
MATH 20D-A00 Problem Set #111.1.1. (a) What is a sequen
e?A sequen
e is a list of numbers with an order. An in�nite sequen
e is an in�tinelist of numbers with an order.(b) What does it mean to say that limn!1 an = 8?This means, informally speaking, that the terms of the sequen
e an get 
loser and
loser to 8. Formally, it means that for any positve small �, we 
an �nd an Nsu
h that the Nth and subsequent terms of the sequen
e are within � of 8.(
) What does it mean to say that limn!1 an =1?This means, informally speaking, that the terms of the sequen
e an get larger andlarger without bound. Formally, it means that for any arbitrarily large E, we 
an�nd an N su
h that the Nth and subsequent terms of the sequen
e are greaterthan E.11.1.12 Find a formula for the general term an of the sequen
e f�14 ; 29 ;� 316 ; 425g, assumingthat the pattern of the �rst few terms 
ontinues.The sequen
e suggested alternates between positive and negative, with numeratorsin
reasing linearly and denominators being squares, whi
h suggests an = (�1)nn(n+1)2 .11.1.19 Determine whether the sequen
e an = 2n3n+1 
onverges or diverges. If it 
onverges,�nd the limit.We may rewrite this as an = 13 ��23�n, whi
h is a geometri
 sequen
e with ratio 23 , whi
hthus 
onverges to zero, sin
e the absolute value of the ration is less than 1.11.1.22 Determine whether the sequen
e an = (�1)nn3n3+2n2+1 
onverges or diverges. If it 
on-verges, �nd the limit.By Theorem 3 we know that limn!1 janj = limx!1 x3x3+2x2+1 = 1, so the limit of theabsolute value of this sequen
e is 1. We know sin
e one term alternates signs andthe others are positive, that the terms of this sequen
e alternate signs. Thus, sin
ethe absolute value of this sequen
e is approa
hing 1, the terms of this sequen
e arealternating between positive and negative values approa
hing 1 and �1. Sin
e thesequen
e is not approa
hing a single value, it diverges.11.1.56 Determine whether the sequen
e an = 2n�33n+4 is in
reasing, de
reasing, or not mono-toni
. Is the sequn
e bounded?To determine whether this in
reases or de
reases, we must �nd the relative magnitudeof an = 2n�33n+4 and an+1 = 2(n+1)�33(n+1)+4 = 2n�13n+7 . Putting these in terms of 
ommon denomi-nators, these are 6n2+5n�219n2+33n+28 and 6n2+5n�49n2+33n+28 respe
tively; the latter is 
learly larger, soan < an+1 for arbitrary n. This is thus an in
reasing sequen
e. It is bounded below bya1 by virtue of being in
reasing, and it is bounded above by 23 sin
e 2n�33n+4 < 2n3n .11.1.62 A sequen
e fang is given by a1 = p2, an+1 = p2 + an.Thursday, September 30, 2004 Page 1 of 5



MATH 20D-A00 Problem Set #1(a) By indu
tion or otherwise, show that fang is in
reasing and bounded above by 3.Apply Theorem 11 to show that limn!1 an exists.Let us indu
tively assume 0 < an < 2 (whi
h we know is true for the 
ase n = 1);then by adding 2 and taking the square root, we �nd that p2 < p2 + an < 2;thus it is the 
ase that 0 < an+1 < 2, sin
e 0 < p2. Thus the sequen
e isbounded between 0 and 2 (and thus bounded above by 3 as well). To show that itis in
reasing, let us 
onsider the indu
tive assumption an < an+1, whi
h is 
learlytrue for n = 1; then let us derive the next 
ase by adding 2 and taking the squareroot of ea
h side, so that p2 + an < p2 + an+1, whi
h implies that an+1 < an+2.Thus this sequen
e is in
reasing. Sin
e it is in
reasing and bounded, it followsthat its limit exists.(b) Find limn!1 an.Sin
e we know that the limit a
tually exists, we may let L = limn!1 an. Then italso is 
lear thatL = limn!1 an+1 = limn!1p2 + an =q2 + limn!1an = p2 + L:Thus the limit satis�es L = p2 + L. Squaring both sides of this expression andrearranging yields the quadrati
 L2 � L � 2 = 0, whi
h has solutions L = 2 andL = �1. L = �1 is a spuriouls root introdu
ed by squaring; the only solution ofthe original equation is 2, so L = 2.11.1.68 Use the ��N de�nition of a limit dire
tly to prove that limn!1 rn = 0 when jrj < 1.The de�nition of the limit in question is that, for any small �, there is an N su
h thatfor n > N , jrn�0j < �; we shall attempt to �nd a plausible value of N , then show thatit satis�es these requirements. The expression above 
an be rearranged into jrjn < �;taking the logarithm of ea
h side (to isolate the n), we �nd that n ln jrj < �. Note thatsin
e jrj < 1, ln jrj is negative, so division by it reverses the inequality: n > �ln jrj . Itthus appears to be sensible to let N = �ln jrj , and indeed we 
an show that this value ofN satis�es the 
ondition given: jrnj < jrN j = jr �ln jrj j = j�j.11.2.2 Explain what it means to say that P1n=1 an = 5.This means that the sequen
e of partial sums fPni=1 aig 
onverges to 5.11.2.6 Find at least ten partial sums of the series P1n=1(0:6)n�1. Graph both the sequen
eof terms and the sequen
e of partial sums on the same s
reen. Does it appear that theseries is 
onvergent or divergent? If it is 
onvergent, �nd the sum. If it is divergent,explain why.
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MATH 20D-A00 Problem Set #1
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This sequen
e appears to 
onverge, sin
e the partial sums appear to level o� (althoughthis appearan
e 
an de
eive). We know it 
onverges, however, sin
e it is a geometri
series, and it 
onverges to 11�0:6 = 10:4 = 2:5.11.2.19 Determine whether the series P1n=0 �n3n+1 is 
onvergent or divergent. If it is 
onver-gent, �nd its sum.The terms of this series 
an be written in the form 13 ���3�n, so this is a geometri
 serieswith ration �3 , whi
h is greater than 1, and thus does not 
onverge.11.2.26 Determine whether the series P1n=1 2n2+4n+3 is 
onvergent or divergent. If it is
onvergent, �nd its sum.Let us break a term of this series into partial fra
tions: 2n2+4n+3 = An+1 + Bn+3 . Rear-ranging this, we �nd that (A + B)n + 3A + B = 2, whi
h has the solution A = 1,B = �1, so P1n=1 2n2+4n+3 = P1n=1 1n+1 � 1n+3 . Thus, if we expand several terms ofthe series written in theis form, we shall see that every term 
an
els ex
ept for theinitial 12 and 13 , and sin
e the terms being 
an
elled are de
reasing in magnitude, it will
onverge to the sum 12 + 13 = 56 .11.2.37 Express 3:417 = 3:417417417417 : : : as a ratio of integers.This series is 3 + 4171000 + 4171000000 + � � � , whi
h we may rewrite as 3 +P1n=1 417 � 11000�n.The sum here is a geometri
 series with ratio 11000 , whi
h using the geometri
 sumformula we may evaluate to be 417� 110001� 11000 = 417999 . Thus the original expression evaluatesto 3 + 417999 = 3414999 .11.2.59 Prove that for P1n=1 an 
onvergent, P1n=1 
an = 
P1n=1 an.Let sn = Pni=1 ai. Then P1n=1 an = limn!1 sn by de�nition. It is also 
lear that
sn = 
Pni=1 ai =Pni=1 
ai, so limn!1 
sn =P1n=1 
an. Thus:
 1Xn=1 an = 
 limn!1 sn = limn!1 
sn = 1Xn=1 
an:11.2.61 If P1n=1 an is 
onvergent and P1n=1 bn is divergent, show that the series P1n=1(an+bn) is divergent (Argue by 
ontradi
tion).Thursday, September 30, 2004 Page 3 of 5



MATH 20D-A00 Problem Set #1Suppose to the 
ontrary thatP1n=1(an+bn) is 
onvergent. Then, we know (via 11.2.59)that sin
eP1n=1 an 
onverges, so doesP1n=1(�1)an =P1n=1�an. Then, sin
e the sumof two 
onvergent series 
onverges, we may add togetherP1n=1(an+ bn) andP1n=1�anto get thatP1n=1(an+ bn�an) =P1n=1 bn 
onverges, whi
h 
ontradi
ts our known fa
tthat P1n=1 bn diverges. Thus our premise that P1n=1(an + bn) is 
onvergent must befalse.11.3.3 Use the integral test to determine whether the series P1n=1 1n4 is 
onvergent or diver-gent.By the integral test, this is 
onvergent if and only if R11 1x4dx 
onverges. Sin
e thisintegral is 1�3x3 �11 = 0� 1�3 , whi
h 
onverges, so the series 
onverges as well.11.3.22 Determine whether the series P1n=1 nn4+1 is 
onvergent or divergent.By the integral test, this is 
onvergent if and only if R11 xx4+1dx 
onverges. Using thesubstitution u = x2, du = 2xdx, we may 
onvert this integral to R11 12(u2+1)du, whi
hevaluates to ar
tanu℄11 = �2 � �4 , whi
h 
onverges.11.3.28 Find the values of p for whi
h the series P1n=1 lnnnp is 
onvergent.By the integral test, this is 
onvergent if and only if R11 lnxxp dx 
onverges. We integrateby parts with the substitution u = lnx, dv = 1xpdx, whi
h in all 
ases ex
ept p = 1yields du = 1x and v = 1�(p�1)xp�1 , soZ 11 lnxxp dx = lnx�(p� 1)xp�1�11 + Z 11 1�(p� 1)xpThe integral on the right side of this equation we know 
onverges if and only if p > 1.The evaluation 
onverges also as long as the term being evaluated approa
hes zero asx approa
hes in�nity: this o

urs as long as p � 1 > 0. Thus both terms 
onvergeonly when p > 1 (and sin
e both approa
h positive in�nity when they diverge, thereis no problem of un
ertainty adding the divergent 
ases), so the 
onvergen
e 
riterionappears to be that p > 1. However, we spe
i�
ally removed the 
ase p = 1 fromour evaluation of the integral previously, so we must test it separately to determine
onvergen
e in this 
ase. To integrate R11 lnxx dx, we use the substitution u = lnx,du = 1xdx to 
onvert this to R11 udu, whi
h 
learly does not 
onverge. Thus oursurmise that only the p > 1 
ases 
onverge is 
orre
t.11.3.32 Find the sum of the series P1n=1 1n5 
orre
t to three de
imal pla
es.We wish to �nd the partial sum sn su
h that the remainder Rn is at most 0:001 (to beparti
ularly 
autious, we might want to use 0:0005; the 
hoi
e of error margin whi
his regarded as \
orre
t to three de
imal pla
es" varies depending on dis
ipline). Weknow from integral-test methods that Rn � R1n 1x5dx, so it will suÆ
e to �nd an nsu
h that R1n 1x5dx � 0:001. Evaluating the integral on the left side yields 14n4 � 0:001,Thursday, September 30, 2004 Page 4 of 5



MATH 20D-A00 Problem Set #1whi
h rearranged alegrai
ally gives 250 � n4; sin
e n must be an integer, we need n tobe at least 4. Thus, a suÆ
ient estimate of the sum is simply114 + 124 + 134 + 144 � 1:0363
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