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6.1.1

Proof.

(a).

For any v1,ve € Sy, we have A(vy + vg) = Avy + Ave = Avy + Avg = A(vg + v3), thus vy + vy € S).

(b).

Since for any v € Sy, A(aw) = aAv = A(aw), thus av € S). O

6.2.2

Proof.

(a).

Similar with the proof of 6.1.1.

(b).

Frist, show 478 C A(A’~1S). Pick a y € A7, it implies 3z € S such that y = A/z. Then, y = A(AT" 1)z €
A(AI1S).

Second, show 475 D A(A7~LS). Pick a y € A(A71S), one has y = A(A7~1z) = Alx € AIS.

(c).

Frist, show AS C span{Azi,---,Axy}. Pick a y € AS, then there is a x = > c;x; € S such that
y=Ax=A> cjz; =) cjAzx; € span{Axq,--- , Azy}.

Second, show AS D span{Axz1,---,Az,}. Pick a y € span{Ax1,---, Az}, then thereisay =) c;Az; =
AY cjx; € AS.

(d).

Show {Az1,---, Az} is linear independent set. Consider )" ¢;Az; = 0, take A out of the sum, one has



A cjz; =0, since SNN(A) = {0}, we have > ¢;jz; € SNN(A) which is zero, and because {z1,--- ,xx} is
linear independent set, thus the coefficients c;s are zeros, hence {Ax; --- , Az} is a linear independent set,
by the result of (c), it is a basis of AS.

O

8.1.9

Order the unknowns as shown on the top of page 550 v’ = [Wi,1, ", Um—1,1,U1,2," "+ ,Um—1,2,---]. Then

the matrix A is given in equation (8.1.10) which is tri-diag block matrix.

8.1.12

For the 3D problem, the size of matrix is (m — 1)3 x (m — 1)3, with (m — 1)® unknowns, and the system of

equations are

For i,5,k=1,--- ,m—1,

2
ik = Wim1,j,k = Wit1,gk = Wij—1k = Wij 1k = Yigk—1 = Uijhkt1 = B fij.
8.2.12

Proof.

(a).

This is a direct result as looking at equation (8.2.9) in the vector form.

(b).

From result of (a),

2t = D7Y(b + ExMt 4 Fak)
Dz*tt = b+ EgFH 4+ FoF
(D — E)z**l = b4 Fa*

2 = (D — E)"Y (b4 Fzb).

(c)-

Replace M by D — E and 7 by b — Az*, we have the formula in (c) is the same as the one in (b).



8.2.24

Do the same work as 8.2.12.

8.3.12

The definition of R, is on page 572. Then,
Roo(Gas) = —log, p(Gas) = —log, p(Gy)* = —2log. p(Gy) = 2Rec(G ). (3)

8.3.14

().
Look at the formula in 8.2.12(b), since the flops of matrix-vector multiplication is O(m?), and vector-vector

addition is O(m), thus it is O(m?).

(b).
After j iterations, the error is decreased by a fixed factor e means ||e**7||/||e*|| ~ p(G)? < e. For GS method,

Roo(G) =~ w2h? from tabel 8.5 on page573. Since ¢ < 1 and h = 1/m, we have

p(G) < e
—jlog. p(G) < —log ¢
j(@?/m?)

J

IN

IN

—log, e

IN

(—log, 5/7r2)m2.

().
The overall flops of GS method is the product of (a) and (b), that is O(m?*), which is at the same level of

banded Gaussian elimination.

(d).

Do the exactly same thing in (b), and the result is O(m).

().
Since from problem 8.2.24(b), the flops of one iteration of SOR is O(m?), thus overall is O(m?), thus much

less than banded Gaussian elimination.

(f).

Obviously the later is better than SOR.



8.4.12

From 8.4.10, we have

AzF Tt = Ax® + o Ap”

b— Axbtt = b— Axb — o ApF

Pl = R Apk.

8.4.21

The Richardson’s method is introduced on page 569, that is
oF T = (I —wA)z® + wb.
For steepest descent method, since p* = b — Az*, we have

2F T = (I — apA)a® 4 ayb.

(7)

Look at these two methods, the steepest descent method is a Richardson’s method with variable damping

ag. And the Richardson’s method is steepest descent method with an inexact line search (o = w).

8.7.4

The Preconditioned CG methos is to slove R~ AR™!(Rx) = R~Tb, where RT R = M. then compare the

pseudo code (8.7.3) with (8.7.1).



