05 1) — Wilage s 1) = (¥ (05 40, ) — W (et s i £r) ).
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Algorithm 4 Flexible line search

1: procedure FLEXIBLE LINE SEARCH(d,, S, Yf, Wy UK, uf 1, 0, Jis HY)
2 Constant: y; € (0,1);

3 Compute VM = VM (x,,y, 5 y5, 45);

4 if s, =0 and d;, = 0 then

5: o =1;

6 else if (d; #0 or VM"s, <0 or puf = puf ) then

7 o = 1;

8 while p, («, ; uf, €,) < s and pg(oy ; i, £x) < ys do

9: O = 50;

10: end while

11: else [dy =0, s, #0, & > 0]
12: X = — sIVEIM v yE, ks /w11 [by definition, s, = (g, wi)]
13: if £ > y,&, then

14: o = 1;

15: while p, (o, ; uf. £,) < ys and p (o 5 pg, &) < ys do

16: o = 50,

17: end while

18: else

19: o, =0;

20: end if

21: end if

22: return o; > 0

23: end procedure

The flexible line search defined in Algorithm 4 requires that o satisfies the modified Armijo condition
(05 pf) — Wilog s 1) = s (W (05 0k, ) — Yoy s s €) ) (2.27)

for some value of p; such that u; € [uy, i, ]. In practice, the step may be found by reducing o by a
constant factor until either py (o 5 (i, £x) > ¥s or pi(e, 5 Uk, €,) > ys, where

peles i, &) = (W05 ) — Yela s 1) /(W05 g, €) — Vo s g, €) ).

The Armijo procedure is not executed if d, = s, = 0, or d; = 0 and the curvature of the merit
function M (v, ; ¥, uf) along the vector s; is not sufficiently large compared with the curvature of the
quadratic model. The condition for negligible curvature involves the calculation of the scalar

E8 = —s{ V"M ye, w)se/ N> = —ug (H G, i) + (/) ()" () )y / eI (2.28)

(cf. (2.11)), where y; = 7, + (71 — y) and 7, denotes the vector 7 (x, ; yr, uf). If the Armijo procedure
is not executed (i.e., oy = 0, or oy = 1 with d;, = s; = 0) then v, ; = v;. In this case, it must hold that
Uy < uf | (see Lemmas 2.3(2) and 2.4(3)). The analysis will show that the property lim;_,», ;#f = 0 and
the definitions of V-, O- and M-iterates are key in establishing the convergence results for Algorithm 5.
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On completion of the line search, the line-search penalty parameter 1, | is computed and the iteration
ends. The choice of 1, is motivated by the goal of decreasing the penalty parameter only when the trial
step indicates that the merit function has not been sufficiently reduced. In particular, p;,; is computed
as

Mk if pr (ot i, €x) > s, ordy = 5, =0, or . = 0,
W1 = | . i (2.29)
max (Eﬂk’ y,k) otherwise.

2.5 The main algorithm

The stabilized second-order primal—dual SQP algorithm is formally stated as Algorithm 5. The algorithm
is terminated if one of two sets of conditions holds. The first is

r(xk7)7k) = Tstop» Sk = Tstop and Mffl = Tstop» (230)

where 7, is a given positive stopping tolerance, r(x,y) is defined in (1.2) and & is computed in Algo-
rithm 1. If the conditions in (2.30) hold, then (x;, y;) is an approximate second-order KKT point for (NP).
The motivation for the second set of termination conditions is to identify convergence to an infeasible
stationary point (ISP), i.e., a minimizer of

milxlggize %||c(x)||§ subjectto x >0 (2.31)

at which the constraint c(x) = 0 is violated. The first-order optimality conditions for (2.31) may be
written in the form

|min (x,J () ()| =0, (2.32)
which motivates the second set of termination conditions:
min (||c(xk) Il rsmp) > /Lf, || min (xk,J(xk)Tc(xk)) | < Tyop,» With k an M-iteration. (2.33)

If these conditions hold then the constraint violation is bounded below by uf (uf > 0) and vy = (xz, yx) is
an M-iterate that approximately satisfies (2.32). The requirements that & is an M-iteration and uf is small
relative to min (||c(xk) Il rsmp) have the practical benefit of reducing the likelihood of premature termi-
nation when progress towards an approximate second-order KKT point is still possible. The termination
conditions (2.30) and (2.33) constitute the conditions used in steps 10 and 25 of Algorithm 5.

Discussion. Each iteration of Algorithm 5 requires the solution of equations involving the e-free rows
and columns of Bz, (v ; uf ) and Bz, (vi; uf). The solve with Bz, (v ; uf ) is used to compute the
least-curvature estimate & in step 8. Solves with B, (v ; uf) are required to compute the local descent
step and the solution of the QP subproblem. This implies that if uf # pf |, it is necessary to compute
the factorizations of two matrices in regularized KKT form at each iteration. If the computation of & is
omitted, and the line search is defined in terms of the descent step d; only, then one KKT factorization is
required at each iteration. Moreover, the analysis of Gill et al. (2014) shows that this variant of Algorithm 5
is a globally convergent stabilized SQP method for finding first-order solutions.
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Algorithm 5 Second-order primal-dual SQP algorithm
1: procedure PDSQP2(x,y;)

2: Constants: {y,,, s} C (0, %), O<y<landO<e¢, K 1;

3: Choose y; € R™, {1, #}5*, d50*} C (0,00) and 0 < puf < p; < 00;

4: k=1,

5: loop

6: Compute the e-free set F (x, y,, ur_;) from (2.3);

7: Jie =J () Hy = H(x, yi)s

8: (ss”,&,) = LEAST_CURVATURE_ESTIMATE(X,,Y;, LK1, Jp, Hy); [Algorithm 1]
9: Compute r(xg, y;) from (1.2);

10: if (termination condition (2.30) holds) then

11: return the approximate second-order KKT point (X, yx);

12: end if

13: if (¢v (X, yi) < 1oy,) then [V-iterate]
14: W= Y= To= T

15: Set u® asin (2.15);

16: else if (¢o(x;. ¥, &) < 3¢5 ,) then [O-iterate]
17: G = 3P Y= To= Tl

18: Set uf asin (2.15);

19: else if ((x;,y,) satisfies (2.17a—c) then [M-iterate]
20: Setyf asin (2.18); 1w = 371
21: Set u® as in (2.19);

22: else [F-iterate]
23: Ve =V T=Ten Hg =R

24: end if

25: if (termination condition (2.33) holds) then

26: exit with the approximate infeasible stationary point x;.

27: end if

28: Compute the e-free set F. (x,,y,, uf) from (2.3);

29: dy, = DESCENT_DIRECTION(X,,y,,Yf, ur,J,, H,); [Algorithm 2]
30: S = CURVATURE_DIRECTION(s\ ,&,,X,,d,J,, H,); [Algorithm 3]
31: if (dy #0 and s, =0 and (xy,y,) is a V-O-iterate) then

32: by =1,

33: else

34: b =2

35: end if

36: M = max (g, iy);

37: o = FLEXIBLE_LINE_ SEARCH(d,, S}, V5, g s g1 € Jis HY); [Algorithm 4]
38: Set pgoq asin (2.29);

39: Virr = (15 Yar1) = Vi + oxdi + sy
40: k=k+1;
41: end loop

42: end procedure
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2.6 Properties of the main algorithm

The next lemma establishes some properties associated with the key computational steps of Algorithm 5.
LEmMMA 2.3 Let d; and s; be vectors computed by Algorithm 5.

(1) Ifd; = 0 then

() min(x, g0 — J () ye) = 0, and 7w (v, ¥, 1) = Y
(b) if the kth iterate is a V-O-iterate then r(x, yx) = 0;
(c) if the kth iterate is an M-iterate and |[ykll,, < Ymax then r(x, yi) = 0.
(2) If dy = sx = O then & = 0, the kth iterate is not an F-iterate, and uf < uf ;.

Proof. For all parts of this lemma it is assumed that d; = 0, in which case it must hold that
VM, ;yE, uh)'d, = 0. It follows from step 9 of Algorithm 2 that d; is a global descent step.

For part (1a), as d, is zero, the optimality conditions for the bound-constrained QP subproblem (2.6)
give

o (min (o VeM vy, m9)) ) (min (. g, — L (r + (7 = 3))
VoM (v 5 v 1) ey = ) ’

where 7, = 7 (x,, y£, uf). As uf is positive, it follows that
ye =m and min(x,g, —J y,) = 0. (2.34)

This completes the proof of part (1a).
As dj is zero and the kth iterate is a V-O-iterate by assumption, it follows from the update for y;
given by Algorithm 5, the definition of m;, and part (1a) that

Vi =Y =T = yi — ()15 (2.35)

which implies that c¢(x;) = 0. Combining this with (1.2) and (2.34) gives r(x;,y;) = 0, which proves
part (1b).

If the kth iterate is an M-iterate and ||y¢|l,, < Ymax. it follows from the update for yf in (2.18), and the
definition of m; that (2.35) holds. As in part (1b), this proves that c(x;) = 0. Combining this result with
(1.2) and (2.34) yields r(xt, yx) = 0, which establishes part (1c).

The assumption for part (2) to hold is that both d; and s; are zero. Suppose that the curvature result
does not hold, i.e., assume that & > 0. As d, is zero, x; is optimal for the QP subproblem (2.6) and
Xi = x;. In this case, the assumption that & > 0 in the definitions of u,(f) and its associated scale factor
oy in (2.24) implies that o, > 0. However, if o, > 0 and s, = 0 in the definition of s\” (2.25) then not
only is s” = 0 but also 5|’ = 0 from (2.23). This gives the required contradiction because s\ must be
nonzero for & to be positive in Algorithm 1. It follows that & = 0, as required.

The proof that the kth iterate cannot be an F-iterate when both dj, and s, are zero is also by contradiction.
For an F-iterate, the parameters f and yf used in the definition of the QP subproblem are

wf=pfk , and y; =yr . (2.36)
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As the solution of the subproblem is d;, = 0 by assumption, part (1a) and the result that £ = 0 imply that
(xx, yr) satisfies the conditions (2.17) for an M-iterate. This is a contradiction because a point is classified
as an F-iterate if it is not a V-O-iterate and the conditions for an M-iterate fail to hold.

It remains to show that the regularization parameter is decreased. Assume to the contrary that uf =
uf_l. It has already been shown that x; cannot be an F-iterate. Moreover, if x;, were an M-iterate then the
update (cf. (2.19)) would imply that uf < pf_,. It follows that x, must be a V-O-iterate. The properties
of the update (2.15) associated with a V-O-iterate, and the assumption that uf = wuf |, imply that
max (rk, Ek) > (. This is a contradiction because r;, = 0 follows from part (1b), and it has been shown
above that & = 0. As all possible cases have been exhausted, it holds that uf < uf . O

The next lemma summarizes the principal properties of the flexible line-search computation and

the penalty-parameter update scheme. In particular, the result of part (1) implies that the line search is
guaranteed to terminate in a finite number of steps, and as a consequence, the algorithm is well defined.

LEmMMA 2.4 If f and c are twice continuously differentiable then the following properties hold.

(1) The while loops given by steps 8 and 15 of Algorithm 4 terminate with ¢, > 0.

(2) If uy < py—y for some k > 1 then the while loop given by either step 8 or step 15 of Algorithm 4
was executed.

(3) If oy = O then the kth iterate is not an F-iterate and uf < uf ,.

Proof. To prove part (1), it is sufficient to establish that p;(a; uf, €) > ys for all @ > 0 sufficiently
small, which is equivalent to showing that n(«) > 0, where

(@) = (0 uf) — Wil s i) — vs (V0 s ) — Wrlars s ) ).

First, assume that £; = 2 in Algorithm 4. Substituting the definition of the quadratic model from (2.26)
into the definition of n(«) and performing some trivial rearrangement yields

n(e) = (05 uf) — Yele s ) + vsa W (05 uf) + Lysa® min (0, Av[B(v, s uf_ ) Avy).
Substituting the Taylor-series expansion
Wi s ) = (05 ) + a0 ) + 2005 1) + O(leel)
gives
n@) = alys — DY O; 1) + 32w — O(|al’), (2.37)
where wy, is the scalar

wp = ysmin (0, Avi By s ) Av) — (05 1) (2.38)
= ys(min(0, Av{ B(v, ; i) Av) — ¥/ (05 1)) + (vs — DO ). (2.39)
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Case 1. Consider the computation associated with satisfying the Armijo condition in step 8 in Algorithm 4.
If this loop is executed, it must be the case that the direction Av, = s; + d is nonzero, and at least one of
the conditions di # 0, VM (v, ;y5, u)"s, < 0 and uf = pf | must hold. Based on the values of these
quantities, two subcases are considered.

Subcase 1. Suppose that d; # 0 or VM (v, ; y£, uf)’s, < 0. It follows that

W05 1) = VM sy ) Avy = VM5, ) (dy +5) < 0, (2.40)

because VM (v, ;yf s ,uff)Tsk < 0 by construction (see steps 2 and 5 of Algorithm 5), and either d; is the solu-
tion of the strictly convex problem (2.6) if it is a global descent step or d; satisfies VM (v ; yf, uf)"dy <0,
which is a condition for the acceptance of a local descent step (see step 9 in Algorithm 2). As y5 € (0, 1),
it follows from (2.37) and (2.40) that () > O for all positive « sufficiently small.

Subcase 2. Suppose that di = 0, VM (v, ;y5, u)s, = 0 and uf = pf_|. It follows immediately that
Y/ (0; uf) = 0, and we may invoke Lemma 2.3(1a) to give y, = m, = 7 (x,, y§, 7). This result, when
combined with the assumption that uf = uf | and di = 0, gives

W05 1) = s, VM, 5 y8, 1)s, = st B s ks, (2.41)

As d, is zero, the vector s; must be nonzero. It then follows from Lemma 2.1(2), (2.23) and (2.25) that
s{B(v, s uk_)s, < 0. Combining this result with the two identities (2.41) and Av, = sy, the definition of
oy in (2.39) and the assumption that y5 € (0, 1), gives the result that w, = (ys — D/ (0; uf) > 0. This
result, together with the fact that ¥, (0; uf) = 0, and the expression for 7(«) given in (2.37) imply that
n () > O for all positive « sufficiently small.

Case 2. Consider the computation associated with satisfying the Armijo condition in step 15. In this case
it must hold that

di=0, s;#0, VM ;yi,uH)'s, =0 and & > y& >0, (2.42)

where &7 is the scalar defined in (2.28). As a consequence, the identity ¥/(0; uf) = 0 holds, and the
expression (2.37) for n(«) may be written in the form

n(a) = %otza)k — (’)(|a|3). (2.43)

Combining the conditions (2.42), the values (u,(('),w,((]),ék) returned by Algorithm 1, the curvature

expression (2.11) and the expressions (2.23) and (2.25) defining the direction of negative curvature,
gives

S VM mOS,

[l

= glf > Vs&i

= —ysu " [Hxuy) + (/DI Ce) T )] g /|12
=~y s\ B sk s /")
= —yssT B, s 1k e/ el

The last of these inequalities is equivalent to

VSS]ZB(Vk ;U«ffl)sk - S}ZVZM(V]( ;yf, Mf)sk = ]/SS]ZB(V,( ;/14571)51( - lIIkH(O 5 Mf) > 0.
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Combining this inequality with s,{B(vk ; ,uff,)sk < 0, which follows from (2.11), and the definition of
uil) in Algorithm 1, shows that the scalar wy is positive in (2.38). This result implies that the function
n(a) of (2.43) satisfies n(a) > 0 for all « > 0 sufficiently small. This completes the proof of part (1)
when ¢; = 2.

Now assume that £, = 1. As a consequence, Algorithm 4 gives d; # 0 and s, = 0, which implies
that (2.40) holds, as above. The same argument used for Subcase 1 of Case 1 may be repeated, which
proves part (1) for the case £, = 1.

Part (2) follows directly from the definition of the penalty-parameter update (2.29) and the structure
of Algorithm 4.

For part (3), if o, = 0 then it follows from the elseif statement in step 6 of Algorithm 4 that uf # uf .
It follows that the kth iterate cannot be an F-iterate and uf < uf . O

The principal focus of the next section is the global convergence of Algorithm 5 under the assumption
that the finite termination conditions given by steps 10 and 25 are omitted. This allows the discussion
of the properties associated with the infinite set of iterations generated by the algorithm. The only finite
termination result is Theorem 3.8, which establishes that Algorithm 5 will terminate after a finite number
of iterations if the algorithm includes the termination condition (2.30) for an approximate KKT point and
condition (2.33) for an approximate infeasible stationary point.

3. Global convergence

The following four assumptions are made about the iterates, the properties of the problem functions and
Algorithm 5. Unless there is an explicit statement to the contrary, every result given in this section requires
that Assumptions 3.1-3.4 hold.

AssuMPTION 3.1 The sequence of matrices {ﬁ (X, Vi) Je=0 18 chosen to satisfy

IH e YOIl < Hinas and Agin (H G i) + (/85T 60T T (40)) = Aupins

for some positive H, max and A_. - and all k > 0.

min’
AssumpTION 3.2 The functions f and c are twice continuously differentiable.

AssuMPTION 3.3 The sequence {x; };>¢ is contained in a compact set.

ASSUMPTION 3.4 The termination conditions of steps 10 and 25 are omitted from Algorithm 5.

The global analysis proceeds as follows. First, certain properties of the iterates are established under
Assumptions 3.1-3.4. Second, these properties are used to show that without Assumption 3.4, finite
termination of Algorithm 5 occurs for any positive stopping tolerance. This result does not require the
assumption of a constraint qualification. Finally, under the assumption of a weak constraint qualification,
the properties of the limit points of an infinite sequence of iterates are investigated.

The next theorem extends the result by Gill & Robinson (2013, Theorem 3.1) to allow for the compu-
tation of directions of negative curvature. The proof gives properties of the iterates that must hold when
every iterate is an F-iterate for sufficiently large k. These properties will be used to show that there must
exist an infinite set of V-O-iterates or M-iterates.
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THEOREM 3.5 Let {v} = {(x, )} denote the sequence of iterates generated by Algorithm 5. Suppose
that there exists some & such that the kth iterate is an F-iterate for every & in the set S = {k : k > k}. The
following results hold.

(1) There exist positive constants 7, u* and w, and a constant vector y* such that

=1, pur=p% w=pn and y; =y forallkeS. 3.1

(2) The sequences {d;}, {y} and {7 (x;, y%, u®)} are uniformly bounded for all k € S.

(3) The sequences (&}, {si}, {Av} (= {di + s}, (B s W)} AVM (v s y5, 1)},
{AVIB(v, ; u®)Avy} and { AV VM (v 5 yE, uF) Av, } are uniformly bounded for all k € S.

(4) The sequence {||di| + |Isk|l}res is bounded away from zero.
(5) Iflimgesr VM (v 3 y5, u®)Td; = 0 for any subsequence S’ C S then

lim dj = lim ||7r (x, y*, 1) — yell = lim | B(ve s 1) — VM (v 5y, 1) = 0,
kes’ kes’ keS’

and & > 1 for all k € &’ sufficiently large.

(6) There exists a positive €, such that

VM ;Y5 1*)'de < —er or s]B, ;uf)s, < —ep forallk € S.

Proof. First note that since k is assumed to be an F-iterate for all k£ > 75 it may be assumed without
loss of generality that every descent direction d; is of a global descent step. This is permitted because a
requirement for computing a local descent step is that iteration k is a V-O-iterate.

Part (1) follows from the definition of S, the structure of Algorithm 5 and (2.29).

Part (2) follows from the statement and proof of Gill & Robinson (2013, Theorem 3.1).

The first step in the proof of part (3) is to show that the set {&; };cs is uniformly bounded. From the
definition of & in Algorithm 1, it must hold that

0 <& =—u" (H@wy) + (/I )T 0y /llug |17
—u"H (g, y)ul” /1P 1P < —hoin(H (i, 1)), fork € S. (3.2)

IA

From part (2), the set of multipliers {y; };es is uniformly bounded, which, together with the inequality
(3.2) and Assumptions 3.2 and 3.3, implies the required uniform boundedness of {&; }cs.

The proof that the sequence {s; }scs is uniformly bounded involves showing that the vectors u;, and wy
that constitute s; = (ug, wy) are bounded. The result for {u; }ics follows from the uniform boundedness
of the sequences {&; };cs and {d; };cs shown in part (2), and the definition of u; from (2.25) and (2.24).
For the sequence {w };cs, the expressions (2.23), (2.24) and (2.25) that define w; in terms of w,(cl), and
the definition of w,((l) in Algorithm 1 give

2 (1) (M
Iwell = loww” Il = llowi | = Nl (ox/ )T (e u” |

1 1 1
=ﬁmmmm=ﬁwmwsﬁwmwm
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The combination of this inequality with Assumptions 3.2 and 3.3, and the uniform boundedness of
{uy }res implies that {wy }res is also uniformly bounded. This completes the proof that {s; };cs is uniformly
bounded.

The uniform boundedness of {V2M (v ; %, 1) Jres and {B(vy ; 1) Jres follows from their respec-
tive definitions (1.10) and (1.12), Assumptions 3.2 and 3.3, and part (2) of this theorem. This result
and the boundedness of {d;}cs, {sx}cs imply the uniform boundedness of Av/B(v,;uf)Av, and
AvIVIM (v, 5 yE, u®) Av, on the subsequence S. This completes the proof of part (3).

Part (4) is proved by contradiction. Assume that there exists a subsequence S; € S such that

limd, =0 and lims, =0. 3.3)
keS8

keS8

The solution v; of the bound-constrained QP subproblem (2.6) can be written in terms of the vector
dy =V —ve = (K — X, Yk — Yi)- As uf = pf fork € S € S from part (1), the QP optimality conditions
can be written in the form

<26‘) = Bvp s By + VM (v ;y5, 1), with  min(#, z) = O. (3.4)
From part (3), the matrix E(vk ; 1©) is uniformly bounded on S, which implies that with the assumption
(3.3) and the limit limycs, dy = 0, the optimality conditions (2.17a) and (2.17b) must be satisfied for
k € &) sufficiently large. If there existed a subsequence of &) for which &, < t then eventually condition
(2.17¢) would also be satisfied, which would violate the assumption that all iterates are F-iterates for
k > k. As a consequence, it may be inferred that &, > 7 for all k € S sufficiently large.

If& > © > 0 forall k € S; sufficiently large then Algorithm 1 will compute a nonzero u,((') for all
k € S sufficiently large. As u,iz) is j:u,il) from (2.23), u,(f) is also nonzero for the same values of k. Let
€, denote the value of € that defines the e-active set (2.1) at (xy, yx). From this definition of ¢, it must
hold that ¢, > min(u;_;,€,) = min(u*,€,) > 0. Moreover, the assumption (3.3) that limes, ¢ = 0
implies that for every j € F. (xi, yi, 1*), the lower bound [;]; > 1€, > 1 min(u*, €,) must hold for all
k € S sufficiently large. If this lower bound is combined with the inequality & > 7 > 0 and the property
that [u,iz) 1 = 0forj € Ac(x, . 1), it follows from the definition of oy in (2.24) that there must exist
some positive §; such that [lu] = ||aku,(<2)|| > §; for all k € S; sufficiently large. This contradicts the
assumption (3.3) that limyes, sy = 0 because u; forms the first n components of ;. This contradiction
implies that (3.3) cannot hold, which proves part (4).

For the proof of part (5), assume that there exists a subsequence &’ € S such that

lim VM (v ;y*, £ dy = 0, (3.5)
keS’

and define the nonsingular matrix U, = ((’) ’“”;R)JkT). As d = 0 is feasible for (2.6) and d; = (pi, qi) =

(Xx — X%, Y — ») is computed from the unique solution v, = (X, yx) of the strictly convex QP (2.6), it
follows that

—VM (s yE, 1) dy = Ld{B(v, : pM)d,

= 1d'U7 U B, ;s MU U,
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T ~
_1 P (Hk + ar iy 0> Pr (cf. 2.7))
2 \qr + MLRJkpk 0 uR J\aqr + M—lRJkPk '

> 3 (AminI2el” + 1251 + A/ i),

where A, > 0 is defined in Assumption 3.1. Combining this inequality with (3.5) yields

n

limp, =0 and lim (q; + (1/u*)Jipi) =0,
keS’ keS’

in which case limcs ¢, = 0 because the sequence {J;} is uniformly bounded by Assumptions 3.2 and
3.3. As p; and gy are the primal and dual components of d;, it must be the case that

lim d; = 0, (3.6)

keS’

which is the first result of part (5). If the result (3.6) that limys’ d;y = 0is combined with the QP optimality
conditions (3.4) and the definition of V,M (v, ; y*, u*) in (1.9) then

hm ||7T(-xk’yE7 /’LR) _)’k” = O’
keS’

which is the second result. Combining this result with the definitions of V2M and B and Assumptions 3.2
and 3.3 gives

lim [[V2M (v 5y, ) — Bve s 1)1 = 0,
kes’

which is the third result.

The proof of the first result of part (5) establishes the limit lim,.s dy = 0 (see (3.6)). An argument
analogous to that used in the proof of part (4) may be used to show that if there is a subsequence of
&’ such that & < t then some subsequent iterate is an M-iterate, which would be a contradiction. This
implies that & > t for all k € &’ sufficiently large, which completes the proof of part (5).

Part (6) is established by contradiction. If the result does not hold, there must exist a subsequence
S1 € S such that for all k € S, the regularization parameter ;Lf is fixed at u®, with

lim VM (v 3", 1*)'d, =0 and  lim s; B(v, ; u*)s, = 0. (3.7)
keS8 keS|

The proofs of parts (4) and (5) establish the existence of a positive §; such that
IIsc]l = 8; for k € S; sufficiently large. 3.8)
The combination of this bound, the definitions of s, (2.25) and s,(f) (2.23), and Lemma 2.1(2) yields

T . 2. .T, . (2 2 (DT, . (1)
siB, ; 1)s, = ols, By, s 1uM)s” = ols, By, s 1f)s;
25 11,02 25 11,2
<o 0k||uk I- = e 0k||uk I

=G llug||> <0, fork e S, sufficiently large. 3.9
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The scalars {6;} must be bounded away from zero on S,. Otherwise, the definition of 6, would imply
that A, (H P 1/ ,uR)JjTEG J fe) converges to zero on some subsequence of S;, which would imply that
&, converges to zero on the same subsequence. This contradicts the result of part (5) above, and implies
that {6, } must be bounded away from zero on S,. Combining this with (3.9) and (3.7) gives

lim u, = 0. (3.10)

keS8
The following simple argument shows that this result leads to the required contradiction. Under assump-
tion (3.7) that limyes, VM (v ; %, u®)" dy = 0, the result of part (5) implies that limys, di = 0. However,
if limyes, di = O then the same arguments used to show that ||s || is bounded away from zero in the proof
of part (5) may be used to show that there exists a 6, > 0 such that |lu;|| > §, for all k € S; sufficiently
large. This contradicts the implication (3.10). It follows that the initial assumption (3.7) cannot hold,
which completes the proof of part (6). g

THEOREM 3.6 Consider the infinite sequence {v;}, where v, = (x,y;) is generated by Algorithm 5.
Then

(1) the union of the index sets of V-O- and M-iterates is infinite; and

(2) the sequence of regularization parameters satisfies {uf} — 0.

Proof. The proof of part (1) is by contradiction. If the number of V-O- and M-iterates is finite, then
there must exist an index k such that the kth iterate is an F-iterate for all k > %. In this case, the result
of Theorem 3.5(1) may be invoked to conclude that (3.1) holds for the set S = {k : k > k}. It will be
shown that this result implies the existence of an infinite subsequence S; € S and a fixed positive values
uf and k such that

Mg 5y" 1) < My, 1®) — k. fork € 8. (3.11)

This may be combined with (3.1) to conclude that M decreases monotonically for every F-iterate. More-
over, it must hold that lim;_, oo M (v; ; y*, u®) = —oo. This is impossible given Assumptions 3.2 and 3.3,
and the contradiction implies that the theorem must hold.

If every iterate is an F-iterate for the set S = {k : k > k} then Theorem 3.5(1) gives uf = u®
Algorithm 5 gives £, = 2, and Algorithm 2 gives d; is a global descent step for every k € S. The
inequality (3.11) is established by considering the Armijo acceptance condition (2.27) associated with
the flexible line search described in Section 2.4. Suppose that the values u* = u® and £, = 2 are used in
condition (2.27), in which case the line search is equivalent to a conventional Armijo backtracking line
search. For all k € S, this condition may be written in the form

(o3 1) < W0 1) + g (Wiler s 1, €) — (0 1", €0)), (3.12)

where Wi (a;pn) = M(v + aAvisyE, 1), Avy = di + s and Y (o s 1®, £;) is the quadratic model
(2.26). Expanding the left-hand side of (3.12) using a Taylor-series expansion and performing some
rearrangement yields

(1= y) %05 1) + 5 (% (05 1) — ys ¥ (05 15, £0) < =O(lee*[| Avi 1) (3.13)

There are two cases to consider.
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Case 1. W[ (05 u®) = VM (v 5 y5, )" Avy < —§ for some § > 0 and all k large.

It follows from Theorem 3.5(2),(3) that {¥,"(0; u®) hes, {¥](0; 15, €) bics, {dities and {s;}res are
uniformly bounded. These results together with the assumption that ¥, (0 ; u*) < —§ imply the existence
of a positive & such that (3.13) is satisfied for all 0 < & < @ and all k € S sufficiently large. Thus,
a conventional backtracking line search would terminate with an o, > o, for some oy, > 0 and all
k sufficiently large. However, the use of a value of u” (u” > u®) in the flexible line search allows for
the early termination of the backtracking loop, and it must hold that the resulting value must satisfy
O > Omin- The combination of Theorem 3.5(1), the acceptance criterion (3.12), the definition of
implied by (2.29), the assumption that ¥/ (0; u®) < —§ and the bound o > @i, yields the inequality

Wi s 1) < W05 ) + v 8, (05 1) + yseid v (0 1, €)
<Y (0; 1) — Ysominé  for all k sufficiently large.
If S is the set of k sufficiently large such that ¥/(0; u*) < —§ then the final inequality is equivalent to
(3.11) with k = Ys@mind.
Case 2. A subsequence S; C S exists such that limycs, ¥/(0; 1) = 0.

Algorithm 5 provides directions s; and d; that satisfy the inequalities VM (v, ;y*, u®)"s, < 0 and
VM (v, ;¥%, 1®)Td, < 0. Under the given assumption that limyes, ¥, (0; u*) = 0, it must hold that

lim VM (v 35, u®7d, = 0. (3.14)
keS8

The combination of this result with Theorem 3.5(6) indicates that there must exist an €, > 0 such that
skTB(vk ;/LR)TSk < —e; forall k € S sufficiently large.

This inequality, in combination with (3.14) and Theorem 3.5(3),(5), implies that
Av,{B(vk Ay, < —%ep for k € S sufficiently large. (3.15)

As W/ (0; u®) < 0 by construction, and y5 € (0, 1), a sufficient condition for the inequality (3.13) (or the
equivalent Armijo condition (3.12)) to hold is that

(051 =y 031", 00) = =O(Jal | Ave ). (3.16)

However, the definitions of i, and ¥, and Theorem 3.5(1)—(3),(5) imply that

A

055 = ys¥ 0 1 6) < 3(1 = y5) Av{B(v ;) A,

—}‘(1 — ys)er  for k € S sufficiently large,

IA

where ys € (0, 1). This inequality allows the sufficient condition (3.16) to be restated as

—é(l — Ys)€p < —(9(|a| ||Avk||2) for k € S sufficiently large.
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Theorem 3.5(2),(3) imply that {d;} and {s;} are uniformly bounded on S;. It follows that there exists
a positive scalar & independent of k such that (3.13) is satisfied for all 0 < @ < @ and all k € S|
sufficiently large. As in the previous case, this implies that o) > o, for some oy, > 0 and all k € S
sufficiently large, where o is the step length given by the flexible line search. It remains to show that
(3.11) holds for some positive k. A combination of the descent condition (3.12), Theorem 3.5(1), the
line-search penalty-parameter update (2.29), the descent property ¥/ (0; u*) < 0, the bound oy > pin

and the uniform bound Av} B(v, ; u®)Av, < —%EF of (3.15) gives

Wiy s 1) < W05 ) + v W05 12%) + sz (05 1", €0)
< W0 ) — Jysap,€r  forall k € Sy sufficiently large,

which is equivalent to (3.11) with k = {ysal; €.

For the proof of part (2) it is necessary to show that the sequence of regularization parameters satisfies
{uf} — 0. The update rule (2.19) decreases uf by a fraction for M-iterations and pf remains unchanged
during F-iterations. It follows from these properties and part (1) that if the number of V-0 iterations were
finite then the result of part (2) would hold. Therefore, for the remainder of the proof it is assumed that the
number of V-0 iterations is infinite. Let S, denote the set of V-iterates, and, without loss of generality,
assume that S; is an infinite set. As the set S, is infinite, it follows from the bound ¢y (v;) < %q&ﬁ},’fi, of
(2.14) and the associated value of ¢3™ in Algorithm 5 that limics ¢v(xx, yx) = 0. The definition of ¢y
then implies that

. o . . _ T — . —
lim e(x) =0, lim || min (e g(x0) = J () ) = 0 and lim & = 0.

These identities imply that the first-order condition (1.2) holds for all k € S, sufficiently large, giving
limyes 7 (xx, yx) = 0. This will force the regularization parameter update (2.15) to give { uf} — 0, which
completes the proof. O

The previous result establishes that the union of V-O and M-iterations is infinite. The next result
establishes that the number of V-O iterations is finite only when there is an infeasible stationary limit

point associated with the constraint violation.

THEOREM 3.7 If the set of V-0 iterates is finite, then the set of M-iterates is infinite and every limit point
X, of {x; renq satisfies c(x,) # 0 and is a KKT point for the feasibility problem

minimize 1[c()|* subjectto x > 0.
xeR?

Proof. The assumptions of this theorem and Theorem 3.6(1) imply that the set
M = {k : iteration k is an M-iterate}

is infinite and that all iterates are either M- or F-iterates for k sufficiently large. Let x, be any limit point
of {x; }xer, Which must exist as a consequence of Assumption 3.3. It must be the case that

lim x; = x, forsome M; C M. (3.17)

keM
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It then follows from the updating scheme used for y; during M- and F-iterates that the sequence {y;_; }tem,
is bounded. As a consequence, there must exist a vector y£ such that

lim y; , =y° for some M, C M,. (3.18)
keMy

The next part of the proof involves showing that the point x, solves problem (2.31). The proof involves
the limits

lim || min (x g —JIYE  + LJTc ) ‘ =0 (3.19a)
ke, ko 8k — ik Vi1 e k €k ’ :
lim |l7y —yill =0 and (3.19b)
ke My
klelj\n/‘l2 & =0, (3.19¢)

where 7, denotes the vector 7 (x,, ¥, ix_,). These limits follow from the definition of an M-iterate
(2.17a-c), and the fact that { r; } — 01is enforced by Algorithm 5 when there are infinitely many M-iterates.

Theorem 3.6(2) implies that {«f_,} — 0 and the denominator of the second term in the minimization
(3.19a) becomes arbitrarily small for k € M, sufficiently large. There are two cases to consider. First, let i
be any index such that [x,]; = 0. In this case, the limits lime v, X = x, from (3.17) and limye v, i =
yE from (3.18) imply that for any given positive 8, there is no infinite subsequence of M, such that
[Jlc i < —6. It follows that [J (x,)"c(x,)]; > O for all i such that [x,]; = 0.

The second case concerns the indices i such that [x,]; > 0. The bounded limits limye s, X¢ = x, and
limge s, iy = ¥% imply that g(x,) — J(x,)"y% is bounded. It follows that if [x,]; > O then the property
{uk |} — 0 and the limit (3.19a) imply [J(x,)"c(x,)]; = 0 and [g(x.) — J(x,)"yE]; = 0. Combining
these two cases and using the fact that every iterate x; of Algorithm 5 is non-negative yields

min (x,,J(x,)"c(x,)) =0, (3.20)

i.e., X, is a first-order solution to the feasibility problem (2.31) (cf. (2.32)).

It remains to show that c¢(x,) # 0. The proof is by contradiction. If ¢(x,) = 0 then it follows from
(3.19), and the definitions of the feasibility and optimality measures (2.13), that x;, must be a V-0 iterate
for all k € M, sufficiently large, which contradicts the assumption that the number of V-0 iterates is
finite. It follows that c(x,) # 0, as required. O

The previous results are now used to show that Algorithm 5 terminates in a finite number of iterations
when the finite termination conditions are present. Note that this theorem does not require the assumption
of a constraint qualification because the proof uses the properties of the sequence of iterates and not the
properties of the limit points of the sequence.

THEOREM 3.8 If Algorithm 5 is implemented with a positive value of 7y, in the termination conditions
(2.30) and (2.33) then the algorithm will terminate in a finite number of iterations.

Proof. The proof is by contradiction. Assume that finite termination does not occur. There are two cases
to be considered.
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Suppose that there are infinitely many V-O iterates given by the sequence S. It then follows from
(2.14), the updates used for V-0 iterates in Algorithm 5, (2.13) and Theorem 3.6(2) that (2.30) will be
satisfied for all k € S sufficiently large. This implies that Algorithm 5 terminates at step 10 after a finite
number of iterations. This contradiction completes the proof in this case.

Now consider the case that the set of V-0 iterates is finite. It follows from Assumption 3.3 and
Theorem 3.7 that there must exist a subsequence M of M-iterates such that

lim x, = x,, [min(x,, J(x) c(x))|| =0 and c(x,) # 0. (3.21)

It also follows from Theorem 3.6(2), (3.21) and (2.13) that
min(n (x), Tsop) > wy  forall k € M sufficiently large. (3.22)

The combination of this bound with the limits (3.21) and the definition of M implies that (2.33) must be
satisfied for all k € M sufficiently large, i.e., Algorithm 5 terminates in a finite number of iterations at
step 25. This contradiction completes the proof. 0

The analysis of convergence to second-order solutions involves a number of alternative constraint
qualifications. Constraint qualifications are crucial in this analysis because the properties of limit points of
the iterates are considered. (Compare the result to Theorem 3.8, in which finite termination is established
without the need for a constraint qualification when 7., > 0.) The definitions and properties are reviewed
below and involve the sets {Vc;(x) : i = 1:m} and {e; : j = 1:n} consisting of the gradients of the
equality constraints c(x) = 0 and inequalities x > 0.

The next two definitions are required for the formulation of the constant positive generator constraint
qualification of Andreani et al. (2012, Definition 3.1), which is used in the proof of convergence to
first-order KKT points.

DErFINITION 3.9 Let Z and 7 denote the index sets Z C {1,2,...,m}and J C {1,2,...,n}.

(1) A positive linear combination of the vectors {Vc;(x)},cz and {e;};c; is a vector of the form
YoieroiVei(x) + Zjej Bie;, with g; > O forallj € J.

(2) The set of all such positive linear combinations is called the positive linear span of the set
{{Vci(x)}iez, {ei}iej}-

(3) The vectors {Vc;(x)};cr and {e;};c 7 are said to be positively linearly independent if the only way to

write the zero vector using positive linear combinations is to use all trivial coefficients. Otherwise,
the vectors are said to be positively linearly dependent.

DEFINITION 3.10 (CPGCQ) Assume that x is a feasible point for problem (NP) and let Z = {1, 2, .. ., m}.
The constant positive generator constraint qualification (CPGCQ) holds at x if there exist sets Z/ € T
and J C A(x) and a neighbourhood B(x) of x such that the following two properties hold: (i) the vectors
{{Vei(®)}ier, {eitic J} are positively linearly independent, with positive linear span equal to the positive
linear span of the set {{Vc,» ) }iez, {ei}icaw }, and (ii) for every x € B(x), any vector in the positive linear
span of {{Vc¢;()}iez, {€i}icaw] is in the positive linear span of the vectors {{Vci(¥)}iez', {ei}ies}-

A constraint qualification in common use is the Mangasarian—Fromovitz constraint qualification (see
Mangasarian & Fromovitz, 1967; Mangasarian, 1994).
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DEFINITION 3.11 (MFCQ) Assume that x is a feasible point for problem (NP). The Mangasarian—Fromovitz
constraint qualification (MFCQ) holds at x if J(x) has full row rank and there exists a vector p such that
J(x)p = 0 and p; > O for every j € A(x). The equivalent dual form of the MFCQ is that the vectors
{{Vci @Y, {eilie A(X)} are positively linearly independent.

The Mangasarian—Fromovitz constraint qualification is a stronger condition than the constant pos-
itive generator constraint qualification of Definition 3.10. It is not, however, a second-order constraint
qualification. The weak constant rank condition defined below was introduced by Andreani et al. (2007,
p- 532) in the context of combining the Mangasarian—Fromovitz constraint qualification with the weak
constant rank condition to define a second-order constraint qualification.

DEFINITION 3.12 (WCRC) Assume that x is a feasible point for problem (NP). Given any X, let J£(x)
denote the submatrix of columns of J(x) associated with JF(x), the set of free variables at x (see (2.2)).
The weak constant rank condition (WCRC) holds at x if there exists a neighbourhood 5(x) for which the
rank of J~(X) is constant for all x € B(x).

The equivalence of the following definition of an approximate KKT sequence with the definition of
Qi & Wei (2000, Definition 2.5) is established by Kungurtsev (2013, Result 8.5.1).

DEFINITION 3.13 (Approximate KKT sequence) The sequence {(x;,yx)} with each x; non-negative is an
approximate-KKT (AKKT) sequence if {x;} — x, for some x, and {r(x;,y)} — 0, where r is the norm
of the residual (1.2) associated with the definition of a first-order KKT point.

The next result, which concerns the properties of an AKKT sequence, is required for the subsequent
convergence analysis.

THEOREM 3.14 Suppose that {(x;, y;)} is an AKKT sequence with {x;} — x, for some x,. The following
results hold.

(1) If the CPGCQ holds at x,, then x, is a first-order KKT point for problem (NP), i.e., the set of dual
vectors Y (x,) of (1.3) is nonempty.

(2) In addition, if the MFCQ holds at x,, then the sequence {y; } is uniformly bounded, contains at least
one limit point and every limit point is contained in )Y (x,).

Proof. The proof of part (1) is given by Andreani ef al. (2012, Theorem 3.3). The proof of part (2) is a
modification of the proof that MFCQ is equivalent to the boundedness of the multiplier set. For a complete
proof see Gill et al. (2013, Theorem 3.10). O

A second-order KKT point is defined as a point that satisfies a set of second-order necessary optimality
conditions for problem (NP). However, there are a number of alternative second-order conditions that
may be used. These conditions vary in the definition of the set of directions on which the Hessian of the
Lagrangian is required to be positive semidefinite. A standard definition is similar to the second-order
sufficient conditions given in Definition 1.2, except that the quadratic form is required only to be non-
negative. However, for this condition to be verified, it is necessary to find the minimum of a quadratic form
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over a cone, which is a computationally intractable problem (see, e.g., Cottle et al., 1970; Majthay, 1971).
For computational purposes, we use an alternative second-order condition, which is sometimes referred
to as the weak reduced positive semidefiniteness property (see, e.g., Facchinei & Lucidi, 1998; Moguerza
& Prieto, 2003; Andreani et al., 2008). The proofs use the following definition of a second-order KKT
point (see, e.g., Andreani ef al., 2010a, p. 211).

DEFINITION 3.15 (Second-order KKT point) The primal-dual pair (x*,y*) is a second-order KKT point
for problem (NP) if (x*,y*) is a first-order KKT pair (cf. (1.2)), and

pTH(x*,y)p >0 forallp € C,(x%), (3.23)
where C 4 (x) is the set of directions
Cax)={p:Jx)p=0, p; =0 for i € A(x)}. (3.24)

The next result establishes global convergence to second-order KKT points. In particular, it is shown
that if there are infinitely many V-O iterations (Theorem 3.7 shows this occurs whenever infeasible
stationary points are avoided), and both the Mangasarian—Fromovitz constraint qualification and weak
constant rank condition hold at a primal limit point, then any primal—dual limit point of that sequence is a
second-order KKT point. To the best of our knowledge at the time of writing, the Mangasarian-Fromovitz
constraint qualification and the weak constant rank condition together represent the weakest second-order
constraint qualification used as part of a convergence analysis (see Andreani ef al., 2010b). Consider the
simple example of the nonlinear constraint (x; 4+ 1) — x, — 1 = 0, with bounds x,, X, x3 > 0. At the
feasible point x = (0, 0, 1), the Mangasarian—Fromovitz constraint qualification and weak constant rank
condition hold, but the linear independence constraint qualification does not.

THEOREM 3.16 Let {v;} = {(x,yx)} denote the sequence of primal-dual iterates generated by Algo-
rithm 5. Assume that the algorithm generates infinitely many V-0 iterates, i.e., |S| = co, where S is the
index set S = {k : iteration k is a V-0 iterate}.

(1) There exists a subsequence S; € S and a limit point x, such that limjcs, x; = x,.
(2) Either x, fails to satisfy the CPGCQ, or x, is a first-order KKT point for problem (NP).
(3) If x, is a first-order KKT point for problem (NP) then the following results hold.

(a) If the MFCQ holds at x, then the sequence {y; }ies, is bounded, and every limit point y, defines
a first-order KKT pair (x,, y,) for problem (NP).

(b) If,in addition, the WCRC holds at x, then (x,, y,) is a second-order KKT point (see Definition 3.15).

Proof. For part (1), Assumptions 3.2 and 3.3 imply that there exists a vector x, and subsequence S; € S
such that

lim x; = x,. (3.25)

keS|
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If the CPGCQ is not satisfied at x, then the first alternative of part (2) holds and there is nothing to prove.
For the remainder of the proof it is assumed that CPGCQ holds at x,.. It follows from the properties of the
subsequence S, the definition of Algorithm 5 and the existence of the limit (3.25) that

{6, yi) Jkes, 1s an AKKT sequence with ]}im X = X (3.26)

€S

If this result is combined with the non-negativity of x; imposed by Algorithm 5 and the result of
Theorem 3.14(1), it follows that x, is a first-order KKT point for problem (NP), which proves part (2).

For the proof of part (3a), the assumptions that x, is a first-order KKT point and the MFCQ holds at
X.., together with the result of Theorem 3.14(2) imply that the set {y;};es, is bounded, with every limit
point y, defining a KKT pair (x,, y,) for problem (NP).

The result of part (3b) assumes that the WCRC holds at x, in addition to the MFCQ. It will be shown
that, under these conditions, (x,, y.) is a second-order KKT point and therefore satisfies the second-order
necessary conditions for optimality. Let p, be any vector such that ||p,|| = 1 and p, € C4(x,), where
C 4 is defined by (3.24). As the MFCQ and the WCRC hold at x,, it follows from Andreani et al. (2007,
Lemma 3.1) that there exists a sequence {p;} such that

lim py = p,, with pr € C(xp) = {p:J(x)p =0 and p; =0 fori € A(x,)}.

keS

Without loss of generality, the elements of the sequence {p; }res, may be scaled so that ||pi|| = 1. Consider
the set

Clxy) = {p:JG)p=0 and p;=0forie A (x,y.uf )}

As {x}ies, is an AKKT sequence from (3.26), and {uf} — 0 from Theorem 3.6(2), the definition of an
e-active set in (2.1) implies that, for all k € S; sufficiently large,

Ay i) S A and  Cx) S Clx i) (3.27)
The definition of the set S in (3.25), and the updates made to ¢ (xx, yi) and ¢o (x,, y,, &) in a V=0 iterate

of Algorithm 5, imply that the optimality measure @ (x,y.§) of (2.13) satisfies w(x,,y,,£,) — 0O on S;.
This implies that

lim & = 0. (3.28)

keS8

If p £, is the vector of components of p associated with the e-free set F (x,, y,, iz_,) then the definition
of py as a vector of unit norm in the set C (x;) € C(x;, y,) implies that |[p £ || = 1. In addition, the property
that J (x;)pr = 0 implies that

PLH G, y0pe = pf (H o) + /il )I1, ),

= pgfg (Hfg + (1//‘?—1)‘]32']&)1’&
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> hoin (Hz + (/0I5 ) P P

- ”Jng [er + (l/l'l“f—l)‘];-}]}'g]ufg
- Ollur,11?

1
= —gék, (3.29)

where the last inequality follows from the definition of &, in Algorithm I and the inequality (2.9).
Let S, denote the subsequence S, € S such that limycs, yx = y.. (The existence of this subsequence
is guaranteed by the result of part (3a).) Taking limits of (3.29) over k € S, € S; and using (3.28) gives

1
T — i T 1 _— =
P.HX,.y)p, = klggl2 Pl (X, yp, = ,}gg 7 & =0,
which completes the proof. U

Discussion. The termination conditions (2.30) and (2.33) used in Algorithm 5 are precisely the condi-
tions that define an AKKT sequence. For a positive, but arbitrarily small, termination tolerance Ty, the
algorithm generates an AKKT sequence for either problem (NP) or the infeasibility problem (2.31). As
a consequence, Theorem 3.8 implies that the algorithm terminates finitely. Analogous to a set-theoretic
analysis of constraint qualifications (i.e., some constraint qualifications are stronger than others), there
exist many alternative sets of stopping criteria, with some stronger than others. For example, Andreani et
al. (2010b) define the complementary approximate KKT sequence (CAKKT), which defines the strongest
sequential condition in the literature—i.e., there exist convergent sequences with limit points that are
not local minimizers that satisfy AKKT and other sequential conditions, but do not satisfy CAKKT (see
the references in Andreani et al., 2010b). In this sense the conditions that define a CAKKT sequence
provide for a stronger stopping criterion. Algorithm 5 may be adapted to generate CAKKT sequences by
modifying the measures ¢y and ¢ of (2.13) so that n(x;) = |[c(x)|| and

w(xkvyk’%_k) = max(”min(xk,g(xk) - J(Xk)Tyk) ’ ||)Ck ° (g(xk) - J(Xk)Tyk)H, ”C(xk) ° yk”’ Ek)7

and by changing the conditions that characterize an M-iterate to

Il min (ve, VoM O, ¥y 5 V-1 ) < T,

e+ VoM Qo v s Ve Dl < Tt
IVeM Qo v s i DIl < Ty, and

& < T

If Algorithm 5 is modified to reflect these changes, it can be shown that either a CAKKT sequence is
obtained for problem (NP) or an AKKT sequence is obtained for the feasibility problem (2.31).

4. Conclusions

A stabilized SQP method has been proposed that uses a primal-dual augmented Lagrangian merit function
to ensure convergence from an arbitrary starting point. The method has the same strong first- and second-
order convergence properties that have been established for augmented Lagrangian methods, while being
able to transition seamlessly to stabilized SQP with fast local convergence in the neighbourhood of a
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solution. The method uses a flexible line search along a direction formed from an approximate solution
of a strictly convex QP subproblem and, when one exists, a direction of negative curvature for the primal—
dual merit function. The superlinear convergence of the iterates and the formal local equivalence to
stabilized SQP is established in a companion paper (see Gill et al., 2014). It is not necessary to solve
a nonconvex QP subproblem, and no assumptions are necessary about the quality of each subproblem
solution. When certain conditions hold, an approximate QP solution is computed by solving a single linear
system defined in terms of an estimate of the optimal active set. These conditions may be satisfied at any
iterate, but are most likely to be satisfied in the neighbourhood of a solution. The conditions exploit the
formal equivalence between a stabilized SQP subproblem and a bound-constrained QP associated with
minimizing a quadratic model of the merit function.

Convergence to first-order KKT points is established under weaker conditions than those assumed in
Gill & Robinson (2013). It is shown that with an appropriate choice of termination condition, the method
terminates in a finite number of iterations without the assumption of a constraint qualification. The
method may be interpreted as an SQP method with an augmented Lagrangian safeguarding strategy. This
safeguarding becomes relevant only when the iterates are converging to an infeasible stationary point of
the norm of the constraint violations. Otherwise, the method terminates with a point that approximately
satisfies certain second-order necessary conditions for optimality. In this situation, if all termination
conditions are removed then limit points either satisfy the same second-order necessary conditions exactly
or fail to satisfy a weak second-order constraint qualification.

The main algorithm is intended for applications in which some guarantee of convergence to second-
order solutions is needed. For other applications, the negative curvature direction may be omitted
completely, or may be computed in the final stages of the optimization as a check that the iterates
are converging to a point satisfying second-order optimality conditions. In the latter case the analysis
implies that a direction of negative curvature, when it is computed, may be used without impeding the
overall convergence rate or preventing global convergence.

Acknowledgements

The authors would like to thank the referees for constructive comments that significantly improved the
presentation.

Funding

The research of P.E.G. was supported in part by National Science Foundation grants DMS-1318480 &
DMS-1361421. The research of V.K. was supported by the European social fund within the framework of
realizing the project “Support of inter-sectoral mobility and quality enhancement of research teams at the
Czech Technical University in Prague”, CZ.1.07/2.3.00/30.0034. The research of D.P.R. was supported
in part by National Science Foundation grant DMS-1217153.

REFERENCES

ABARBANEL, H. D. 1., BRYANT, P, GILL, P. E., KOSTUK, M., ROFEH, J., SINGER, Z., TOoTH, B. & WoONG, E. (2011)
Dynamical parameter and state estimation in neuron models. An Exploration of Neuronal Variability and its
Functional Significance (D. Glanzman & M. Ding eds.) New York: Oxford University Press, pp. 139-180.

ALTMAN, A. & GONDzIO, J. (1999) Regularized symmetric indefinite systems in interior point methods for linear and
quadratic optimization. Optim. Methods Softw., 11/12, 275-302.



442 P.E. GILL ET AL.

ANDREANI, R., BIRGIN, E. G., MARTINEZ, J. M. & SCHUVERDT, M. L. (2008) Augmented Lagrangian methods under
the constant positive linear dependence constraint qualification. Math. Program., 111, 5-32.

ANDREANL R., BIRGIN, E. G., MARTINEZ, J. M. & SCHUVERDT, M. L. (2010a) Second-order negative-curvature methods
for box-constrained and general constrained optimization. Comput. Optim. Appl., 45, 209-236.

ANDREANI, R., HAESER, G., SCHUVERDT, M. L. & SiLvA, P.J. S. (2012) Two new weak constraint qualifications and
applications. SIAM J. Optim., 22, 1109-1135.

ANDREANI, R., MARTINEZ, J. M. & SCHUVERDT, M. L. (2007) On second-order optimality conditions for nonlinear
programming. Optimization, 56, 529-542.

ANDREANI, R., MARTINEZ, J. M. & SVAITER, B. F. (2010b) A new sequential optimality condition for constrained
optimization and algorithmic consequences. SIAM J. Optim., 20, 3533-3554.

BogGas, P. T. AND TOLLE, J. W. (1995) Sequential quadratic programming. Acta Numer., 4, 1-51.

CASTILLO, A. & O’NEILL, R. P. (2013) Computational performance of solution techniques applied to the ACOPF.
Optimal Power Flow Paper 5, Federal Energy Regulatory Commission.

CONTESSE, L. B. (1980) Une caractérisation complete des minima locaux en programmation quadratique. Numer.
Math., 34, 315-332.

COTTLE, R. W., HABETLER, G. J. & LEMKE, C. E. (1970) On classes of copositive matrices. Linear Algebra Appl., 3,
295-310.

CREVELING, D. R., GILL, P. E. & ABARBANEL, H. D. I. (2008) State and parameter estimation in nonlinear systems as
an optimal tracking problem. Phys. Let. A, 372, 2640-2644.

CuRrTIs, F. E. & NOCEDAL, J. (2008) Flexible penalty functions for nonlinear constrained optimization. IMA J. Numer.
Anal., 28, 749-769.

FaccHiNel, F. & Lucipi, S. (1998) Convergence to second order stationary points in inequality constrained
optimization. Math. Oper. Res., 23, 746-766.

FERNANDEZ, D. & SoLopov, M. (2010) Stabilized sequential quadratic programming for optimization and a stabilized
Newton-type method for variational problems. Math. Program. Ser. A, 125, 47-73.

FORSGREN, A. & GILL, P. E. (1998) Primal-dual interior methods for nonconvex nonlinear programming. SIAM J.
Optim., 8, 1132-1152.

FORSGREN, A., GILL, P. E. & MURRAY, W. (1991) On the identification of local minimizers in inertia-controlling
methods for quadratic programming. SIAM J. Matrix Anal. Appl., 12, 730-746.

GILL, P. E., KUNGURTSEV, V. & ROBINSON, D. P. (2013) A Stabilized SQP Method: Global Convergence. San
Diego: Center for Computational Mathematics Report CCoM 13-04, University of California (Revised June
2015).

GILL, P. E., KUNGURTSEV, V. & ROBINSON, D. P. (2014) A Stabilized SQP Method: Superlinear Convergence. San
Diego: Center for Computational Mathematics Report CCoM 14-01, University of California (Revised June
2015).

GILL, P. E. & ROBINSON, D. P. (2012) A primal-dual augmented Lagrangian. Comput. Optim. Appl., 51, 1-25.

GiLL, P. E. & RoBiNsoN, D. P. (2013) A globally convergent stabilized SQP method. SIAM J. Optim., 23,
1983-2010.

GILL, P. E. & WONG, E. (2012) Sequential quadratic programming methods. Mixed Integer Nonlinear Programming
(J. Lee & S. Leyffer eds.), vol. 154 IMA Volumes in Mathematics and its Applications. New York: Springer,
pp. 147-224.10.1007/978-1-4614-1927-3_6.

HAGER, W. W. (1999) Stabilized sequential quadratic programming. Comput. Optim. Appl., 12, 253-273.

IzmAILOV, A. E. & SoLobov, M. V. (2011) On attraction of linearly constrained Lagrangian methods and of stabilized
and quasi-Newton SQP methods to critical multipliers. Math. Program., 126, 231-257.

IzmAILOV, A. F. & SoLopov, M. V. (2012) Stabilized SQP revisited. Math. Program., 133, 93—120.

KUNGURTSEY, V. (2013) Second-derivative sequential quadratic programming methods for nonlinear optimization.
Ph.D. Thesis, Department of Mathematics, University of California San Diego, La Jolla, CA.

MAJTHAY, A. (1971) Optimality conditions for quadratic programming. Math. Program., 1, 359-365.

MANGASARIAN, O. L. (1994) Nonlinear Programming. Classics in Applied Mathematics, 10. Philadelphia, PA: Society
for Industrial and Applied Mathematics (SIAM) Publications.



A STABILIZED SQP METHOD: GLOBAL CONVERGENCE 443

MANGASARIAN, O. L. & Fromovitz, S. (1967) The Fritz John necessary optimality conditions in the presence of
equality and inequality constraints. J. Math. Anal. Appl., 17, 37-47.

MOGUERZA, J. M. & PrRIETO, F. J. (2003) An augmented Lagrangian interior-point method using directions of negative
curvature. Math. Program., 95, 573-616.

OBERLIN, C. & WRIGHT, S. J. (2006) Active set identification in nonlinear programming. SIAM J. Optim.,17,577-605.

Qr, L. & WEL Z. (2000) On the constant positive linear dependence condition and its application to SQP methods.
SIAM J. Optim., 10, 963-981.

ROBINSON, D. P. (2007) Primal-dual methods for nonlinear optimization. Ph.D. Thesis, Department of Mathematics,
University of California San Diego, La Jolla, CA.

SAUNDERS, M. A. & TOMLIN, J. A. (1996) Solving regularized linear programs using barrier methods and KKT
systems. Report SOL 96-4. Department of EESOR, Stanford University.

WRIGHT, S. J. (1998) Superlinear convergence of a stabilized SQP method to a degenerate solution. Comput. Optim.
Appl., 11, 253-275.

WRIGHT, S. J. (2002) Modifying SQP for degenerate problems. SIAM J. Optim., 13, 470-497.

WRIGHT, S. J. (2005) An algorithm for degenerate nonlinear programming with rapid local convergence. SIAM J.
Optim., 15, 673-696.



