MATH 20D-A00 Problem Set #10

6.3.1. Calculate the Laplace transform L(t> + 5% + 2t — 1).

Using linearity of the Laplace transform operator and the known transform L(t") =
%, we find that
3 2 3 2 6 10 2 1
L(t* +5t°+2t — 1) = L(t*) + 5L(t°) + 2L(t) — L(1) = o + 5 + 5 — -

S s3  s2 s

6.3.13. Calculate the Laplace transform of f(t) = (te').

Note that f(¢) = t*¢*. From the table of Laplace transforms we know that L(t*) = &

and L(e*' f(t)) = F(s — 3), so L(t?¢%) = ﬁ

6.3.31. Use the Laplace transform method to solve the initial value problem y" +4y'+4y = 0;
y(0) =0, y'(0) = 1.
Taking the Laplace transform of this second order ODE yields the equation s?Y —
sy(0) — ¢’ (0) + 4(sY — y(0)) + 4Y = 0. Substltutlng 1n the known values of y(0) and

y'(0) yields (s*+45+4)Y =1 =0,50 Y = =7 = (s+2) Taking the inverse Laplace
2t

transform of this, y = te™
6.3.41. Use the Laplace transform method to solve the initial value problem

' =3z —2y; z(0) =3
y' =2r—y; y0) =0

Taking the Laplace transform of this system of equations yields the new system

sX —3=3X-2Y
sYy =2X -Y

which we may rewrite in the more conventional form

(s —3)X+2Y =3
—2X+(s+1)Y =0

Multiplying the first equation by 2 and the second by s —3, then adding them together

yields the simpler equation (4 4 (s +1)(s — 3))Y = 6, so Y = = gs+1 = 1)

Substituting this into the second equation, X = S“Y = 3383 This is not in a form of

s—1)2°
which we can take the inverse Lapla('e transform, so we must utilize the partial fraction
decomposition (i’i?? = (SAU T 1)2, so3s+3=A(s—1)+ B, so matching linear and
constant terms, A = 3 and —A + B = 3, so the decomposition is X = = + [C=E . We

may now take the inverse Laplace transforms to find that y = 6te! and r = 3e —I— 6te

6.3.44. Let f(t) be a function that has a Laplace transform, and let F(s) = L(f). If k
denotes a positive constant, prove that

L) = F ().
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Note that L[f fo Stdt Let u = kt SO dt —du; substituting this
into the above 1ntegral we get Lif = 1 77 f(w)e ¥"du. Note that F(s) =

< flu ~*du, so by replacing s Wlth we get the integrand in the previous ex-
Jo flu)e y replacing L, we g g p
pression. Thus, L[f(kt)] = +F (2).

Use this result to derive formulas for the Laplace transforms of the following expres-
SL0MS.

(a) e, given that L(e') = .

s—1
Let f(t) =€, so F(s) = . Then
1 1 1
L) = L(f(k0) = 2F (7) = 1+ 5 = —
k
(b) cos(kt), given that L|cos(t)] = 525+1
Let f(t) = cos(kt), so F(s) = 5. Then
Lcos(kt)] = L(f(kt)) = ~F (2) = Lo_x ¢
- kB kS sk
(c) sin(kt), given that Llcos(t)] = 21+1
Let f(t) = sin(kt), so F(s) = . Then

1 k

Llsin(kt)] = L(f(kt)) = %F (;) = % Sy

6.4.1. Find the inverse Laplace transform of the expression ﬁ

Let us find the partial fraction decomposition - = é—l— Then, clearing the

(s—l—l) s+1
denominator, this equation becomes 6 = (s%+ S)A + (s+ 1) B+ s*C, which, regrouping
like terms is (A + C)s*+ (A+ B)s+ B =6. Thus A+ C =0, A+ B =0,and B =6,

which we can solve to yield A = —6 and C = 6. Thus SQ(SGH) = S% — % + 5%1’ whose

inverse Laplace transform is 6t — 6 + 6e~¢

5+5
52465+10 "

6.4.3. Find the inverse Laplace transform of the expression

The denominator is irreducible in real numbers (the roots of s? +6s+ 10 are complex),
so we must complete the square to find a form of which we can take the inverse
Laplace transform. s* 4+ 6s + 10 = (s + 3)? + 1, so we can rewrite the expression as

(sj;)EH +7 which has inverse Laplace transform e % cost 4+ 2e 3 sint.

2
s+3)2+1°

6.4.9. Use the Laplace transform to solve the initial value problem y" + 4y = 16t with
homogeneous initial conditions at t = 0.

n

o so applying the
The partial

Note that with homogeneous initial conditions at ¢ = 0, L(y™) = s

Laplace transform to this equation yields s?Y + 4Y = i—g, so Y = m
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fraction decomposition of this expression is % = é-l— s%-l—ﬁ-l—%, which reduces
on multiplication by the common denominator to A(s3+4s)+B(s*+4)+Cs*+Ds* = 16.
Thus, equating the cubic, quadratic, linear, and constant terms, we find that A+D = 0,
B+C=0,4A=0,and4B=16,s0 A=D=0,B=4,andC = —4,50Y = 55—

pewe
whose inverse Laplace transform is y = 4¢ — 2sin(2t).

6.4.11. Use the Laplace transform to solve the initial value problem y" +4y = 3sint; y(0) =

0, y'(0) = —1.

Applying the Laplace transform to this equation yields s*Y —sy(0) —¢'(0) +4Y = ﬁ,
which, supplied with initial value, is s°Y + 1 +4Y = S5 s0 ¥ = % The
partial fraction decomposition of this expression is (SQES(S;H) = 5211 + SQle + 52i4+ S?&,

which reduces on multiplication by the common denominator to 2 — s* = A(s* +4) +
B(s* +4s) + C(s* + 1) + D(s* + s). Thus, equating the cubic, quadratic, linear, and
constant terms, we find that B+ D =0, A+ C = —-1,4B+ D =0, and 4A+ C = 2.
Thus A=1,B=D=0,and C = -2,s0 Y = 521+1 — ﬁ, which has inverse Laplace
transform y = sint — sin 2¢.

6.4.19. Use the Laplace transform to solve the initial value problem

¥=x+y; z(0) =1
y=-—z-y—t y0) =0
Applying the Laplace transform to this system yields

sX-1=X+Y

1
sY =-X-Y - —
s
which we may rewrite in the more conventional form
(s—1HX -Y =1
1
X+(s+1)Y:—S—2
Multiplying the first equation by s+1 and adding to the second gives s?X = SBT#, SO
X = ng# = %-I—s% — s%, and, from the first equation, Y = (s — )X — 1 = # =
*S% — 513 + 5L4 Taking the inverse Laplace transform of each of these, x =1+ — %t:‘

and y = —t — 51> + ¢1*.
7.1.3. Multiply the power series (2t — ¢3) Y 07 A, t*"

Simply multiplying by each term, we get > 7 2A,¢*"*!1 — A, #*"*3 which we can
separate and recombine as such:

iQAnth_H_i Ant2n+3 — iQAnth_H_i An,1t2n+1 — Aot_i(2An_Anl)t2n+l
n=0 n=0 n=0 n=1 n=1
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7.1.11. Use index shifting to find a power series expansion for the expression f"(t) — tf(t),
where f(t) => ", Aut".
) —tf(t) =3 n(n — 1)A,t" 2 — > A.t"t We replace every occurrance of
n — 2 with n in the first sum, and every occurrance of n + 1 with n in the second,
to rephrase this expression as Y - (n 4+ 2)(n + 1) A, 0™ — > 2 A, 41" = 24, +
Do ((n+2)(n+1)Anpe — Ay 1)t".

7.1.16. Let L(y) = t*y" + 4ty' + 2y. Give the series representation of

c (f; Antn> |

Let y = Y 07 A,t", so that the expression sought is simply t*y” + 4ty’ + 2y in
series form. By the index-shifting lemma, these terms are Y °,n(n — 1)A,t" +
S AnAntt + >0 2A,t", which, pulling out terms of degree less than 2, gives
240+ 6A; + > 7 ,(n(n — 1) + 4n + 2) A, t".

_¢2

7.2.3. Use the ODE y' 4+ 2ty = 0 to derive a power series expansion for f(t) =e

Let y = > 07 Apt™. Then y' + 2ty = > % ((n 4+ 1) Apat" + > 00 24, 4t" = Ay +
Yo ((n+1)Ang1 + 24, 1)t". Since this must be equal to zero, it follows that the
coefficient of each term is zero, so A; = 0 and (n + 1)A 1 +24, 1, =0forn >
1. We may rewrite the second condition as A, 9 = +2" for n > 0, so it follows
straightforwardly from the first condition that all odd terms Ay, ; are zero, while

the even terms are governed by As, o = ’n’fl", which inductively we can show to be
n+1

n+1 ——Aj. So the general solution is y = > >~
e~" has constant term 1, since Ay = f(0), the series expansion of e~*" is 3°° 0 - ED" gon,

ﬁAOtQ"; since the spe('iﬁc solution
n.

7.2.15. Find the solution of the initial value problem y" + 2ty’ — y = 0; y(0) =1, y'(0) =0
in the form of a power series. If it is feasible to do so, give the coefficients in closed
form.

Let y = > 02 Aut™. Then y" + 2ty —y = > " ((n+1)(n+2) A, ot" +2> > nA,t" —
S Ant™ = (245 — Ag) + 3.7 [ ((n+1)(n+2)Apta + (2n — 1) A,,. Since this is equal
to zero, each coefficient is equal to zero, so 245 — Ay = 0 and (n + 1)(n + 2)A,40 +
(2n —1)A, = 0 for n > 1. Thus A, = %AU and A, o = %An forn > 1 (as
luck would have it, this relation holds true for n = 0 too). From the initial conditions,
Ag =1 and A, = 0; since A,,,» is a multiple of A,,, it thus follows that all odd-power

coefficients A, are zero, While the even- terms we may derive through observation of

the patterns: Ap = 1, A2 - 27 Ay = % . 34, Ag = 4.3) : %, and in general, we find
that for n > 1, Ay, = C'% ;nl!l""(‘lk%)’ .
X (1) 137 AL (4 — 5) ,
=1 ‘
y " ; 2n!
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7.2.25. Find the solution of the initial value problem (1 — t*)y" — 8ty' — 12y = 0; y(0) =1,
y'(0) = 0 in the form of a power series. If it is feasible to do so, give the coefficients
in closed form.

Let y =Y 07 s A,t". Then

L) =) (n+2)(n+ 1A ot" = n(n— A" — 8 nAyt" 12 Ayt"
n=0 n=2 n=1 n=0

+ i(n +2)(n 4 1) Anss — (n(n — 1) + 8n + 12) 4,)¢"

n=(

Since this is equal to zero, each coefficient is equal to zero, so Ay = 64, Az = 13—0141,

and A, o = % n = %n +1)A, fo‘r n > 2. FrF)m the in‘itial conditi.on.s,
Ag = 1 and A; = 0, so using the recurrance, since A,,, is a multiple of A,, it is
clear that every odd coefficient As,,; is zero. The even coefficients, on the other
hand, are given by A4y = 1, 4, = 6, A, = 386 = 15, and so forth. It can be

%(2(7;:)2!)! (n + 1)(2n 4+ 1), so the solution is

Z
i

easily inductively shown that Ay, =
y=>2,n+1)2n+1)t"

7.2.31. Find a polynomial that satisfies the ODE y" + ty' — 6y = 0.
Let y = > 7 Apt™. Then

Yty =6y = (n+2)(n+1)Apat” + Y nAnt" =6 Ayt"
n=0 n=1 n=0

=24, — 649+ Y _((n+2)(n+ 1) Appr + (n — 6)A,)t"

n=1

Since this is equal to zero, each coefficient is equal to zero, so Ay = 34y and A, =
%. Note that this guarantees that Ag = 0, and thus that Ay, Ay, etc. are
zero. No such guarantee is madefor the odd coefficients, but we can force them to be

zero by letting A; = 0; for simplicity’s sake, let Ay = 1. Then, while 0 = A; = A3 =

As = A; = Ag = Ag = - - -, the only nonzero coefficients of this series will be Aqg =1,
Ay = % =3, Ay = ﬁ(—S) =1, and Ag = % = % Thus such a polynomial is

— 2 4 146
y =132+t 4+ 145,
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