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Abstract

The Poisson-Nernst-Planck (PNP) equation provides a continuum descrip-

tion of electrostatic-driven di�usion and is used here to model the di�usion

and reaction of acetylcholine (ACh) with acetylcholinesterase(AChE) enzymes.

This study focuseson the e�ects of ion and substrate concentrations on the re-

action rate and rate coe�cien t. To this end, the PNP equationsare numerically

solved with a hybrid �nite element and boundary element method at a wide

range of ion and substrate concentrations, and the results are compared with

the partially coupled Smoluchowski-Poisson-Boltzmann model. The reaction

rate is found to depend strongly on the concentrations of both the substrate

and ions; this is explainedby the competition betweenthe inter-substrate repul-

sion and the ionic screeninge�ects. The reaction rate coe�cien t is independent

of the substrate concentration only at very high ion concentrations, whereasat
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low ion concentrations the behavior of the rate depends strongly on the sub-

strate concentration. Moreover, at physiological ion concentrations, variations

in substrate concentration signi�cantly a�ect the transient behavior of the reac-

tion. Our results o�er a reliable estimate of reaction rates at various conditions

and imply that the concentrations of charged substratesmust be coupled with

the electrostatic computation to provide a more realistic description of neuro-

transmission and other electro-di�usion and reaction processes.

Key words: Di�usion; electrostatics; neurotransmission;Poisson-Nernst-Planck

equation; computational simulation
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1 INTR ODUCTION

As one of the most important neurotransmitters, the cation acetylcholine (ACh)

is responsible for the communication betweenneuronsand muscle�b ers. This com-

munication occurs at a synapsecalled the neuromuscular junction (NMJ), where

ACh is releasedfrom the presynaptic vesicles,di�uses acrossthe synaptic cleft, and

is hydrolysed by acetylcholinesterase(AChE) clusters tethered to the postsynaptic

membranes. The timely releaseof ACh and its consumption by AChE are essen-

tial for the communication, and the di�usion of ACh appearsto be the rate-limiting

step of this highly coordinated process. Various computational models have been

developed to simulate this di�usion process,including continuum reaction-di�usion

models [1, 2, 3] and discretemethods such as Monte Carlo [38], Langevin dynamics,

and the popular Brownian dynamics [4, 20]. Most continuum models emphasizeei-

ther the di�usion of ACh in the synaptic cleft or the di�usion and reaction of ACh

with the AChE monomeror tetramer. In the former case,a rate coe�cien t is needed

to provide the boundary condition for the di�usion equation at the surfaceof the

enzymes[2, 3], whereasin the latter casea steady state reaction rate coe�cien t is

derived from the solution of the di�usion equations[21,22, 23, 24, 25, 30]. Therefore,

an accurate estimate of this rate coe�cien t is of great importance in the study of

neurotransmission.

Analytical results for the reaction rate coe�cien t are available only for very ide-

alized and limited di�usional systems. Di�usion in realistic biomolecular processes

like neurotransmissionis always complicatedby various interactions among the sol-

vent and the involved reactants, such assolvent-mediated hydrodynamic interactions
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amongreactants and electrostatic interactions in a chargedsystem. Given the domi-

nant e�ect of electrostaticsin driving di�usion at a large rangeof distancesbetween

the reactants, many studieshave concentrated on the in
uence of ionic strength and

substrate concentration on the electrostatics,and thus the reaction kinetics. For ex-

ample, the Coulomb and Lennard-Jonespotentials have beenintegrated into Brown-

ian dynamicssimulations[4, 20] to study the e�ect of �nite substrate concentrations

on the steady-state reaction rate coe�cien t. Nevertheless,when the reactive re-

gion is small compared to the receptor's surfaceor the substrate concentration is

large, it is di�cult to obtain the rate coe�cien t or concentration pro�le accuratelyby

Brownian dynamicssimulations or other discretemethods [20]. For theseproblems,

the continuum description of substratedi�usion basedon the Smoluchowski(SMOL)

equation[26]provides a proper alternative model, and hasbeenattracting increasing

interest[27, 28, 29, 4, 20, 21, 22, 23, 24, 25, 30].

The SMOL equation models the di�usion mediated by electrostatic potential;

therefore,its couplingwith the Poisson-Boltzmann(PB)equation,the Poisson-Nernst-

Planck (PNP) equation, should able to present a realistic and completedescription

of the electric �eld, concentration pro�le, and di�usional 
ux. Most recent studies

[21, 22, 23, 24, 25] merely implemented a partial ly coupledsystemof SMOL and PB

equations. In thesestudies, an electrostatic potential precalculatedfrom the linear

or nonlinear Poisson-Boltzmannequation is supplied to the SMOL equation to drive

the di�usion of substrates,while the concentration pro�le of thesechargeddi�using

substratesdoesnot contribute to the electrostatic potential. It is interesting that a

considerablevariation of reaction rates with ionic strength has beenfound in these
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studies,which suggeststhat a further couplingof the di�using chargedsubstratewith

the electrostaticpotential through the PNP model might provide newinsight into the

kinetics of di�usion-in
uenced reactions. Indeed, the consistenceof decoupledand

coupledelectrodi�usion models has beenstudied in investigating the permeation of

ion channelsandenzymekinetics [5, 6, 7, 8, 9], and the abilit y of PB theory to estimate

the electrostatic potential energyin ion channel hasbeenchallenged[15, 17, 18, 16],

especially whenthe sizeof ionsis comparableto the dimensionof ion channels[14,19].

We have recently developed a numerical frame for solution of the PNP equations

using a hybrid �nite element/b oundary element approach[30], which was designed

for study of di�usion-reaction events in biomolecular systems. In that work, some

exampleswere performedfor reaction rate coe�cien t calculations in steady-statefor

simple spheremodels,and the results show strong dependenceof the rate coe�cien t

on (charged)substrateconcentration[30]. The aim of this paper, then, is a systematic

examination of the dependenceof the rate coe�cien t on ionic strength and substrate

concentration in biomolecular system, speci�cally for ACh consumption processby

AChE. The transient behavior is alsostudied.

It is noted that a full coupling of the SMOL equationand the Poissonor Poisson-

Boltzmann equation has beenimplemented in studies of semiconductordevices[10,

11, 12], ion di�usion at chargedinterfaces[28] and ion transport through lipid mem-

branes[31, 32], where the models are referred to either as drift di�usion equations,

Smoluchowski-Poisson-Boltzmann(SPB)or Nernst-Planck or Poisson-Nernst-Planck

equations(PNP). While the model in this work will be referred to as PNP, the con-

stituent equationsmay be varied in order to achieve the best performancein terms
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of model accuracyand computational e�ciency .

The paper is organizedasfollows. In section2 we present our PNP modelsfor the

steady-stateproblem and the time-dependent problems,respectively. The redistribu-

tion of ions due to the additional substratesis neglectedin the latter to accelerate

the computational simulation while otherwisemaintaining the model's accuracy. Our

newly-developed �nite element/b oundary element hybrid numerical algorithm will

also be brie
y introduced. In section 3 our PNP models are used to compute the

steady-staterate coe�cien t of ACh consumptionby the AChE monomer,and alsoto

study the transient behavior of AChE consumption. The results are discussedand

comparedwith available experimental data and previoussimulations to examinethe

necessity for coupling the substrate concentration with the PNP model. Section 4

concludesour studieswith a number of �nal remarks.

2 Mo dels and Metho ds of Simulation

The di�usion of particles in a potential �eld underover-dampedvelocity relaxation

conditionsis describedby the Smoluchowski equation[26]. For steady-stateproblems,

the SMOL equationis coupledwith the Poissonequation,which describesthe electric

�eld induced by �xed chargesin the AChE monomer, the mobile ions, and charged

di�using substrates:

r � (D j (x)e� � qj � (x)r (e� qj � (x)Cj (x))) = 0; (1)

r � (�� (x)) =
X

i

qi � (x � x i ) +
X

j

qj Cj ; (2)

where D j (x) is the di�usion coe�cien t for j th ion or substrate with charge qj and

concentration Cj (x), � = 1=(kB T) is the inverseBoltzmann energy, kB is the Boltz-
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mann constant, T is the absolutetemperature, � (x) is the electrostaticpotential, � is

the dielectric constant, and qi is the �xed charge at position x i inside the molecule.

To facilitate the presentation we de�ne the 
ux of di�usiv e particles

J = D j (x)e� � qj � (x)r (e� qj � (x)Cj (x)) : (3)

In steady-statedi�usion studies,the concentration of ion or substrateon the exterior

sphere,i.e., the outer boundary of the modeledsystem,is set to be its bulk concen-

tration. On the molecular surface,a re
ecting boundary condition is assumedfor

the di�using particles except for the reactive substrate ACh, which experiencesan

absorbingboundary condition on the reactive patch, i.e., CACh = 0. This vanishing

concentration on the reactive surfaceis due to the fact that the chemical reaction is

much faster than the di�usion.

For studies of time-dependent di�usion we assumethat initially the AChE and

mobile ions are at a state of electrostaticequilibrium described by the linear Poisson-

Boltzmann equation. At t = 0, the ACh substrates of a given concentration are

releasedfrom a sphereaway from the AChE monomer. Thesesubstratesthen dif-

fusein a large sphericalvolume surrounding the AChE, and someof them eventually

arrive at the reactive molecularsurfaceto be consumed.We note that for this time-

dependent problemonly the substratesareallowedto di�use, while the concentrations

of mobile ions are assumedto always satisfy the Boltzmann distribution. This sim-

pli�es the computation; otherwise, two or more time-dependent di�usion equations

for mobile ions would also needto be solved. Our time-dependent PNP model thus
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is given by

@Cj

@t
= r � (D j (x)e� � qj � (x) r (e� qj � (x)Cj (x))) ; (4)

r � (�� (x)) + � 2� (x) =
X

i

qi � (x � x i ) +
X

j

qj Cj ; (5)

where Cj is the concentration of j th substrate and � is the ionic strength of mobile

ions. For both steady-stateand time-dependent cases,the electrostatic potential at

the exterior sphereis provided by the Debye-H•uckel approximation.

In our time-dependent simulations the di�usion starts in a sphericalregion, wich

models a fused vesicle ready for ACh releasewith radius r = 240�A centered at

(x; y; z) = (0; 480; 0). This location is above the AChE active site gorge, which is

alignedwith the y-direction. The exterior boundary is modeledasre
ectiv e to simu-

late a closedbox. The other boundary conditions are the sameas in the steady-state

simulation.

We use our hybrid �nite element/b oundary element method [30] to solve the

PNP equations(1,2) or (4,5). More details on the numerical solution, the boundary

conditions, and someexamplescan be found in the paper [30]. With our hybrid

method the singular component of the electric �eld induced by the �xed charges

insidethe moleculeis computedwith a fast multip ole boundary element method [33],

while the regularcomponent of the electric �eld, and the concentration, arecomputed

with a �nite element method [39]. The application of the boundary element method

dramatically improves the accuracy of the singular electrostatic component. The

regular electrostatic component and the di�usion part of the PNP equations are

solved on the same�nite element meshde�ned on the volume exterior to the AChE;

thus, the di�cult y of mapping the potential from the regular grids obtained from
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the APBS electrostaticssolver onto the irregular �nite element nodesof di�usion is

avoided [21, 22, 23].

2.1 System Preparation

We usethe samemolecular structure of AChE as studied in previous work [21],

which is taken from a MD simulation and has a gorge conformation with greater

width than the original x-ray structure (1MAH [34]). The wider gorge facilitates

the entrance of ACh into the active site. The molecularsurfacemeshand the entire

tetrahedral �nite-element mesharegeneratedusingthe method described in [30]. The

partial atomic chargesand van der Waalsradii are taken from the AMBER force-�eld

[35]. It is worth noting that the mesharound the gorgeis re�ned using MSMS [36],

and the overall surfacemesh(Fig. 1) is relatively �ner and smoother than the one

usedin previousstudies. The dielectric constant � is set to 2 inside AChE molecule

and 78 in the solvent. The di�usion coe�cien t D is chosen to be 78000 �A2=�s ,

consistent with the previousstudiesusing the SPB model[21,22, 23, 30].

(Insert Figure 1 here)

The computational domain is described as follows. A large sphereis chosento

model the far-�eld boundary of the system. The radius of this exterior sphere is

400�A for steady-statedi�usion and 3000�A for the time-dependent problem, respec-

tively. The center of this spherecoincideswith the geometric center of the AChE

monomer,which is taken as the origin of the coordinate system.
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3 Results and Discussion

3.1 Steady State Simulations

The steadystate simulations are conductedat ionic strengths ranging from 0mM

to 700mM and the substrateconcentration ranging from 1mM to 500mM, with both

the PNP model and the SPB model. The reaction rate v is de�ned as the total

consumption of substrateson the active molecular surface� a(highlighted in red in

Fig.(1)), while the rate coe�cien t k is the reaction rate divided by the bulk concen-

tration C0 of the substrate:

v =
Z

� a

J � n ds; k =
v

C0
: (6)

This work will show that k dependsstrongly on the substrate concentration, rather

than being a constant as assumedin previousstudies.

(Insert Figure 2 here)

The steady-state SPB model is �rst solved to check the mesh quality and to

generatedata for comparisonwith later PNP simulations. As shown in Fig. (2), the

rate coe�cien ts agreevery well with the Debye-H•uckel law, andalsoshow considerable

improvement over former results [21, 22, 30]. This stemsfrom the consistencyof the

Debye-H•uckel law with the SPB model becauseof the assumption of no coupling,

and alsofrom our �ner and smoother meshand the new algorithm for computing the

electrostatic potential.

The strong dependenceof the rate coe�cien t on the ionic strength and substrate

concentrations in the PNP calculationsis illustrated by the steadystate simulations.

In particular, at the low substrate concentration 1mM, the reaction rate reaches a
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valueof about 1:3� 1012/min, near its maximum, at an ionic strength around 80mM,

and grows at very small rate with a further increasein ionic strength (Fig.(3)-A).

At higher substrate concentrations (500mM, for example), the reaction rate initially

increasesquickly with the ionic strength. Completely di�erent behaviors of reaction

rate are found at di�erent substrateconcentrations. When substrateconcentration is

lower than 200mM, the initial increaseof the rate with the ionic strength is followed

by a decrease.This transition is particularly apparent for substrateconcentration of

10mM, and has also been observed in the unit spheremodel in our previous work

[30].

(Insert Figure 3 here)

When the substrate concentration is small, the self-repulsionof the substratesis

very weak, and thus the dynamicsof the di�usion is closeto that of uncoupledmod-

els. For this reason,at low substrateconcentration, a slight increaseof ionic strength

is su�cien t to screenthe substrate interaction and facilitate the aggregationof these

substratesnear the reactive site. Larger ionic strength will result in stronger screen-

ing of the attraction of substratesto the reactive site, which leads to the decrease

of reaction rate. On the other hand, high ionic strengths are necessaryto screen

the strongerself-repulsionof highly concentrated substrates,which suggeststhat the

increaseof ionic strength tends to result in an increaseof reaction rate, although the

increasein rate becomeslessasthe ionic strength becomeslarge. Theserelations can

alsobe seenfrom chart B of Fig.(3) wherethe reaction rates are plotted against the

substrate concentrations at di�erent ionic strengths. Low ionic strengths are su�-

cient to screenthe self-interaction of substratesonly at low substrateconcentrations,
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whereashigh ionic strengths are able to facilitate the aggregationand reaction of

highly concentrated substrates.

The charts C and D of Fig.(3) show the rate coe�cien ts as functions of ionic

strength and substrate concentrations, respectively. At the low substrate concentra-

tion of 1mM, the rate coe�cien t decreaseswith an increaseof ionic strength, while at

su�cien tly high substrate concentrations the rate coe�cien t appears to be increas-

ing. Nevertheless,for substrate concentrations between10mM and 100mM, the rate

coe�cien t initially increaseswith ionic strength, and then gradually decreasesto a

constant. On the other hand, as mentioned above, for all ionic strengths it is clear

from chart C and chart D that the rate coe�cien t decreaseswith substrate concen-

tration. The rate coe�cien t decreasesfaster at low ionic strengths than at high ionic

strength. In particular, both chart C and chart D show that a rate coe�cien t inde-

pendent of the substrate concentration can only be found at ionic strengths larger

than 500mM, which is much larger than physiological ion concentrations.

In general,the 
ux of substrate on the reactive boundary is a�ected by the bal-

ancebetween the ionic screeninge�ect and inter-substrate repulsion. Our previous

numerical results on the chargedsphere[30] and the present AChE simulations show

that the pure electrostatic repulsion betweensubstratestends to lower the reaction

rate. This observation is di�erent from the conclusionmade in a former Brownian

dynamicssimulation work [4], whereonly two substrate concentrations were tested,

which may be not completelysu�cien t to fully explorethe in
uence of substratecon-

centration on the reaction rate. However, theseBrownian dynamicssimulations did

considerthe van der Waals interactions amongthe substrates;the inclusion of these
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short-rangeinteractions into the PNP model remainsan open problem.

The information contained in Fig.(3) and the above analysisimply that the rate

coe�cien t in Eq.(6) variesconsiderablywith substrateconcentration at physiological

ion concentrations, approaching a constant value only at very high ionic strengths.

The chart C in Fig.(3) shows that the rate coe�cien t decreasesfrom 2� 1011/(M �min)

to 8� 1010/(M �min) whenthe substrateconcentration increasesfrom 1mM to 500mM

at an ionic strength of 134mM. This suggeststhat in computational simulations of

neurotransmission,a reaction rate coe�cien t dependingon the local ACh concentra-

tion, instead of a given constant, could be supplied to models of the postsynaptic

membrane in order to give a more realistic description of the local consumption of

the substrate ACh.

3.2 Time-dep endent Simulations

The di�usion and reactionsin vivo are always time dependent; hence,simulations

with time-dependent PNP equationsare expected to provide more kinetic informa-

tion than steady state simulations. Here the reaction rates and rate coe�cien ts are

calculated from a seriesof simulations with di�erent initial substrate concentrations

and ionic strength, in order to investigate the dependenceof the transient reaction

rate on ionic strengthsand substrateconcentrations. There is alsoa background sub-

strate concentration in the solvent region, CACh=1mM, which models the extracel-

lular ACh concentration. Fig.(4) illustrates the normalizedreaction rate coe�cien ts

at di�erent ligand concentrations, i.e., the rate coe�cien ts k divided by the initial

ligand concentration at the releasesite. For example,it is apparent that an increase

of ionic strength results in a decreaseof the (normalized) reaction rate coe�cien t,
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which peaksat around 12� 109/(M �min) at an ionic strength of 134mM and reduces

to about 8 � 109/(M �min) at an ionic strength of 500mM. Additional support for

the decreaseof the rate coe�cien t with the increaseof ionic strength is provided by

Fig.(5). This trend canalsobe found at all other substrateconcentrations considered

in the time-dependent simulations, and is consistent with resultsfrom the steady-state

simulations.

(Insert Figure 4 here)

Fig.(4) also shows the dependenceof the peak of the rate coe�cien t on the sub-

strate concentration and ionic strength. At high ionic strength such as 200mM or

500mM, the maximum rate coe�cien t with PNP simulation is found to be very close

to that calculatedfrom SPB simulations, exceptat high substrateconcentrations such

as300mM.However a noticeableshift of the peakwasfound at the physiologicalionic

strength of 134mM. In this casethe maximum rate coe�cien t is obtained at 0:31�s

from the SPB simulation, whereasin the PNP simulations the maximum value was

located at 0:15�s . This forward shift of the peak reaction rate is due to the stronger

electric �eld induced by charged substrates, which in turn speedsthe di�usion of

the substratesaway from their initial location. The increaseof ionic strength again

results in stronger screeningof the electrostatic �eld, which is seenas the smaller

forward shift of peak normalizedreaction rate coe�cien t at high ion concentrations.

Such shifts might be relevant in interpreting the discrepancybetweenthe simulated

slow discharge of neurotransmitter and the optimal duration [1], and also suggests

that the electrostatics should ideally be included in neurotransmissionmodels via

fully coupledPNP equations.
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(Insert Figure 5 here)

4 Conclusion

The Poisson-Nernst-Planck(PNP) equations have been utilized to simulate the

steady-stateand transient di�usion and reaction of ACh substrateswith the AChE

monomer. The numerical solution of the PNP equationswas conductedwith a re-

cently developed hybrid �nite element/b oundary element method [30]. The resultsof

the PNP modelswerecomparedwith thoseof the SPB model, with emphasisplaced

on the e�ects of ionic strength and substrateconcentration on the reaction rate, and

rate coe�cien t for steady-stateand transient cases.Strongdependenceof the reaction

rate on the ionic strength and substrate concentration was found. At high substrate

concentrations the steady-statereaction rate coe�cien t increaseswith ionic strength.

As ionic strength increases,the rate coe�cien t decreasesat low substrateconcentra-

tions but increasesfor high substrateconcentrations, and approachesa constant value

at a su�cien tly large ionic strengths. At physiologicalionic strength, the peakof the

reaction rate coe�cien t advancesin time as the substrate concentration increases.

Theseconsiderablevariations of rate coe�cien ts at a wide range of ionic strengths

suggestthat a fully coupledPNP model is desirableto model the electrostatic-driven

di�usion andsubstrateconsumptionof this system. Therefore,a rate coe�cien t which

depends on both the ionic strength and substrate concentrations should ideally be

computedfrom a PNP model and usedasan input to larger-scaleneurotransmission
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simulations.
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5 FIGURE CAPTIONS

FIGURE 1 Triangulated molecularsurfacewith reactive site highlighted in red.

FIGURE 2 Comparison of reaction rate coe�cien ts(M � 1min� 1) computed with

SPE and �t to the Debye-H•uckel law[37].

FIGURE 3 Steady state reaction rate(min� 1) and rate coe�cien ts(M � 1min� 1)

computedwith the PNP model. Substrateconcentration is not included in calculat-

ing the ionic strength.

FIGURE 4 Time dependent reaction rate coe�cien ts(M � 1min� 1) normalized by

the initial substrate concentration(mM). The ionic strength precedesthe underscore

and the initial substrate concentration follows the underscore;c represents the PNP

model(coupled)while u denotesthe SPB model(uncoupled).

FIGURE 5 Time dependent reaction rate coe�cien ts(M � 1min� 1) computedwith

PNP model at various ionic strengths. The ionic strength precedesthe underscore

and the initial substrate concentration follows the underscore.
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Figure 1. Triangulated molecularsurfacewith reative site highlighted in red.

Figure 1. Y. C. Zhou, et al.
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Figure 2. Comparisonof reaction rate coe�cien ts(M � 1min� 1) computedwith SPE

and �t to the Debye-H•uckel law[37].

Figure 2. Y. C. Zhou, et al.
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Figure 3. Steadystate reaction rate(min� 1) and rate coe�cien ts(M � 1min� 1) com-

puted with the PNP model. Substrate concentration is not included in calculating

the ionic strength.

Figure 3. Y. C. Zhou, et al.
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Figure 4. Time dependent reaction rate coe�cien ts(M � 1min� 1) normalized by

the initial substrate concentration(mM). The ionic strength precedesthe underscore

and the initial substrate concentration follows the underscore;c represents the PNP

model(coupled)while u denotesthe SPB model(uncoupled).

Figure 4. Y. C. Zhou, et al.
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Figure 5. Time dependent reaction rate coe�cien ts(M � 1min� 1) computed with

PNP model at various ionic strengths. The ionic strength precedesthe underscore

and the initial substrate concentration follows the underscore.

Figure 5. Y. C. Zhou, et al.
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