MATH 210A: Mathematical Physics

Instructor: Michael Holst
Fall Quarter 2015

Homework Assignment #1
Due (Give to Prof. Holst a couple of week before final if you want feedback)

Exercise 1.1. (Useful Facts to Derive)

e Letp>1,¢g>1,and 1/p+1/qg = 1. Prove that for every 0 <z <1,

xl/p < E + 1
TP g
Hint: This is Exercise 1.9(5) in 1st Ed. (1.7(8) in 3rd Ed.)
e Use the fact above to prove Young’s inequality: For a,b > 0,1 < p,q < oo, 1/p+1/q=1,
P
ab < @ + —.
p q
Hint: This is proved in the book.
e Do Exercise 1.9(15) in 1st Ed. (1.7(18) in 3rd Ed.)

Exercise 1.2. (Vector Spaces and Subspaces)

e Do Exercise 1.9(4) in 1st Ed. (1.7(4) in 3rd Ed.)
6) in 1st Ed. (1.7(9) in 3rd Ed.)
7) in 1st Ed. (1.7(10) in 3rd Ed.)
9) in 1st Ed. (1.7(12) in 3rd Ed.)
11) in 1st Ed. (1.7(14) in 3rd Ed.)
13) in 1st Ed. (1.7(16) in 3rd Ed.)
39) in 1st Ed. (1.7(50) in 3rd Ed.)

e Do Exercise 1.9
e Do Exercise 1.9
e Do Exercise 1.9
e Do Exercise 1.9
e Do Exercise 1.9
e Do Exercise 1.9
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Exercise 1.3. (Normed Spaces as Metric Spaces)
Let || - ]| : X — R be a norm on a vector space X with associated scalar field R. We know that || - || must satisfy the
three properties of a norm:

1wl >0, YueX, |ul|=0iff u=0.

2. |lau| = |afllu], VaeR, VucX.

3. Jlu+o| <Jull+ |lv|l, Yu,veX.

Use these properties to show the induced metric d(u,v) = ||u — v|| satisfies the three properties of a metric:

1. d(u,v) >0, Vu,ve X, d(u,v)=0iff u=w.
2. d(u,v) =d(v,u), VYu,ve€ X.
3. d(u,v) < d(u,w) + d(w,v), Vu,ve X.

Hint: This was proved in lecture.



Exercise 1.4. (Inner-Product Spaces as Normed Spaces)

Let (+,-) : X x X — R be an inner-product on a vector space X with associated scalar field R. We know that (-, )
must satisfy the three properties of an inner-product:

1. (u,u) >0, YuelX, (u,u)=0iffu=0.
2. (u,v) = (v,u), Yu,veX.
3. (au+ Bv,w) = alu,w) + B(v,w), Vo, €R, Yu,v,we X.
Use these three properties to show the induced norm ||ul| = (u,u)/? satisfies the three norm properties.

Hint: Showing the first two properties is very easy, in fact we did it in lecture. To show the last property (triangle
inequality), assume the Cauchy-Schwarz inequality holds (or even better, prove it): |(u,v)| < |ul|||v|l, Vu,v e X.

Exercise 1.5. (Equivalent Norms)
Let X be a normed space. Recall that two norms || - ||x and || - ||y on X are called equivalent if:

Cillullx <llully < Coflullx, Vue X.

In the case of a finite-dimensionals space X, we noted that all norms can be shown to be equivalent. Consider now
the specific finite-dimensional space X = R™.

1. Determine constants C'; and Cs for the [P norms for p = 1,2, 00. In particular, show the following tight bounds:

ulloo < flullz < flully < Vallullz < nllulle,  Vu € R™ (1.1)
2. Use these inequalities to show that if A € R™*"  then the corresponding matrix norms also have equivalence
relationships:
[Allr < VnllAll2 < nl|All, (1.2)
[Allse < VnllAll2 < nl|Al|so. (1.3)
3. Derive the analogous equivanence relationships for the corresonding condition numbers (assume now that A is
inverible).
4. Show that for any norm || - || on R, if p(A) is the spectral radius of A € R™*", then

p(A) < || Al
Hint: This is based on Ezercise 1.9(25) in 1st Ed. (Does not appear in quite this form in 3rd Ed.)

Exercise 1.6. (Convergent and Cauchy Sequences, Completeness)

Do Exercise 1.9(23) in 1st Ed. (1.7(28) in 3rd Ed.)
Do Exercise 1.9(28) in 1st Ed. (1.7(33) in 3rd Ed.)
Do Exercise 1.9(31) in 1st Ed. ( in 3rd Ed.)
( )
( )

(28)
(31)

Do Exercise 1.9(32) in 1st Ed. 41) in 3rd Ed.
(33)

Do Exercise 1.9(33) in 1st Ed. in 3rd Ed.
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Exercise 1.7. (Banach Spaces)

e Do Exercise 1.9(34) in 1st Ed. (1.7(43) in 3rd Ed.)
e Do Exercise 1.9(35) in 1st Ed. (1.7(44) in 3rd Ed.)

Exercise 1.8. (Linear Operators on Normed Spaces)

e Do Exercise 1.9(36) in 1st Ed. (1.7(45) in 3rd Ed.)
e Do Exercise 1.9(38) in 1st Ed. (1.7(47) in 3rd Ed.)

Exercise 1.9. (The Banach Fized-Point Theorem)

e Do Exercise 1.9(40) in 1st Ed. (1.7(52) in 3rd Ed.)
e Do Exercise 1.9(41) in 1st Ed. (1.7(53) in 3rd Ed.)
e Do Exercise 1.9(42) in 1st Ed. (1.7(55) in 3rd Ed.)



