MATH 20D-A00 Problem Set #7

4.4.4. Find a fundamental matriz solution of the system

T =-z—y
y =x—3y

Let v = [?j Then the above becomes v = 71 :; , and the two independent

solutions for v will be the columns of the fundamental matrix y. We determine v by

: : : . -1 —1
taking the eigenvalues and eigenvectors of the matrix A = [ 1 3] . The character-
istic polynomial is s> + 4s + 4, so there is a repeated eigenvalue of s = —2. Solving

A [il] = -2 [il] gives the pair of equations —c¢; —cy = —2¢; and ¢; — 3¢y = —2¢1, both
) )

of which simplify to the relationship ¢; = ¢9, so arbitrarily letting ¢; = 1 we get the sole

. 1 . . .
eigenvector [1 . The general solution in such a case also requires a non-eigenvector,

o . i 0 )
so we find one arbitrarily letting ¢; # ¢y, for instance } . Then the two independent

1
solutions are, following the formula for solutions of matrices with double roots,

w=er[l] =[]
e (e ) =Lt

Using these as the columns of the matrix solution, we get

1t
_ 2t
x=e [1 t+1}

Note that other solutions are possible, using different arbitrary non-eigenvalues.
4.4.8. Use the method of variation of constants to find a particular solution of the system

of ODEs ,
sl B =)

and then write down the general solution. The fundamental matriz solution of the
associated homogeneous system was found in Erercise 4.4.4.

We will be finding a solution by letting v, (t) = x(¢)w(¢). Substituting this in for [z] :

and using A as given in Exercise 4.4.4, we will find that v, — Av, = b. Expanding
v, = xw and v, = x'w + xw', we find that

YW +xw - Axyw =Db
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We constructed x as a matrix solution to x' = Ay, so x¥'w — Axw = 0. Thus, the
above can be simplified to
xw' =b

or in other words,
o2t [ wy + wht } _ [bl(t)}

wi 4+ wh(t + 1) ba (1)

(a) Find the general solution where ()] _ e L :
ba(t) 3

In this case the above equation, after cancelling e 2

¢ simplifies to the system

wy +wyt =1

wy +wy(t+1)=3

Subtracting these equations from each otheryields that w), = 2, and substituting
that back into either of the original equations gives wj = 1 — 2¢; on integration
it follows that w, = t — t* + C and wy, = 2t + D, so the general solution of the
differential equation is

vl _ o _ t—t*+C| 5| t+t+C+Dt
yl ==X 2%t+D | TC |243t+C+Dt+D

—ot
(b) Find the general solution where h()] _ |2 :
by (1) 0

In this case the above equation, after cancelling e~ 2

, simplifies to the system

wy + wyt = 2

wy +wh(t+1) =0
Subtracting these equations from each otheryields that w}, = —2, and substituting
that back into either of the original equations gives w} = 2 + 2t; on integration it

follows that w, = t? + 2t + C and wy = —2t + D, so the general solution of the
differential equation is

vl _, +2t+C| g |-t*+2t+C+ Dt
yl — P —2t+D | t*+C+ Dt+ D

4.4.10. Find the general solution of each of the following inhomogeneous systems.

(a)
v=rty+t!
y=-1-y

(c)
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The homogeneous associated problem, in matrix form, is
v, = bl v
e

Let us call the matrix above A. The characteristic polynomial of A is s2, so A has a
repeated eigenvalue of 0. Solving the equation Ab = 0 requires that b; + by = 0, so

o . 1 i
arbitrarily we can find the eigenvector b = {_J , and choose the non-eigenvector ¢ =

0 . o . . .
||+ again arbitrarily. Then the two linearly independent solutions to the homogeneous
1 1 0 . .
problem are v = 1 and vy = 1 t+ 1] 80 the matrix with these solutions as

columns is
R
X721 1-¢

So now, let v, = xw, and by the same logic as in Exercise 4.4.8, we know that yw' =r,
where r is the vector of nonhomogeneous terms, so in this case:

wy + wht !
—wi+ (1 =twy| |0

So by the second row, w} = (1 —¢%)ws, which plugged into the first row yields that wi, =
=1 thus w) = =2 = ¢! — 1. Integrating each of these, we find that wy = In[t| —t+C
and we = In |t/ + D. Thus the solution is

B 1 t Int|—t+C| |[Q+t)lnjt|—t+C+ Dt
VEXWEXZ1 0 14| | mit{+D |~ |-th|t|+t-C+D - Dt

4.4.11. Let C be a constant matriz, and suppose that x(t) is a matriz solution of v/ = A(t)v.
Show that xC is also a matriz solution.
x(t) is a matrix solution of v/ = A(¢)v if and only if x'(¢) = A(¢)x(¢), from which it
follows that x'(£)C' = A(t)x(¢)C, which we can rewrite as % (x(t)C) = A(t)(x(¢)C), so
X(t)C is also a matrix solution.

2.2.1. Decide if the ODE (2x + by + 3)dx + (5bx — 4y + 2)dy = 0 is exact; if it is, find an
integral.
%(2x+5y+3) =5 and (52 —4y+2) = 5, so since these are equal, the ODE is exact.

The integral will have the form F(z,y) = [ 2z + by + 3dz = z* 4+ bxy + 3z + H(y).
We know that %—’; must be 5z — 4y + 2, so since %—’; = bz + H'(y), it follows that
H'(y) =24y, so H(y) = 2y — 2y? + C. Thus since F(z,y) is a constant, the solution
is % + bzy + 37 + 2y — 2y + C = 0.

2.2.2. Decide if the ODE ydx + (x + y)dy = 0 is exact; if it is, find an integral.
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a%y =1 and é%(m +y) = 1. Since these are equal, the ODE is exact. The integral will
have the form F(x,y) = [ydx = zy+ H(y). We know that %—Z must be x4y, so since
%—1; =z + H'(y), it follows that H'(y) =y, so H(y) = 3y*> + C. Thus since F(z,y) is a
constant, the solution is zy + Sy + C = 0.

2.2.15. Find an integrating factor for the ODE (x? + zy* + 1)dx + 2ydy = 0, and use it to
determine an integral.

Let us multiply both sides by some m(xz), then compare the partials. (%[m(T)(rQ +

zy? +1)] = 2m(z)ay, while 2 (2m(z)y) = 2ym’'(z). Thus, for exactnes,s it must be
true that 2m(z)ry = 2ym’(x), which, with terms cancelled, becomes m/(x) = zm(x),
so using the solution to a linear (or separable) differential equation we can find that

z2
m(z) = ez . Then our differential equation, in exact form, becomes
(2* +zy* + e dr +2ye2dy = 0

We will perform the easier of the two integrations, and let F(x,y) f2y€§dy
eré+H( ) We know that 25 must be (24 zy? —i—l)e >, so since 2£ = zy?e’s + H'(),
it follows that H’( ) = (¢ + 1)6 . Integrating this is rather involved, e start by
integrating [ z%e’T dz by parts Wlth u=u and dv — ze%dz to get e — [e7 d:r
rearranging, we find that [2%e7 +e'7 dy = ze T 4 O, so that is the value of H(x).
Thus the solution of the integral is z(y* + 1)6 7 +C=0.

2.2.16. Find an integrating factor for the ODE xdy — (y — x)dx = 0, and use it to determine
an integral.

Multiplying each term by m(z) and taking partials, we find that 2 (m(z)z) = m(z) +
T

xm'(z) and 8[ (y — x)m(z)] = —m(z), so our exactness Crlterlon is that m(z) +
xm'(x) = —m( ), so m'(z) = ——m( ), which is a linear (or separable) differential
equation with solution m = =, so the exact form of the ODE is 1dy (% — —)dr = 0.
Thus F(z,y) = [ 2dy = In x| —|— H(z). We know that 2 must be &% — %

2.2.22. Show that if y' = f(x,y) is a separable ODE, with f(x,y) = g(x)h(y), then [h(y)] "
1 an integrating factor for

dy — f(x,y)dz = 0.
Thus, the method for solving separable ODFEs is a special case of the integrating factor

method.
Multiplying dy — g(x)h(y)dxz = 0 by the factor ﬁ yields % — g(z)dz = 0. To show
that this is exact, note that a%ﬁ = 0 and é%(—g(m) = 0. Since these are equal, the

resulting differential equation is exact, so our multiplier served as an integrating factor.

2.2.23. Write the linear ODE, y' + p(x)y = q(x) in the equivalent form
dy + [p(x)y — q(z)]dz = 0,
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and find a one-variable integrating factor m(x).

Considering m(z)dy + [p(z)y — g(z)]m(z)dz = 0, let us observe that Zm(z) = m/(z)

and 5

gy P@y — a(@)lm(z) = p(z)m(z)
. Thus our m(x) is subject to the differential equation m'(x) = ( ) ( ), which is a
linear (or separable) differential equation with solution m(z) = e/ 7

4.3.1. Find the reciprocal of 2 + i.

We multiply by the complex conjugate to make the denominator real:

1 2—1 2—1

241 (241i)(2 1) 5

4.3.3. Find the sizth roots of 1 and locate them on the complex plane.

1 = 2™ so 1= eQWGM — e3". For values of n from 0 to 5, this takes on the following

values: 1, 5 + \/_Z -3+ \/_Z =1, -5 - ?Z’, and £ — ?Z
4.3.5. Show that |e* | = e
M) = |e*Mcosw + isinw)| = |e*| - |cosw + isinw|. Notice that |cosw + isinw| =

Veos?w +sin®w = 1, so the above is simply |e*|, and since \ is real, this is positive,
so it is simply e*.
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