
MATH 20D-A00 Problem Set #106.3.1. Cal
ulate the Lapla
e transform L(t3 + 5t2 + 2t� 1).Using linearity of the Lapla
e transform operator and the known transform L(tn) =n!sn+1 , we �nd thatL(t3 + 5t2 + 2t� 1) = L(t3) + 5L(t2) + 2L(t)� L(1) = 6s4 + 10s3 + 2s2 � 1s6.3.13. Cal
ulate the Lapla
e transform of f(t) = (tet)3.Note that f(t) = t3e3t. From the table of Lapla
e transforms we know that L(t3) = 3s4and L(e3tf(t)) = F (s� 3), so L(t3e3t) = 3(s�3)4 .6.3.31. Use the Lapla
e transform method to solve the initial value problem y00+4y0+4y = 0;y(0) = 0, y0(0) = 1.Taking the Lapla
e transform of this se
ond order ODE yields the equation s2Y �sy(0)� y0(0) + 4(sY � y(0)) + 4Y = 0. Substituting in the known values of y(0) andy0(0) yields (s2+4s+4)Y �1 = 0, so Y = 1s2+4s+4 = 1(s+2)2 . Taking the inverse Lapla
etransform of this, y = te�2t.6.3.41. Use the Lapla
e transform method to solve the initial value problem( x0 = 3x� 2y; x(0) = 3y0 = 2x� y; y(0) = 0Taking the Lapla
e transform of this system of equations yields the new system( sX � 3 = 3X � 2YsY = 2X � Ywhi
h we may rewrite in the more 
onventional form( (s� 3)X + 2Y = 3�2X + (s + 1)Y = 0Multiplying the �rst equation by 2 and the se
ond by s�3, then adding them together,yields the simpler equation (4 + (s + 1)(s � 3))Y = 6, so Y = 6s2�2s+1 = 6(s�1)2 .Substituting this into the se
ond equation, X = s+12 Y = 3s+3(s�1)2 . This is not in a form ofwhi
h we 
an take the inverse Lapla
e transform, so we must utilize the partial fra
tionde
omposition 3s+3(s�1)2 = A(s�1) + B(s�1)2 , so 3s+3 = A(s� 1)+B, so mat
hing linear and
onstant terms, A = 3 and �A+B = 3, so the de
omposition is X = 3s�1 + 6(s�1)2 . Wemay now take the inverse Lapla
e transforms to �nd that y = 6tet and x = 3et + 6tet.6.3.44. Let f(t) be a fun
tion that has a Lapla
e transform, and let F (s) = L(f). If kdenotes a positive 
onstant, prove thatL[f(kt)℄ = 1kF � sk� :Friday, De
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MATH 20D-A00 Problem Set #10Note that L[f(kt)℄ = R10 f(kt)e�stdt. Let u = kt, so dt = 1kdu; substituting thisinto the above integral, we get L[f(kt)℄ = 1k R10 f(u)e� skudu. Note that F (s) =R10 f(u)e�sudu, so by repla
ing s with sk , we get the integrand in the previous ex-pression. Thus, L[f(kt)℄ = 1kF � sk�.Use this result to derive formulas for the Lapla
e transforms of the following expres-sions.(a) ekt, given that L(et) = 1s�1 .Let f(t) = et, so F (s) = 1s�1 . ThenL(ekt) = L(f(kt)) = 1kF � sk� = 1k � 1sk � 1 = 1s� k :(b) 
os(kt), given that L[
os(t)℄ = ss2+1 .Let f(t) = 
os(kt), so F (s) = ss2+1 . ThenL[
os(kt)℄ = L(f(kt)) = 1kF � sk� = 1k � sks2k2 + 1 = ss2 + k2 :(
) sin(kt), given that L[
os(t)℄ = 1s2+1 .Let f(t) = sin(kt), so F (s) = 1s2+1 . ThenL[sin(kt)℄ = L(f(kt)) = 1kF � sk� = 1k � 1s2k2 + 1 = ks2 + k2 :6.4.1. Find the inverse Lapla
e transform of the expression 6s3+s2 .Let us �nd the partial fra
tion de
omposition 6s2(s+1) = As + Bs2 + Cs+1 . Then, 
learing thedenominator, this equation be
omes 6 = (s2+ s)A+(s+1)B+ s2C, whi
h, regroupinglike terms is (A+ C)s2 + (A+B)s+B = 6. Thus A+ C = 0, A+B = 0,and B = 6,whi
h we 
an solve to yield A = �6 and C = 6. Thus 6s2(s+1) = 6s2 � 6s + 6s+1 , whoseinverse Lapla
e transform is 6t� 6 + 6e�t.6.4.3. Find the inverse Lapla
e transform of the expression s+5s2+6s+10 .The denominator is irredu
ible in real numbers (the roots of s2+6s+10 are 
omplex),so we must 
omplete the square to �nd a form of whi
h we 
an take the inverseLapla
e transform. s2 + 6s + 10 = (s + 3)2 + 1, so we 
an rewrite the expression ass+3(s+3)2+1 + 2(s+3)2+1 , whi
h has inverse Lapla
e transform e�3t 
os t+ 2e�3t sin t.6.4.9. Use the Lapla
e transform to solve the initial value problem y00 + 4y = 16t withhomogeneous initial 
onditions at t = 0.Note that with homogeneous initial 
onditions at t = 0, L(y(n)) = sn, so applying theLapla
e transform to this equation yields s2Y + 4Y = 16s2 , so Y = 16s2(s2+4) . The partialFriday, De
ember 3, 2004 Page 2 of 5



MATH 20D-A00 Problem Set #10fra
tion de
omposition of this expression is 16s2(s2+4) = As + Bs2+ Cs2+4+ Dss2+4 , whi
h redu
eson multipli
ation by the 
ommon denominator toA(s3+4s)+B(s2+4)+Cs2+Ds3 = 16.Thus, equating the 
ubi
, quadrati
, linear, and 
onstant terms, we �nd that A+D = 0,B+C = 0, 4A = 0, and 4B = 16, so A = D = 0, B = 4, and C = �4, so Y = 4s2� 4s2+4 ,whose inverse Lapla
e transform is y = 4t� 2 sin(2t).6.4.11. Use the Lapla
e transform to solve the initial value problem y00+4y = 3 sin t; y(0) =0, y0(0) = �1.Applying the Lapla
e transform to this equation yields s2Y �sy(0)�y0(0)+4Y = 3s2+1 ,whi
h, supplied with initial value, is s2Y + 1 + 4Y = 3s2+1 , so Y = 2�s2(s2+1)(s2+4) . Thepartial fra
tion de
omposition of this expression is 2�s2(s2+1)(s2+4) = As2+1+ Bss2+1+ Cs2+4+ Dss2+4 ,whi
h redu
es on multipli
ation by the 
ommon denominator to 2� s2 = A(s2 + 4) +B(s3 + 4s) + C(s2 + 1) +D(s3 + s). Thus, equating the 
ubi
, quadrati
, linear, and
onstant terms, we �nd that B +D = 0, A + C = �1, 4B +D = 0, and 4A + C = 2.Thus A = 1, B = D = 0, and C = �2, so Y = 1s2+1 � 2s2+4 , whi
h has inverse Lapla
etransform y = sin t� sin 2t.6.4.19. Use the Lapla
e transform to solve the initial value problem( x0 = x + y; x(0) = 1y0 = �x� y � t; y(0) = 0Applying the Lapla
e transform to this system yields8<: sX � 1 = X + YsY = �X � Y � 1s2whi
h we may rewrite in the more 
onventional form8<: (s� 1)X � Y = 1X + (s+ 1)Y = � 1s2Multiplying the �rst equation by s+1 and adding to the se
ond gives s2X = s3+s2�1s2 , soX = s3+s2�1s4 = 1s + 1s2 � 1s4 and, from the �rst equation, Y = (s� 1)X � 1 = �s2�s+1s4 =� 1s2 � 1s3 + 1s4 . Taking the inverse Lapla
e transform of ea
h of these, x = 1 + t� 16t3and y = �t� 12 t2 + 16 t3.7.1.3. Multiply the power series (2t� t3)P1n=0Ant2nSimply multiplying by ea
h term, we get P1n=0 2Ant2n+1 � Ant2n+3, whi
h we 
anseparate and re
ombine as su
h:1Xn=0 2Ant2n+1� 1Xn=0 Ant2n+3 = 1Xn=0 2Ant2n+1� 1Xn=1 An�1t2n+1 = A0t� 1Xn=1(2An�An�1)t2n+1Friday, De
ember 3, 2004 Page 3 of 5



MATH 20D-A00 Problem Set #107.1.11. Use index shifting to �nd a power series expansion for the expression f 00(t)� tf(t),where f(t) =P1n=0Antn.f 00(t)� tf(t) =P1n=2 n(n� 1)Antn�2 �P1n=0Antn+1. We repla
e every o

urran
e ofn � 2 with n in the �rst sum, and every o

urran
e of n + 1 with n in the se
ond,to rephrase this expression as P1n=0(n + 2)(n + 1)An+2tn �P1n=1An�1tn = 2A2 +P1n=1((n+ 2)(n+ 1)An+2 � An�1)tn.7.1.16. Let L(y) = t2y00 + 4ty0 + 2y. Give the series representation ofL 1Xn=0 Antn! :Let y = P1n=0Antn, so that the expression sought is simply t2y00 + 4ty0 + 2y inseries form. By the index-shifting lemma, these terms are P1n=2 n(n � 1)Antn +P1n=1 4nAntn + P1n=0 2Antn, whi
h, pulling out terms of degree less than 2, gives2A0 + 6A1 +P1n=2(n(n� 1) + 4n+ 2)Antn.7.2.3. Use the ODE y0 + 2ty = 0 to derive a power series expansion for f(t) = e�t2 .Let y = P1n=0Antn. Then y0 + 2ty = P1n=0(n + 1)An+1tn +P1n=1 2An�1tn = A1 +P1n=1((n + 1)An+1 + 2An�1)tn. Sin
e this must be equal to zero, it follows that the
oeÆ
ient of ea
h term is zero, so A1 = 0 and (n + 1)An+1 + 2An�1 = 0 for n �1. We may rewrite the se
ond 
ondition as An+2 = �2Ann+2 for n � 0, so it followsstraightforwardly from the �rst 
ondition that all odd terms A2n+1 are zero, whilethe even terms are governed by A2n+2 = �A2nn+1 , whi
h indu
tively we 
an show to be(�1)n+1(n+1)! A0. So the general solution is y = P1n=0 (�1)nn! A0t2n; sin
e the spe
i�
 solutione�t2 has 
onstant term 1, sin
e A0 = f(0), the series expansion of e�t2 isP1n=0 (�1)nn! t2n.7.2.15. Find the solution of the initial value problem y00 + 2ty0 � y = 0; y(0) = 1, y0(0) = 0in the form of a power series. If it is feasible to do so, give the 
oeÆ
ients in 
losedform.Let y =P1n=0Antn. Then y00+2ty0�y =P1n=0(n+1)(n+2)An+2tn+2P1n=1 nAntn�P1n=0Antn = (2A2�A0) +P1n=1((n+1)(n+2)An+2 + (2n� 1)An. Sin
e this is equalto zero, ea
h 
oeÆ
ient is equal to zero, so 2A2 � A0 = 0 and (n + 1)(n + 2)An+2 +(2n � 1)An = 0 for n � 1. Thus A2 = 12A0 and An+2 = 1�2n(n+1)(n+2)An for n � 1 (aslu
k would have it, this relation holds true for n = 0 too). From the initial 
onditions,A0 = 1 and A1 = 0; sin
e An+2 is a multiple of An, it thus follows that all odd-power
oeÆ
ients A2n+1 are zero, while the even-terms we may derive through observation ofthe patterns: A0 = 1, A2 = 12 , A4 = 12 � �33�4 , A6 = 1(�3)4! � (�7)5�6 , and in general, we �ndthat for n � 1, A2n = (�1)n�13�7�11����(4k�5)2n! , soy = 1 + 1Xn=1 (�1)n�13 � 7 � 11 � � � � (4k � 5)2n! t2nFriday, De
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MATH 20D-A00 Problem Set #107.2.25. Find the solution of the initial value problem (1� t2)y00 � 8ty0 � 12y = 0; y(0) = 1,y0(0) = 0 in the form of a power series. If it is feasible to do so, give the 
oeÆ
ientsin 
losed form.Let y =P1n=0Antn. ThenL(y) = 1Xn=0(n+ 2)(n+ 1)An+2tn � 1Xn=2 n(n� 1)Antn � 8 1Xn=1 nAntn � 12 1Xn=0 Antn= (2A2 � 12A0) + (6A3 � 8A1 � 12A1)t+ 1Xn=((n+ 2)(n+ 1)An+2 � (n(n� 1) + 8n+ 12)An)tnSin
e this is equal to zero, ea
h 
oeÆ
ient is equal to zero, so A2 = 6A0, A3 = 103 A1,and An+2 = n2+7n+12(n+2)(n+1)An = 2(n+3)(n+4)(n+2 n+ 1)An for n > 2. From the initial 
onditions,A0 = 1 and A1 = 0, so using the re
urran
e, sin
e An+2 is a multiple of An, it is
lear that every odd 
oeÆ
ient A2n+1 is zero. The even 
oeÆ
ients, on the otherhand, are given by A0 = 1, A2 = 6, A4 = 5�63�46 = 15, and so forth. It 
an beeasily indu
tively shown that A2n = 12 (2n+2)!(2n)! = (n + 1)(2n + 1), so the solution isy =P1n=0(n+ 1)(2n+ 1)t2n.7.2.31. Find a polynomial that satis�es the ODE y00 + ty0 � 6y = 0.Let y =P1n=0Antn. Theny00 + ty0 � 6y = 1Xn=0(n+ 2)(n+ 1)An+2tn + 1Xn=1 nAntn � 6 1Xn=0 Antn= 2A2 � 6A0 + 1Xn=1((n+ 2)(n+ 1)An+2 + (n� 6)An)tnSin
e this is equal to zero, ea
h 
oeÆ
ient is equal to zero, so A2 = 3A0 and An+2 =(6�n)An(n+2)(n+1) . Note that this guarantees that A8 = 0, and thus that A10, A12, et
. arezero. No su
h guarantee is madefor the odd 
oeÆ
ients, but we 
an for
e them to bezero by letting A1 = 0; for simpli
ity's sake, let A0 = 1. Then, while 0 = A1 = A3 =A5 = A7 = A8 = A9 = � � � , the only nonzero 
oeÆ
ients of this series will be A0 = 1,A2 = 61�2 = 3, A4 = 43�4(�3) = 1, and A6 = 25�6 = 115 . Thus su
h a polynomial isy = 1 + 3t2 + t4 + 115t6.
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