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General Relativity Theory

@ Einstein’s theory of gravitation, general relativity theory, is a
geometrical theory in which gravitational effects are described as
geometrical structures on spacetime.

@ The fundamental “gravitational” field is the spacetime metric ¢4, a
symmetric (25 = 10ps) Non-degenerate (VP =0 = v@ = 0)
tensor field.

Lee Lindblom (Caltech) UCSD 9/22/11 2/29



General Relativity Theory

@ Einstein’s theory of gravitation, general relativity theory, is a
geometrical theory in which gravitational effects are described as
geometrical structures on spacetime.

@ The fundamental “gravitational” field is the spacetime metric ¢4, a
symmetric (25 = 10ps) Non-degenerate (VP =0 = v@ = 0)
tensor field.

@ The metric 14, defines an inner product, e.g. 1,,v2w?, which
determines the physical angles between vectors for example.

@ The spacetime metric determines the physical lengths of curves

X3()\) in spacetime, L2 = + [ 4,95 I\,

@ Coordinates can be chosen at any point in spacetime so that

ds? = 1 dx@dx? = —dt? + dx® + dy? + dz? at that point.
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General Relativity Theory

@ Einstein’s theory of gravitation, general relativity theory, is a
geometrical theory in which gravitational effects are described as
geometrical structures on spacetime.

@ The fundamental “gravitational” field is the spacetime metric ¢4, a
symmetric (25 = 10ps) Non-degenerate (VP =0 = v@ = 0)
tensor field.

@ The metric 14, defines an inner product, e.g. 1,,v2w?, which
determines the physical angles between vectors for example.

@ The spacetime metric determines the physical lengths of curves

X3()\) in spacetime, L2 = + [ 4,95 I\,

@ Coordinates can be chosen at any point in spacetime so that
ds? = 1 dx@dx? = —dt? + dx® + dy? + dz? at that point.

@ The tensor 1/ is the inverse metric, i.e. 1%y, = 6.

@ The metric and inverse metric are used to define the dual
transformations between vector and co-vector fields, e.g.

Va = tapv? and w? = 1@ w,.
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General Relativity Theory Il

@ The spacetime metric ¢4, is determined by Einstein’s equation:
Rab — $Rtap = 87 Tap,
where R, is the Ricci curvature tensor associated with v,
R = @R, is the scalar curvature, and T, is the stress-energy
tensor of the matter present in spacetime.
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General Relativity Theory Il

@ The spacetime metric ¢4, is determined by Einstein’s equation:
Rab — $Rtap = 87 Tap,

where R, is the Ricci curvature tensor associated with ¢4,
R = @R, is the scalar curvature, and T, is the stress-energy
tensor of the matter present in spacetime.

@ For “vacuum” spacetimes (like binary black hole systems) T, = 0,
so Einstein’s equations can be reduced to R, = 0.

@ For spacetimes containing matter (like neutron-star binary
systems) a suitable matter model must be used, e.g. the perfect
fluid approximation 7., = (e + p)ualp + Pap.
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General Relativity Theory Il

@ The spacetime metric ¢4, is determined by Einstein’s equation:
Rap — 3RV ap = 87 T ap,
where R, is the Ricci curvature tensor associated with ¢4,
R = @R, is the scalar curvature, and T, is the stress-energy
tensor of the matter present in spacetime.

@ For “vacuum” spacetimes (like binary black hole systems) T, = 0,
so Einstein’s equations can be reduced to R, = 0.

@ For spacetimes containing matter (like neutron-star binary
systems) a suitable matter model must be used, e.g. the perfect
fluid approximation 7., = (e + p)ualp + Pap.

@ The Ricci curvature Ry, is determined by derivatives of the metric:

Rab - 8Crcab - aarcbc + rccdrdazb - rCadrdbc:
where ¢, = S99 (Datgp + Opthaa — Dgthap)-

@ Einstein’s equations are second-order pde’s that (should,
hopefully) determine the spacetime metric, e.g. in vacuum

Rab(00w, 0, ) = 0.

Lee Lindblom (Caltech) UCSD 9/22/11 3/29



General Relativity Theory Il

@ Einstein’s equations are second-order PDEs that (should,
hopefully) determine the spacetime metric, e.g. in vacuum

Ran(90v, 9, 1) = 0.
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General Relativity Theory Il
@ Einstein’s equations are second-order PDEs that (should,
hopefully) determine the spacetime metric, e.g. in vacuum
Rap(00v, 0, 1) = 0.
@ What are the properties of these PDEs?

@ How do we go about solving them?

@ What are the appropriate boundary and/or initial data needed to
determine a unique solution to these equations?
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General Relativity Theory Il

@ Einstein’s equations are second-order PDEs that (should,
hopefully) determine the spacetime metric, e.g. in vacuum

Rap (00, 0, 1) = 0.

@ What are the properties of these PDEs?

@ How do we go about solving them?

@ What are the appropriate boundary and/or initial data needed to
determine a unique solution to these equations?

@ The important fundamental ideas needed to understand these
questions are:

e gauge freedom,
@ and constrints.
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General Relativity Theory Il

@ Einstein’s equations are second-order PDEs that (should,
hopefully) determine the spacetime metric, e.g. in vacuum

Rap (00, 0, 1) = 0.

@ What are the properties of these PDEs?

@ How do we go about solving them?

@ What are the appropriate boundary and/or initial data needed to
determine a unique solution to these equations?

@ The important fundamental ideas needed to understand these
questions are:

e gauge freedom,
@ and constrints.

@ Maxwell's equations are a simpler system in which these same
fundamental issues play analogous roles.

Lee Lindblom (Caltech) UCSD 9/22/11 4/29



Gauge and Hyperbolicity in Electromagnetism
@ The usual representation of the vacuum Maxwell equations split
into evolution equations and constraints:
8tE:ﬁ><é, VE:O
B =—V x E, V-B=0.

These equations are often written in the more compact
4-dimensional form V@F,, = 0 and V[anC] =0,

where F,, has components E and B.
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Gauge and Hyperbolicity in Electromagnetism
@ The usual representation of the vacuum Maxwell equations split
into evolution equations and constraints:
atE:ﬁXé7 VE:O
B =—V x E, V-B=0.
These equations are often written in the more compact
4-dimensional form V4f ., = 0 and V|;Fpg = 0,
where F,, has components E and B.
@ Maxwell's equations can be solved in part by introducing a vector

potential F,, = VA, — VA, . This reduces the system to the
single equation: V@V A, — V,V3@A, = 0.
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Gauge and Hyperbolicity in Electromagnetism

@ The usual representation of the vacuum Maxwell equations split
into evolution equations and constraints:

—

OHE =V x B, V-E=0,

B =—V x E, V-B=0.
These equations are often written in the more compact
4-dimensional form V4F,, = 0 and V{,fpq = 0,
where F,, has components E and B.

@ Maxwell's equations can be solved in part by introducing a vector
potential F,, = VA, — VA, . This reduces the system to the
single equation: V4V A, — V, V@A, = 0.

@ This form of the equations can be made manifestly hyperbolic by
choosing the gauge correctly, e.g., let VZA, = H(x, t, A), giving:

VaV, A, = VpH.

oL mu
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Gauge and Hyperbolicity in Electromagnetism

@ The usual representation of the vacuum Maxwell equations split
into evolution equations and constraints:

—

OHE =V x B, V-E=0,

B =—V x E, V-B=0.
These equations are often written in the more compact
4-dimensional form V4F,, = 0 and V{,fpq = 0,
where F,, has components E and B.

@ Maxwell's equations can be solved in part by introducing a vector
potential F,, = VA, — VA, . This reduces the system to the
single equation: V4V A, — V, V@A, = 0.

@ This form of the equations can be made manifestly hyperbolic by
choosing the gauge correctly, e.g., let VZA, = H(x, t, A), giving:

VAV A, = (=07 + 02 + 05 + 02) Ap = VpH.

oL mu
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Gauge and Hyperbolicity in General Relativity

@ The spacetime Ricci curvature tensor can be written as:
Rap = —30%0c0qvab + V(al by + Qan(1), 1),
where 14 is the 4-metric, and [, = ,q1%°T % .

o Like Maxwell’s equations, these equation can not be solved
without specifying suitable gauge conditions.
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Gauge and Hyperbolicity in General Relativity

@ The spacetime Ricci curvature tensor can be written as:
R,y = —;’qL'CdOcOdwab + Vil p) + Qap(v, 0V),
where 14 is the 4-metric, and [, = ,q1%°T % .

o Like Maxwell’s equations, these equation can not be solved
without specifying suitable gauge conditions.
@ The gauge freedom in general relativity theory is the freedom to

represent the equations using any coordinates x@ on spacetime.

@ Solving the equations requires some specific choice of
coordinates be made. Gauge conditions are used to impose the
desired choice.
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Gauge and Hyperbolicity in General Relativity

@ The spacetime Ricci curvature tensor can be written as:
Rap = *%’Q)Cdacadwab + v(arb) + Qab(w-/ a'l/b)a
where 14 is the 4-metric, and [, = ,q1%°T % .

o Like Maxwell’s equations, these equation can not be solved
without specifying suitable gauge conditions.

@ The gauge freedom in general relativity theory is the freedom to
represent the equations using any coordinates x@ on spacetime.

@ Solving the equations requires some specific choice of
coordinates be made. Gauge conditions are used to impose the
desired choice.

@ One way to impose the needed gauge conditions is to specify H?,
the source term for a wave equation for each coordinate x@:

H3 = V°Vox? = ¢P%(0p0sx? — Mhe0ex?) = T2,

where '? = )°I'4, . and 1, is the 4-metric.
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Gauge Conditions in General Relativity

@ Specifying coordinates by the generalized harmonic (GH) method
is accomplished by choosing a gauge-source function H4(x, 1)),
e.g. H? = ¢3H,(x), and requiring that

Ha3(x, 1) = =T = —19@P(Opthge + Octhdb — Oabbe)-
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Gauge Conditions in General Relativity

@ Specifying coordinates by the generalized harmonic (GH) method
is accomplished by choosing a gauge-source function H4(x, 1)),
e.g. H? = ¢3H,(x), and requiring that

Ha(x,v) = =T = — 1292 (Dpthge + Octab — Datbe)-
@ Recall that the spacetime Ricci tensor is given by
R = —190c0qban + V(al by + Qap(), 0U).
@ The Generalized Harmonic Einstein equation is obtained by
replacing [, = a5 ° with —H(x,¢)) = —bapHP (X, 0):

Rab — V(a [Tb) + Hp)] = —30°0c0gt0ab — V(aHp) + Qab(), 0V).
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Gauge Conditions in General Relativity

@ Specifying coordinates by the generalized harmonic (GH) method
is accomplished by choosing a gauge-source function H4(x, 1)),
e.g. H? = ¢3H,(x), and requiring that

Ha(x,v) = =T = — 1292 (Dpthge + Octab — Datbe)-
@ Recall that the spacetime Ricci tensor is given by
R = —190c0qban + V(al by + Qap(), 0U).
@ The Generalized Harmonic Einstein equation is obtained by
replacing I, = a5 with — Ha (X, 1)) = —1apHP (X, 1):
Rab — V(a [[b) + Hp)| = —3¢°0:05ab — V (aHp) + Qan(t, 0).

@ The vacuum GH Einstein equation, R, = 0 with ', + H, = 0, is
therefore manifestly hyperbolic, having the same principal part as
the scalar wave equation:

0 = VoV = ¢%9,0,® + F(59).
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The Constraint Problem

@ Fixing the gauge in an appropriate way makes the Einstein
equations hyperbolic, so the initial value problem becomes
well-posed mathematically.

@ In a well-posed representation, the constraints, C = 0, remain
satisfied for all time if they are satisfied initially.
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The Constraint Problem

@ Fixing the gauge in an appropriate way makes the Einstein
equations hyperbolic, so the initial value problem becomes
well-posed mathematically.

@ In a well-posed representation, the constraints, C = 0, remain
satisfied for all time if they are satisfied initially.

@ There is no guarantee, however, that constraints that are “small”
initially will remain “small”.

@ Constraint violating instabilities were one of the major problems
that made progress on solving the binary black hole problem so
slow.
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The Constraint Problem

@ Fixing the gauge in an appropriate way makes the Einstein
equations hyperbolic, so the initial value problem becomes
well-posed mathematically.

@ In a well-posed representation, the constraints, C = 0, remain
satisfied for all time if they are satisfied initially.

@ There is no guarantee, however, that constraints that are “small”
initially will remain “small”.

@ Constraint violating instabilities were one of the major problems
that made progress on solving the binary black hole problem so
slow.

@ Special representations of the Einstein equations are needed that
control the growth of any constraint violations.
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Constraint Damping in Electromagnetism

@ Electromagnetism is described by the hyperbolic evolution
equation V@V A, = V,H. Are there any constraints?

Where have the usual V - E = V - B = 0 constraints gone?
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Constraint Damping in Electromagnetism

@ Electromagnetism is described by the hyperbolic evolution
equation V@V A, = V,H. Are there any constraints?

Where have the usual V - E = V - B = 0 constraints gone?
@ Gauge condition becomes a constraint: 0 = C = VPA, — H.
@ Maxwell's equations imply that this constraint is preserved:

VeV, (VPAp, — H) = V3V,C = 0.
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Constraint Damping in Electromagnetism

@ Electromagnetism is described by the hyperbolic evolution
equation V@V A, = V,H. Are there any constraints?

Where have the usual V - E = V - B = 0 constraints gone?
@ Gauge condition becomes a constraint: 0 = C = VPA, — H.
@ Maxwell's equations imply that this constraint is preserved:

VeV, (VPAp, — H) = V3V,C = 0.
@ Modify evolution equations by adding multiples of the constraints:
VeV Ap = VpHA+70t, C = VpHA+0ty (V2AL — H).
@ These changes effect the constraint evolution equation,
V3V ,C—0t°VC =0,
so constraint violations are damped when ~q > 0.
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Constraints in the GH Evolution System
@ The GH evolution system has the form,

0 = Rap— Vil — ViaHs),
= Ra — V(Ch),

where C; = H; + 4 plays the role of a constraint. Without
constraint damping, these equations are very unstable to
constraint violating instabilities.

Lee Lindblom (Caltech) UCSD 9/22/11 10/29



Constraints in the GH Evolution System
@ The GH evolution system has the form,
0 = Ra— Vil — ViaHy),
= Rap — V(Ch),
where C; = H; + 4 plays the role of a constraint. Without

constraint damping, these equations are very unstable to
constraint violating instabilities.

@ Imposing coordinates using a GH gauge function profoundly
changes the constraints. The GH constraint, C, = 0, where

Ca - HaJF raa

depends only on first derivatives of the metric. The standard
Hamiltonian and momentum constraints, M, = 0O, are determined
by derivatives of the gauge constraint C_:

Mg = |Rap — %?Z)abR} t° = [v(acb) - %ﬁ/’abvccc t°
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Constraint Damping Generalized Harmonic System

@ Pretorius (based on a suggestion from Gundlach, et al.) modified
the GH system by adding terms proportional to the gauge
constraints:

0 = Rap— V(o) +70[tal) — tvap t°Cel,

where 12 is a unit timelike vector field. Since C, = H, + I,
depends only on first derivatives of the metric, these additional
terms do not change the hyperbolic structure of the system.
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Constraint Damping Generalized Harmonic System

@ Pretorius (based on a suggestion from Gundlach, et al.) modified
the GH system by adding terms proportional to the gauge
constraints:

0 = Rap— V(o) +70[tal) — tvap t°Cel,

where 12 is a unit timelike vector field. Since C, = H, + I,
depends only on first derivatives of the metric, these additional
terms do not change the hyperbolic structure of the system.

@ Evolution of the constraints C, follow from the Bianchi identities:
O —_= VCVCC‘Q_Z’\/OVC [t(cCa)} + CCV(CCa)—%"/o taCCCC.

This is a damped wave equation for C,, that drives all small
short-wavelength constraint violations toward zero as the system
evolves (for v > 0).
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Numerical Tests of the GH Evolution System
@ 3D numerical evolutions of static black-hole spacetimes illustrate

the constraint damping properties of the GH evolution system.

@ These evolutions are stable and convergent when ~, = 1.
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@ The boundary conditions used for this simple test problem freeze
the incoming characteristic fields to their initial values.
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Summary of the GH Einstein System

@ Choose coordinates by fixing a gauge-source function H4(x, 1)),
e.g. H? = 1@ Hy(x), and requiring that
HA(x, 1) = VEVx? = —T8 = — 103992 (Opge + Detpap — OdiPbe)-

@ Gauge condition H, = —[ ;is a constraint: C, = H, + T, = 0.
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Summary of the GH Einstein System

@ Choose coordinates by fixing a gauge-source function H4(x, 1)),
e.g. H? = 1@ Hy(x), and requiring that
HA(x, 1) = VEVx? = —T8 = — 103992 (Opge + Detpap — OdiPbe)-
@ Gauge condition H, = —[ ;is a constraint: C, = H, + T, = 0.
@ Principal part of evolution system becomes manifestly hyperbolic:

Rab — V(aCry = — 19004120 — V (aHpy + Qap(10, 0Y).
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Summary of the GH Einstein System

@ Choose coordinates by fixing a gauge-source function H4(x, 1)),
e.g. H? = 1@ Hy(x), and requiring that

HA(x, 1) = VEVx? = —T8 = — 103992 (Opge + Detpap — OdiPbe)-
@ Gauge condition H, = —[ ;is a constraint: C, = H, + T, = 0.
@ Principal part of evolution system becomes manifestly hyperbolic:

Rab — V(aCh) = — 1100t ab — V (aHby + Qan(¥, 910).
@ Add constraint damping terms for stability:
0 = Rap— v(aCb) + 7 [t(acb) — $Vab t Cc};

where 12 is a unit timelike vector field. Since C, = H, + T4
depends only on first derivatives of the metric, these additional
terms do not change the hyperbolic structure of the system.
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Numerical Tests of the GH Evolution System
@ 3D numerical evolutions of static black-hole spacetimes illustrate

the constraint damping properties of the GH evolution system.

@ These evolutions are stable and convergent when ~, = 1.
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@ The boundary conditions used for this simple test problem freeze
the incoming characteristic fields to their initial values.
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ADM 3+1 Approach to Fixing Coordinates

@ Coordinates must be chosen to label points in spacetime before
the Einstein equations can be solved. For some purposes it is
convenient to split the spacetime coordinates x4 into separate
time and space components: x? = {t, x'}. (t + dt, x¥)

@ Construct spacetime foliation : o

by spacelike slices. =0

@ Choose time function with I
[ = const. on these slices.

@ Choose spatial coordinates, ) g
x¥, on each slice. (t, x¥) Ok
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ADM 3+1 Approach to Fixing Coordinates

@ Coordinates must be chosen to label points in spacetime before
the Einstein equations can be solved. For some purposes it is
convenient to split the spacetime coordinates x4 into separate

time and space components: x? = {t, x’}. (t+ 4t xk)
@ Construct spacetime foliation ' *

by spacelike slices. =0
@ Choose time function with I

[ = const. on these slices.

n

@ Choose spatial coordinates,
x¥, on each slice. (t, x¥) Ok
@ Decompose the 4-metric 14, into its 3+1 parts:

ds? = apdx@dx? = —N2dt? + g;(dx’ + N'dt)(dx/ + N/ dft).
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ADM 3+1 Approach to Fixing Coordinates

@ Coordinates must be chosen to label points in spacetime before
the Einstein equations can be solved. For some purposes it is
convenient to split the spacetime coordinates x4 into separate

time and space components: x? = {t, x’}. (t+ 4t xk)
@ Construct spacetime foliation ' *

by spacelike slices. =0
@ Choose time function with I

[ = const. on these slices.

n

@ Choose spatial coordinates,
x¥, on each slice. (t, x¥) Ok

@ Decompose the 4-metric 14, into its 3+1 parts:
ds? = Yapdx?dx® = —N2dt? + gj(dx’ + N'dt)(dx! + N/dt).
@ The unit vector  normal to the { =constant slices depends only
on the lapse N and shift N': =0, = %ada = 10 — NWk&k.
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ADM Approach to the Einstein Evolution System

@ Decompose the Einstein equations R., = 0 using the ADM 3+1
coordinate splitting. The resulting system includes evolution
equations for the spatial metric gj and extrinsic curvature Kj;:

g — N"akg,, = —ZNK,'/' + gjk&-N" + g,-kaij,
atKij - NkakKij = NR,E-S) + K,-k&-Nk + K,'kaij
~V,V;N — 2NKxK*; + NK*(K;.
@ The resulting system also includes constraints:
0 = R®— KK+ (K",
0 = VK — VK"
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ADM Approach to the Einstein Evolution System

@ Decompose the Einstein equations R., = 0 using the ADM 3+1
coordinate splitting. The resulting system includes evolution
equations for the spatial metric gj and extrinsic curvature Kj;:

Otg,'j — N"Okg,j = —2/\/K,'j -+ gjkc‘),-N" + g,-kﬁij,
0Ky — N*OkK; = NRS + KidiN* + KicdiN*
—V,V;N — 2NKixK*; + NK*K;.
@ The resulting system also includes constraints:
0 = RO — KiK" + (Kkk)27
0 = VK — ViK . |
@ System includes no evolution equations for lapse N or shift N'.
These quanties can be specified freely to fix the gauge.
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ADM Approach to the Einstein Evolution System

@ Decompose the Einstein equations R., = 0 using the ADM 3+1
coordinate splitting. The resulting system includes evolution
equations for the spatial metric g; and extrinsic curvature Kj:

Ofgg — N"Okg/,- = fZNK,'j -+ gjké),-N" + g,'kaij,
0Ky — N*OkK; = NRS + KidiN* + KicdiN*
—V,V;N — 2NKixK*; + NK*K;.
@ The resulting system also includes cqnstraints:
0 = R® - KK+ (K*¢)?,
0 = VK — ViK . |

@ System includes no evolution equations for lapse N or shift \'.
These quanties can be specified freely to fix the gauge.

@ Resolving the issues of hyperbolicity (i.e. well posedness of the
initial value problem) and constraint stability are much more
complicated in this approach. The most successful version is the
BSSN evolution system used by many (most) codes.
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Dynamical GH Gauge Conditions

@ The spacetime coordinates x” are fixed in the generalized
harmonic Einstein equations by specifying H":

VavV xP = HP.
@ The generalized harmonic Einstein equations remain hyperbolic

as long as the gauge source functions H” are taken to be
functions of the coordinates x” and the spacetime metric /4.
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Dynamical GH Gauge Conditions

@ The spacetime coordinates x” are fixed in the generalized
harmonic Einstein equations by specifying H":

VavV xP = HP.

@ The generalized harmonic Einstein equations remain hyperbolic
as long as the gauge source functions H” are taken to be
functions of the coordinates x” and the spacetime metric /4.

@ The simplest choice H” = 0 (harmonic gauge) fails for very
dynamical spacetimes, like binary black hole mergers.

@ This failure seems to occur because the coordinates themselves
become very dynamical solutions of the wave equation
Va2V ,x? = 0 in these situations.
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Dynamical GH Gauge Conditions

@ The spacetime coordinates x” are fixed in the generalized
harmonic Einstein equations by specifying H":

VavV xP = HP.

@ The generalized harmonic Einstein equations remain hyperbolic
as long as the gauge source functions H” are taken to be
functions of the coordinates x” and the spacetime metric /4.

@ The simplest choice H® = 0 (harmonic gauge) fails for very
dynamical spacetimes, like binary black hole mergers.
@ This failure seems to occur because the coordinates themselves

become very dynamical solutions of the wave equation
Va2V ,x? = 0 in these situations.

@ Another simple choice — keeping H” fixed in the co-moving frame
of the black holes — works well during the long inspiral phase, but
fails when the black holes begin to merge.
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Dynamical GH Gauge Conditions |l

@ Some of the extraneous gauge dynamics could be removed by
adding a damping term to the harmonic gauge condition:

VAV xP = HP = [ut20,x° = put? = — Ny

@ This works well for the spatial coordinates X' driving them toward
solutions of the spatial Laplace equation on the timescale 1/ .
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Dynamical GH Gauge Conditions |l

@ Some of the extraneous gauge dynamics could be removed by
adding a damping term to the harmonic gauge condition:

VAV xP = HP = [ut20,x° = put? = — Ny

@ This works well for the spatial coordinates X' driving them toward
solutions of the spatial Laplace equation on the timescale 1/ .

@ For the time coordinate [, this damped wave condition drives { to a
time independent constant, which is not a good coordinate.
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Dynamical GH Gauge Conditions |l

@ Some of the extraneous gauge dynamics could be removed by
adding a damping term to the harmonic gauge condition:

VAV xP = HP = [ut20,x° = put? = — Ny

@ This works well for the spatial coordinates X' driving them toward
solutions of the spatial Laplace equation on the timescale 1/ .

@ For the time coordinate [, this damped wave condition drives { to a
time independent constant, which is not a good coordinate.

@ A better choice sets {?H, = —p.log /g/N?. The gauge condition
in this case becomes

t20,log+\/g/N2 = —plog /g/N2 + N~19 N¥

This coordinate condition keeps g/N? close to unity, even during
binary black hole mergers (where it became of order 100 using
simpler gauge conditions).
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First Order Generalized Harmonic Evolution System

@ For some purposes, like constructing appropriate boundary
conditions, it is useful to transform second-order hyperbolic
equations into first-order systems.
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First Order Generalized Harmonic Evolution System

@ For some purposes, like constructing appropriate boundary
conditions, it is useful to transform second-order hyperbolic
equations into first-order systems.

@ GH evolution system can be written as a symmetric-hyperbolic
first-order system (Fischer and Marsden 1972, Alvi 2002):
Obab — N Okt ap = =Ny,
OMap — N¥OK Mo + Ng¥OKPiay ~ 0,
O Piab — N Ox®iap + NONz»  ~ 0,

where cbkab = akl/)ab-
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First Order Generalized Harmonic Evolution System

@ For some purposes, like constructing appropriate boundary
conditions, it is useful to transform second-order hyperbolic
equations into first-order systems.

@ GH evolution system can be written as a symmetric-hyperbolic
first-order system (Fischer and Marsden 1972, Alvi 2002):

Orthab — N¥Ok) ap = =Ny,
ONap — N¥ 0N ap + NGK O Piap ~ 0,
O1®iap — NKO®jgp + NOMap  ~ 0,

where cbkab = a/(?,/)ab.

@ This system has two immediate problems:
e This system has new constraints, Cxap = Oxtap — Prap, that tend
to grow exponentially during numerical evolutions.
e This system is not linearly degenerate, so it is possible (likely?) that
shocks will develop (e.g. the components that determine shift
evolution have the form O;N' — N¥O, N’ ~ 0).
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A ‘New’ Generalized Harmonic Evolution System

@ We can correct these problems by adding additional multiples of
the constraints to the evolution system:

Otthap — (1 + 71N Obap = — NN ap—y1 N*®ap,
M ap — N¥ Ok b + NGX 0k iab—7172N*Okthab =~ —7172 N Okap,
O Piap — N OkDiap + NON ap—72 N ap =~ —y2ND ap.
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A ‘New’ Generalized Harmonic Evolution System

@ We can correct these problems by adding additional multiples of
the constraints to the evolution system:

Ortha — (1 4+ 11)N Oxthap = —NMap—71 N D peap,
OMap — NOkMap + NG 0P —7172N Okt ap = — 7172 NP ap,
Or®iap — N Ok ®iap + NOMap—72NOtpap == — 72N jp.
@ This ‘new’ generalized-harmonic evolution system has several
nice properties:

e This system is linearly degenerate for v = —1 (and so shocks
should not form from smooth initial data).

e The ®,4 evolution equation can be written in the form,
0:Cia — N 0kCiap ~ —v2NCiap, S0 the new constraints are
damped when 7> > 0.

o This system is symmetric hyperbolic for all values of 4 and ~».
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Constraint Evolution for the New GH System

@ The evolution of the constraints,
A = {Ca, Crab, Fa = t°0cCa, Cka ~ OkCa, Criab = OCrap} are
determined by the evolution of the fields u® = {12y, Map, Prap }:

orc? + AKAg(u)0ke® = FAg(u, 0u) cB.
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Constraint Evolution for the New GH System

@ The evolution of the constraints,

A = {Ca, Crab, Fa = t°0cCa, Cka ~ OkCa, Criab = OCrap} are

determined by the evolution of the fields u® = {12y, Map, Prap }:

orc? + AKAg(u)0ke® = FAg(u, 0u) cB.
@ This constraint evolution system is symmetric hyperbolic with

rincipal part:
p pal p 9,C,

OtFa — NFOKFo — Ng"0iCj,
0tCia — N¥OKCia — NO.T,
OiCiab — (1 + 71)N*OCiab
OCiiab — N*OkCijap

Lee Lindblom (Caltech)

~

~

~

~

0

o

° o

Y

o

UCSD 9/29/11

22/29



Constraint Evolution for the New GH System

@ The evolution of the constraints,
c* = {Ca, Cxap, Fa = 1°0:Ca, Cka ~ OCa, Ciab = OCpjan} are
determined by the evolution of the fields u® = {9, Map, Prap }:
orc? + AR Ag(u)okec® = FAg(u, 0u) c®.
@ This constraint evolution system is symmetric hyperbolic with
principal part:

0C; ~ 0,

OrFa— NCOFo — Ng"0iCls =~ 0,
OiCia — N¥OkCia — NOJF, ~ O,

OCiab — (1 +71)NOkCiap ~ 0,

OtC,-,-ab—NkE)kC,-,-ab ~ O

@ An analysis of this system shows that all of the constraints are
damped in the WKB limit when 7, > 0 and ~» > 0. So, this
system has constraint suppression properties that are similar to
those of the Pretorius (and Gundlach, et al.) system.
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Numerical Tests of the New GH System

@ 3D numerical evolutions of static black-hole spacetimes illustrate
the constraint damping properties of our GH evolution system.

@ These evolutions are stable and convergent when vy = v = 1.
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@ The boundary conditions used for this simple test problem freeze
the incoming characteristic fields to their initial values.
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Boundary Condition Basics

@ We impose boundary conditions on first-order hyperbolic evolution
systems, O;u” + Ak 5(u)Ou” = F2(u) in the following way
(where in our case U” = {1ap, Map, Prap}):
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Boundary Condition Basics
@ We impose boundary conditions on first-order hyperbolic evolution
systems, 0;u® + Ak 5 (u)Oku® = F*(u) in the following way
(where in our case U” = {1ap, Map, Pran }):
@ We first find the eigenvectors of the characteristic matrix 11, A g
at each boundary point:
e’ nkAka(j = V(&)edﬁ-,
where ny is the (spacelike) outward directed unit normal; and then
define the characteristic fields:
u* = et u”.
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Boundary Condition Basics
@ We impose boundary conditions on first-order hyperbolic evolution
systems, 0;u® + Ak 5 (u)Oku® = F*(u) in the following way
(where in our case U” = {1ap, Map, Pran }):
@ We first find the eigenvectors of the characteristic matrix 11, A g
at each boundary point:

e’ nkAka(j = V(&)edﬁ-,
where 1y is the (spacelike) outward directed unit normal; and then
define the characteristic fields:
u* = et u”.
@ Finally we impose a boundary condition on each incoming

characteristic field (i.e. every field with v(4) < 0), and impose no
condition on any outgoing field (i.e. any field with v(5) > 0).
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Boundary Condition Basics
@ We impose boundary conditions on first-order hyperbolic evolution
systems, 0;u® + Ak 5 (u)Oku® = F*(u) in the following way
(where in our case U” = {1ap, Map, Pran }):
@ We first find the eigenvectors of the characteristic matrix 11, A g
at each boundary point:

e’ nkAka(j = V(&)e&ﬁ-,
where 1y is the (spacelike) outward directed unit normal; and then
define the characteristic fields:
u* = et u”.
@ Finally we impose a boundary condition on each incoming

characteristic field (i.e. every field with v(4) < 0), and impose no
condition on any outgoing field (i.e. any field with v(5) > 0).

@ At internal boundaries (i.e. interfaces between computational
subdomains) use outgoing characteristics of one subdomain to fix
data for incoming characteristics of neighboring subdomain.
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Evolutions of a Perturbed Schwarzschild Black Hole

@ The simplest boundaryAconditions that correspond (roughly) to “no
incoAming yvaves” set u® = 0 for each incoming field, or
d:u® = e%30;u” = 0 for fields that include static “Coulomb” parts.
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Evolutions of a Perturbed Schwarzschild Black Hole

@ The simplest boundaryAconditions that correspond (roughly) to “no
incoAming yvaves” set u® = 0 for each incoming field, or
d:u® = e%30;u” = 0 for fields that include static “Coulomb” parts.

@ A black-hole spacetime is
perturbed by an incoming
gravitational wave that excites
quasi-normal oscillations.

@ Use boundary conditions that
Freeze the remaining
incoming characteristic fields:
dtU& =0.
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Evolutions of a Perturbed Schwarzschild Black Hole

@ The simplest boundaryAconditions that correspond (roughly) to “no
incoAming yvaves” set u® = 0 for each incoming field, or
d:u® = e%30;u” = 0 for fields that include static “Coulomb” parts.

@ A black-hole spacetime is

perturbed by an incoming P -
gravitational wave that excites
quasi-normal oscillations. 10°®
" C ” {13, 11}
@ Use boundary conditions that - 1

Freeze the remaining
incoming characteristic fields: {21, 19}

diu = 0. 105 = 00

@ The resulting outgoing waves
interact with the boundary of Play Constraint Movie
the computational domain and
produce constraint violations.
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Constraint Preserving Boundary Conditions

@ Construct the characteristic fields, eA = eAAcA, associated with
the constraint evolution system, 0;¢* + A*4g0,c? = FAzcP.
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Constraint Preserving Boundary Conditions

@ Construct the characteristic fields, eA = eAAcA, associated with
the constraint evolution system, 0;¢* + A*4g0,c? = FAzcP.

@ Split the constraints into incoming and outgoing characteristics:
&={&, e}
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Constraint Preserving Boundary Conditions

@ Construct the characteristic fields, &A= eAAcA, associated with
the constraint evolution system, 0;¢* + A*4g0,c? = FAzcP.

@ Split the constraints into incoming and outgoing characteristics:
&={&, e}

@ The incoming characteristic fields mush vanish on the boundaries,
¢~ = 0, if the influx of constraint violations is to be prevented.
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Constraint Preserving Boundary Conditions

@ Construct the characteristic fields, &A= eAAcA, associated with
the constraint evolution system, 0;¢* + A*4g0,c? = FAzcP.

@ Split the constraints into incoming and outgoing characteristics:
&={&, e}

@ The incoming characteristic fields mush vanish on the boundaries,
¢~ = 0, if the influx of constraint violations is to be prevented.

@ The constraints depend on the primary evolution fields (and their
derivatives). We find that ¢~ for the GH system can be expressed:

¢ =dil + F(u, dju).

Lee Lindblom (Caltech) UCSD 9/29/11 26/29



Constraint Preserving Boundary Conditions

@ Construct the characteristic fields, &A= eAAcA, associated with
the constraint evolution system, 0;¢* + A*4g0,c? = FAzcP.

@ Split the constraints into incoming and outgoing characteristics:
&={&, e}

@ The incoming characteristic fields mush vanish on the boundaries,
¢~ = 0, if the influx of constraint violations is to be prevented.

@ The constraints depend on the primary evolution fields (and their
derivatives). We find that ¢~ for the GH system can be expressed:

¢ =d.U + F(u,dju).
@ Set boundary conditions on the fields &/~ by requiring
d 0~ = —F(u, dju).
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Physical Boundary Conditions
@ The Weyl curvature tensor C,yo satisfies a system of evolution
equations from the Bianchi identities: V[aCbC]de =0.
@ The characteristic fields of this system corresponding to physical
gravitational waves are the quantities:
Wap = (Pa®Po? — 1PapP)(t° F n°)(t' F ") Coear,
where {9 is a unit timelike vector, n? a unit spacelike vector
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Physical Boundary Conditions

@ The Weyl curvature tensor C,yo satisfies a system of evolution
equations from the Bianchi identities: V[aCbc]de =0.

@ The characteristic fields of this system corresponding to physical
gravitational waves are the quantities:

W;z - (PaCPbd - %PabPCd)(te + ne)(tf + nf)ccedfa

where {9 is a unit timelike vector, n? a unit spacelike vector
(with t2n, = 0), and Py = Vap + laly — Nalp.

@ The incoming field w_, can be expressed in terms of the
characteristic fields of the primary evolution system:

Wa_b = dLlAJ;b + IA:ab(Uv dHU).

@ We impose boundary conditions on the physical graviational wave
degrees of freedom then by setting:

dily, = — Aab(u-/ aju) + W t=o-
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Imposing Neumann-like Boundary Conditions

@ Consider Neumann-like boundary conditions of the form

e‘iﬂnkﬁkuﬁ = dlU& = dLUd’BC.
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Imposing Neumann-like Boundary Conditions

@ Consider Neumann-like boundary conditions of the form

e‘iﬂnkﬁkuﬁ = dlU& = dLUd’BC.

@ The characteristic field projections of the evolution equations are:

dtuﬁz = e& atuﬂ _ e& _Akﬂ akuv + F‘B = Dtua.
B B Y
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Imposing Neumann-like Boundary Conditions

@ Consider Neumann-like boundary conditions of the form

e&gnkﬁkuﬁ = dlU& = dLUd’BC.

@ The characteristic field projections of the evolution equations are:

diu® = e%30,U° = €% 5(—AK Ou” + FP) = D

@ We impose these Neumann-like boundary conditions by changing
the appropriate components of the evolution equations at the
boundary to:

d{U _DtU +V (dj_u _dJ_U |BC)
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Tests of Constraint Preserving and Physical BC
@ Evolve the perturbed black-hole spacetime using the resulting

constraint preserving boundary conditions for the generalized
harmonic evolution systems.
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Tests of Constraint Preserving and Physical BC
@ Evolve the perturbed black-hole spacetime using the resulting

constraint preserving boundary conditions for the generalized

harmonic evolution systems. Play Movies
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@ Evolutions using these new constraint-preserving boundary
conditions are still stable and convergent.
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Tests of Constraint Preserving and Physical BC
@ Evolve the perturbed black-hole spacetime using the resulting

constraint preserving boundary conditions for the generalized

harmonic evolution systems. Play Movies
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@ Evolutions using these new constraint-preserving boundary
conditions are still stable and convergent.
@ The Weyl curvature component W, shows clear quasi-normal
mode oscillations in the outgoing gravitational wave flux when
constraint-preserving boundary conditions are used.
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