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A BSTRACT. In this article we develop convergence theory for a class of goal-oriented
adaptive finite element algorithms for second order semilinear elliptic equations. We
first introduce several approximate dual problems, and briefly discuss the target problem class. We then review some standard facts concerning conforming finite element
discretization and error-estimate-driven adaptive finite element methods (AFEM). We
include a brief summary of a priori estimates for semilinear problems, and then describe
goal-oriented variations of the standard approach to AFEM (GOAFEM). Following the
recent approach of Mommer-Stevenson and Holst-Pollock for linear problems, we then
establish a contraction result for the primal problem. We then develop some additional
estimates that make it possible to establish contraction of the combined quasi-error, and
subsequently show convergence in the sense of the quantity of interest. Our analysis
is based on the recent contraction frameworks for the semilinear problem developed
by Holst, Tsogtgerel and Zhu and Bank, Holst, Szypowski and Zhu and those for linear
problems as in Cascon, Kreuzer, Nochetto and Siebert, and Nochetto, Siebert and Veeser.
In addressing the goal-oriented problem we base our framework on that of Mommer and
Stevenson for symmetric linear problems and Holst and Pollock for nonsymmetric problems. Unlike the linear case, one must track linearized and approximate dual sequences
in order to establish contraction with respect to the quantity of interest.
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1. I NTRODUCTION
In this article we develop convergence theory for a class of goal-oriented adaptive
finite element methods for second order semilinear equations. In particular, we establish
strong contraction results for a method of this type for the problem

−∇ · (A∇u) + b(u) = f, in Ω,
(1.1)
u = 0, on ∂Ω,
with f ∈ L2 (Ω) and Ω ⊂ Rd a polyhedral domain, for d = 2 or 3. We consider the
problem with A : Ω → Rd×d Lipschitz and almost-everywhere (a.e.) symmetric positive
definite (SPD). The standard weak formulation of the primal problem reads: Find u ∈
H01 (Ω) such that
a(u, v) + hb(u), vi = f (v),
where
a(u, v) =

Z

Ω

∀v ∈ H01 (Ω),

A∇u · ∇v dx.

(1.2)
(1.3)

In goal-oriented adaptive methods (cf. [10, 9] and the references therein for a detailed
survey of these methods), one is are interested in a (usually linear) functional of the solution g(u) rather than in the solution u itself. Our interest is in developing such an adaptive
algorithm for semilinear problems along with a corresponding strong contraction result,
following the recent approach in [19, 14] for linear problems. In particular, we develop
a method for semilinear problems in which adaptive mesh refinement is driven both by
residual-based approximations to the error in u, and in a sequence of approximate dual
problems. While globally reducing the error in the primal problem necessarily yields a
good approximation to the goal g(u), methods of the type we describe here bias the error
reduction in the direction of the goal-function g in the interest of achieving an accurate
approximation to g(u) in fewer adaptive iterations, and hence fewer degrees of freedom.
Contraction for the semilinear problem is established in [16] and [2]. Here we recall the contraction argument for the primal problem and use a generalization of this
technique to establish the contraction of a linear combination of the primal and limiting
dual problems by means of a computable sequence of approximate dual problems. We
relate this result to a bound on the error in a goal-function, or quantity of interest. Following [16], the contraction argument follows from first establishing three preliminary
results for two successive AFEM approximations u1 and u2 , and respectively ẑ1 and ẑ2
of the primal and limiting dual problems.
1) Quasi-orthogonality: There exists ΛG > 1 such that
|||u − u2 |||2 ≤ ΛG |||u − u1 |||2 − |||u2 − u1 |||2 .

2) Error estimator as upper bound on error: There exists C1 > 0 such that
|||u − uk |||2 ≤ C1 ηk2 (uk , Tk ),

k = 1, 2.

3) Estimator reduction: For M the marked set that takes refinement T1 → T2 , for
positive constants λ < 1 and Λ1 and any δ > 0
η22 (v2 , T2 ) ≤ (1 + δ){η12 (v1 , T1 ) − λη12 (v1 , M)} + (1 + δ −1 )Λ1 η02 |||v2 − v1 |||.
In the case of the primal problem, the mesh at each iteration may be marked for refinement with respect to the error indicators following the Dörfler marking strategy. In the
case of the limiting dual problem, the limiting estimator as used in the contraction argument is related to a computable quantity. This quantity is the dual estimator, based on
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the residual of the approximate dual sequence. The mesh is marked for refinement with
respect to this set of error indicators. The transformation between limiting and approximate dual estimators couples the contraction of error in the limiting dual to the primal
problem. The final result is the contraction of what we refer to here as the combined
quasi-error
Q̄(uj , ẑj ) := |||ẑ − ẑj |||2 + γζ22 (ẑj ) + π|||u − uj |||2 + πγp η22 (uj ),
which is the sum of the quasi-error as in [6] for the limiting dual problem and a multiple
of the quasi-error for the primal problem. The contraction of this property as shown in
Theorem 5.11 establishes the contraction of the error in the goal function as shown in
Corollary 5.12.
Our analysis is based on the recent contraction frameworks for the semilinear problem
developed by Holst, Tsogtgerel, and Zhu [16] and Bank, Holst, Szypowski and Zhu [2]
and those for linear problems as in Cascon, Kreuzer, Nochetto and Siebert [6], and Nochetto, Siebert, and Veeser [20]. In addressing the goal-oriented problem we base our
framework on that of Mommer and Stevenson [19] for symmetric linear problems and
Holst and Pollock [14] for nonsymmetric problems, and by combining these techniques
we establish strong contraction of the method. The analysis of the goal-oriented method
for nonlinear problems is signficantly more complex than the previous analysis for linear
problems in [19, 14], where a much simpler analysis approach was possible. Here, we
are faced with analyzing linearized and approximate dual sequences as well in order to
establish contraction with respect to the quantity of interest. The linearized dual in the
context of goal-oriented adaptive methods is described below, following e.g. Estep et. al
in [10] and [8].
Outline of the paper. The remainder of the paper is structured as follows. In §2, we
introduce the approximate, linear and limiting dual problems. We briefly discuss the
problem class and review some standard facts concerning conforming finite element discretization and error-estimate-driven adaptive finite element methods (AFEM). In §2.4
we include a brief summary of a priori estimates for the semilinear problem. In §3, we
then describe a goal-oriented variation of the standard approach to AFEM (GOAFEM).
In §4 we discuss contraction theorems for the primal problem. Lastly, in §5 we introduce additional estimates necessary for the contraction of the combined quasi-error and
convergence in the sense of the quantity of interest.

2. P RELIMINARIES
In this section, we state both the (nonlinear) primal problem and its finite element
discretization. We then introduce the linearized dual problem, and consider several more
practical and useful variants for computation and analysis.
2.1. Linearized dual problem. Unlike the linear case as in [14] and [18], the primal
problem does not have an exact formal adjoint. Instead, we consider the linearized dual
problem as in [13], [10] and [8] associated to the average derivative of the nonlinear term.
The linearized dual operator Bj based on exact solution u and approximation uj is
given by
Z 1
Z 1
′
Bj :=
b (ξu + (1 − ξ)uj ) dξ =
b′ (uj + (u − uj )ξ) dξ.
(2.1)
0

0
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By the integral mean value theorem [10] or equivalently a generalized Taylor expansion [13], the linearized dual operator satisfies the relation
Bj (u − uj ) = b(u) − b(uj ).

(2.2)

In order to introduce a computable dual operator, one that is not a function of the exact
solution u, we define the approximate dual operator b′ (uj ). This operator is instrumental
for defining a computable a posteriori error indicator for the dual problem.
Our analysis also uses the limiting approximate dual operator b′ (u). While this operator is a function of the exact solution u and is not a computable quantity, it is the operator
used in the limit of both the linearized dual and approximate dual problems as uj → u.
The contraction result Theorem 5.11 is written with respect to the limiting dual problem
as defined by the operator b′ (u).
Consider the semilinear problem (1.2), where as in (1.3) we have
a(u, v) = hA∇u, ∇vi

with h·, ·i denoting the L2 inner-product over Ω ⊂ Rd . The operators Bj , j = 1, 2, . . .
define a sequence of linearized dual problems: Find z j ∈ H01 (Ω) such that
a(z j , v) + hBj z j , vi = g(v),

∀v ∈ H01 (Ω).

(2.3)

Similarly, the operators b′ (uj ), j = 1, 2, . . . define a sequence of approximate dual problems: Find ẑ j ∈ H01 (Ω) such that
a(ẑ j , v) + hb′ (uj )ẑ j , vi = g(v),

∀v ∈ H01 (Ω).

(2.4)

Both the linearized and approximate sequences approach the same limiting problem, find
ẑ ∈ H01(Ω) such that
a(ẑ, v) + hb′ (u)ẑ, vi = g(v),

∀v ∈ H01 (Ω).

(2.5)

Here, a∗ ( · , · ) the formal adjoint of a( · , · ), is equivalent to a( · , · ) for symmetric A.
The goal functional is defined through
Z
g(u) =
gu dx,
(2.6)
Ω

for given L2 function g :

H01 (Ω)

→ R.

2.2. Problem class, weak formulation, spaces and norms. We will make the following assumptions on the data:
Assumption 2.1 (Problem data). The problem data D = (A, b, f ) and quantity of interest
g satisfy
1) A : Ω → Rd×d , Lipschitz, and a.e. symmetric positive-definite:
ess inf x∈Ω λmin (A(x)) = µ0 > 0,

(2.7)

ess sup x∈Ω λmax (A(x)) = µ1 < ∞.

(2.8)

2) b : Ω × R → R satisfies Assumption (A3) in [2]. For simplicity we write b(u)
instead of b(x, u). Assume b monotone (increasing)
b′ (ξ) ≥ 0, for all ξ ∈ R.
3) f, g ∈ L2 (Ω).
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The native norm is the Sobolev H 1 norm given by
kvk2H 1 = h∇v, ∇vi + hv, vi.

(2.9)

a(u, v) ≤ µ1 kukH 1 kvkH 1 = ME kukH 1 kvkH 1 .

(2.10)

Continuity of a( · , · ) follows from the Hölder inequality, and bounding the L2 norm
of the function and its gradient by the H 1 norm
Define the energy semi-norm by the principal part of the differential operator
|||v|||2 := a(v, v).

(2.11)

a(v, v) ≥ µ0 |v|2H 1 ≥ CΩ µ0 kvk2H 1 = m2E kvk2H 1 ,

(2.12)

Non-negativity follows from the Poincaré inequality with constant CΩ
which establishes the energy semi-norm as a norm. Putting this together with (2.10)
establishes the equivalence between the native and energy norms.
2.3. Finite Element Approximation. We employ a standard conforming piecewise polynomial finite element approximation below.
Assumption 2.2 (Finite element mesh). We make the following assumptions on the underlying simplex mesh:
1) The initial mesh T0 is conforming.
2) The mesh is refined by newest vertex bisection [4], [19] at each iteration.
3) The initial mesh T0 is sufficiently fine. In particular, it satisfies (4.20).
Based on assumptions 2.2 we have the following mesh constants.
1) Define
hT := max hT ,
T ∈T

where hT = |T |1/d .

(2.13)

In particular, h0 is the initial mesh diameter.
2) Define the mesh constant γN = 2γr where
h0
γr =
and hmin = min hT
T ∈T0
hmin
then for any two elements T, T̃ in the same generation
hT ≤ γr hT̃
and as neighboring elements may differ by at most one generation for any two
neighboring elements T and T ′
hT ≤ 2γr hT ′ = γN hT ′

by

(2.14)

3) The minimal angle condition satisfied by newest vertex bisection implies the meshsize hT is comparable to hσ , the size of any true-hyperface σ of T . In particular,
there is a constant γ̄
hσ
≤ γ̄ 2 for all T.
(2.15)
hT
Let T the set of conforming meshes derived from the initial mesh T0 . Define TN ⊂ T

TN = {T ∈ T #T − #T0 ≤ N}.
For a conforming mesh T1 with a conforming refinement T2 we say T2 ≥ T1 .
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Define the finite element space
VT := H01 (Ω) ∩
For subsets S ⊆ T ,

Y

and Vk := VTk .

Pn (T )

(2.16)

T ∈T

Y
VT (S) := H01 (Ω) ∩ Pn (T ),

(2.17)

T ∈S

where Pn (T ) is the space of polynomials degree degree n over T . Denote the patch about
T ∈T
(2.18)
ωT := T ∪ {T ′ ∈ T T ∩ T ′ is a true-hyperface of T }.
For a d-simplex T , an true-hyperface is a d − 1 dimensional face of T , e.g., a face in 3D
or an edge in 2D.
Define the discrete primal problem: Find uk ∈ Vk such that
a(uk , vk ) + hb(uk ), vk i = f (vk ), vk ∈ Vk ,

(2.19)

and the approximate dual problem linearized about uj is given by: find ẑkj ∈ Vk such that
a(ẑkj , vk ) + hb′ (uj )ẑkj , vk i = g(vk )

for all vk ∈ Vk .

(2.20)

a(ẑk , vk ) + hb′ (u)ẑk , vk i = g(vk )

for all vk ∈ Vk .

(2.21)

Finally, the discrete limiting dual problem is given by: find ẑk ∈ Vk such that

Existence and uniqueness of solutions to the primal problems (1.2) and (2.19) follow
from standard variational or fixed-point arguments as in [22] and [17]. For the dual
problems (2.4) - (2.5) and (2.20) - (2.21) the result may be derived from the Lax-Milgram
Theorem as in [12].
2.4. A priori estimates. We require the solutions to the primal and limiting and approximate dual problems satisfy L∞ bounds. As discussed below, such bounds have
been established assuming various additional conditions on either the nonlinearity b or
on the angles of the mesh.
Assumption 2.3 (A priori bounds). Let u the solution to (1.2), and uj the solution
to (2.19). We assume the following L∞ bounds on the primal and discrete primal solutions.
There are u− , u+ ∈ L∞ which satisfy
u− (x) < u(x), uk (x) ≤ u+ (x) for almost every x ∈ Ω.

(2.22)

The L∞ bound on u is discussed in [16] Lemma 7.9, [3] Theorem 2.4 and [15] Theorem 2.3 noting that Assumption 2.2 in [15] is a consequence of condition (2) of Assumption 2.1. The L∞ bound on the discrete solution is demonstrated in [16] Lemma 7.9 and
[15] Theorem 3.2 with the additional condition Assumption 3.1 of [15]. The L∞ bound
on the discrete solution uk is also demonstrated without angle conditions on the mesh
in [3] Corollary 4.4 . This case requires that the nonlinearity b satisfies the (sub)critical
growth condition, as stated in [3] Assumption (A4).
Assumption 2.1 together with Assumption 2.3 yield the following properties as summarized below.
Proposition 2.4. Let the problem data satisfy Assumption 2.1 and Assumption 2.3. The
following properties hold:
1) b is Lipschitz on [u− , u+ ] ∩ H01 (Ω) for a.e. x ∈ Ω with constant B.
2) b′ is Lipschitz on [u− , u+ ] ∩ H01 (Ω) for a.e. x ∈ Ω with constant Θ.
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3) Let the mesh satisfy conditions (1) and (2) of Assumption 2.2. Let ẑ the solution
to (2.5), ẑjj the solution to (2.20) and ẑj the solution to (2.21). Then there are
z− , z+ ∈ L∞ which satisfy
z− (x) < ẑ(x), ẑj (x), ẑjj (x) ≤ z+ (x) for almost every x ∈ Ω, j ∈ N

(2.23)

and there is a constant KZ := max{kz− kL∞ , kz+ kL∞ }.

Remark 2.5. The L∞ bounds on the dual solutions as in (1) of Proposition (2.4) follow
from the maximum principle as in [12] and L∞ error estimates as in [3].
3. G OAL O RIENTED AFEM
The goal oriented adaptive finite element method (GOAFEM) is based on the standard
AFEM algorithm:
SOLVE → ESTIMATE → MARK → REFINE .

Procedure SOLVE. The procedure SOLVE involves solving (2.19) for uj , computing
b (uj ) to form problem (2.20) and solving (2.20) for ẑjj . In the analysis that follows, we
suppose for simplicity the exact Galerkin solution is found on each mesh refinement.
In practice the nonlinear problem (2.19) may be solved by a standard inexact Newton
+ multilevel algorithm as in [2]. The approximate dual problem (2.20) may be solved by
any standard linear-time iterative method so that the Galerkin solution to each problem
is found up to a given tolerance. Convergence of the goal-oriented method assuming
an inexact solution to the primal problem is currently under investigation by the present
authors.
Procedure ESTIMATE. The estimation of the error on each element is determined by
a fairly standard residual-based estimator, which we will now define. The local strong
form of the nonlinear operator is
′

N (v) := ∇ · (A∇v) − b(v);

(3.1)

The residual for the primal problem, following the sign convention in [6]:
R(v) := f + N (v).

(3.2)

For the limiting and approximate dual problems, we define the local strong form by
L̂∗ (v) := ∇ · (A∇v) − b′ (u)(v), and L̂∗j (v) := ∇ · (A∇v) − b′ (uj )(v).

(3.3)

The limiting and approximate dual residuals given respectively by
R∗ (v) := g + L̂∗ (v), and R̂j∗ (v) := g + L̂∗j (v).

(3.4)

The jump residual for both the primal and linearized dual problems is:
JT (v) := J[A∇v] · nK∂T

(3.5)

JφK∂T := lim φ(x + tn) − φ(x − tn)

(3.6)

where jump operator J · K is given by

t→0

and n is taken to be the appropriate outward normal defined piecewise on ∂T . On boundary edges σb we have
J[A∇v] · nKσb ≡ 0
so that J[A∇v] · nK∂T = J[A∇v] · nK∂T ∩Ω . For clarity, we will also employ the notation
RT (v) := R(v) T , v ∈ VT ,
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and similarly for the other strong form operators. The error indicator is given as
ηT2 (v, T ) := h2T kR(v)k2L2 (T ) + hT kJT (v)k2L2 (∂T ) ,

v ∈ VT .

(3.7)

The dual error-indicator is then given by the approximate residual
ζT2 ,j (w, T ) := h2T kR̂j∗ (w)k2L2 (T ) + hT kJT (w)k2L2 (∂T ) ,

w ∈ VT ,

(3.8)

ζT2 (w, T ) := h2T kR̂∗ (w)k2L2 (T ) + hT kJT (w)k2L2 (∂T ) ,

w ∈ VT .

(3.9)

and the limiting dual error-indicator by

The dual indicator is defined in terms of the approximate dual operator b′ (uj ) as this is a
computable quantity given an an approximation uj . The limiting dual indicator as given
by (3.9) is not computable, but remains useful in the analysis. The error estimators are
given by the l2 sum of error indicators over elements in the space.
X
ηT2 (v) :=
ηT2 (v, T ), v ∈ VT .
(3.10)
T ∈T

The dual energy estimator is:
ζT2 ,j (w) :=

X

ζT2 ,j (w, T ),

X

ζT2 (w, T ),

T ∈T

w ∈ VT ,

(3.11)

and the limiting estimator
ζT2 (w) :=

T ∈T

w ∈ VT .

(3.12)

To simplify the notation, welow we will use ηk to denote ηTk , and similarly use ζk,· to
denote ζTk ,· .
As in [6] the indicators for the primal and approximate (respectively limiting) dual
problems satisfy the monotonicity property for v ∈ T1 and T2 ≥ T1
η2 (v, T2 ) ≤ η1 (v, T1 ), ζ2,j (v, T2 ) ≤ ζ1,j (v, T1 ) and ζ2 (v, T2 ) ≤ ζ1 (v, T1 ).

(3.13)

η2 (v, T ) = η1 (v, T ), ζ2,j (v, T ) = ζ1,j (v, T ) and ζ2 (v, T ) = ζ1 (v, T ).

(3.14)

For an element T ∈ T2 ∩ T1

The data estimator over the mesh T or a subset T ′ ⊂ T is given by the maximum data
estimator over elements in the mesh or subset: For T ′ ⊆ T
ηT (D, T ′ ) = max′ ηT (D, T ).
T ∈T

The data estimator on the initial mesh
η0 := ηT0 (D, T0 ).

As the grid is refined, the data estimator satisfies the monotonicity property [6] for refinements T2 ≥ T1
η2 (D, T2 ) ≤ η1 (D, T1 ).

(3.15)

Procedure MARK. The Dörfler marking strategy for the goal-oriented problem is
based on the following steps as in [19]:
1) Given θ ∈ (0, 1), mark sets for each of the primal and dual problems:
• Mark a set Mp ⊂ Tk such that,
X
ηk2 (uk , T ) ≥ θ2 ηk2 (uk , Tk )
T ∈Mp

(3.16)
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• Mark a set Md ⊂ Tk such that,
X
2
2
ζk,k
(ẑkk , T ) ≥ θ2 ζk,k
(ẑkk , Tk )

(3.17)

T ∈Md

2) Let M = Mp ∪ Md the union of sets found for the primal and dual problems
respectively.
As in [14] the set M differs from that in [19], where the set of lesser cardinality
between Mp and Md is used. As seen in (3.17) the mesh is marked with respect to
the dual indicators of the approximate-sequence solutions ẑkk as these are computable
quantities. In the case of the semilinear problem the error reduced at each iteration is
the combined quasi-error, a linear combination of energy error and estimators of the
primal and limiting dual problems. This combined error is seen to contract based on
the refinement satisfying the Dörfler property in terms of the primal and corresponding
approximate dual problems. As such, the mesh is refined to satisfy the Dörfler property
in each. Sets Mp and Md with optimal cardinality (up to a factor of 2) can be chosen in
linear time by binning the elements rather than performing a full sort [19].
In the present paper we assume the primal and approximate dual solutions are solved
on the same mesh at each iteration. The determination of strong convergence results for
a method which solves the primal (nonlinear) problem on a coarse mesh and the dual on
a fine mesh is the subject of future investigation.
Procedure REFINE. The refinement (including the completion) is performed according to newest vertex bisection [4]. The complexity and other properties of this procedure
are now well-understood, and will simply be exploited here.
4. C ONTRACTION

FOR THE PRIMAL PROBLEM

Here we discuss the contraction of the primal problem (1.2), recalling results from [16],
[15] and [2]. The contraction argument relies on three main convergence results, namely
quasi-orthogonality, error-estimator as upper bound on error and estimator reduction. We
include the analogous results here for the limiting dual problem when they are identical
or nearly identical .
4.1. Quasi-orthogonality. Orthogonality in the energy-norm |||u − u2 |||2 = |||u − u1 |||2 −
|||u2 − u1|||2 does not generally hold in the semilinear problem. We rely on the weaker
quasi-orthogonality result to establish contraction of AFEM (GOAFEM). The following
is a variation on the quasi-orthogonality discussion in [16] and is related to the version
for nonsymmetric linear problems as in [18] and [14]. The quasi-orthogonality proof relies on L2 -lifting, a fairly standard result included here for completeness. Here we show
for v̄ ∈ V2 ≥ V1
|||u − u2 |||2 ≤ Λ|||u − v̄|||2 − |||u2 − v̄|||2 ,
and in particular for u1 ∈ V1 ⊂ V2
|||u − u2 |||2 ≤ ΛG |||u − u1 |||2 − |||u2 − u1 |||2 .

Lemma 4.1 (L2 -lifting). Let the problem data satisfy Assumption 2.1 and Assumption 2.3
and the mesh satisfy Assumption 2.2. Let u the variational solution to (1.2), and u1 ∈ V1
the Galerkin solution to (2.19). Let B the constant given in Proposition 2.4. Assume
for any g ∈ L2 (Ω) the solution w to the linearized dual problem (2.3) with B1 as given
by (4.3) belongs to H 1+s (Ω) ∩ H01 (Ω) for some 0 < s < 1 and
|w|H 1+s (Ω) ≤ KR kgkL2 (Ω)

(4.1)
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then
ku − u1 kL2 ≤ C∗ hs0 |||u − u1 |||.

(4.2)

As discussed in [7] and [11] and [1] the regularity assumptions are reasonable based
on the continuity of the diffusion coefficients aij and B1 ∈ L∞ (Ω) where as in (2.1) the
linearized dual operator with respect to u1
Z 1
Z 1
′
B1 =
b (ξu + (1 − ξ)u1 ) dξ =
b′ (u1 + (u − u1 )ξ) dξ.
(4.3)
0

0

Proof. The proof follows the duality arguments in [1], [14] and [5], adapted for the semilinear problem.
Let w ∈ H01(Ω) the solution to the dual problem
a(w, v) + hB1 w, vi = hu − u1 , vi,

v ∈ H01 (Ω).

(4.4)

Let I h a global interpolator based on refinement T1 . Assume I h w is C 0 and the
corresponding shape functions have approximation order m. For m = 2 we have the
bounds
kw − I h wkH 1 ≤ CI hsT1 |w|H 1+s

(4.5)

kw − I h wkL2 ≤ ĈI h1+s
T1 |w|H 1+s .

(4.6)

a(u − u1 , I h w) + hB1 (u − u1 ), I h wi = 0.

(4.8)

a(u − u1 , w − I h w) + hB1 (u − u1 ), w − I h wi = ku − u1k2L2 .

(4.9)

as discussed in [1], [21] and [14].
Consider the linearized dual problem (4.4) with v = u − u1 ∈ H01(Ω) expressed in
primal form
a(u − u1 , w) + hB1 (u − u1 ), wi = ku − u1 k2L2 .
(4.7)
h
By Galerkin orthogonality, for I w ∈ V1
Subtracting (4.8) from (4.7)

Then by (2.10) continuity of a( · , · ), the relation (2.2), the Hölder inequality and Lipschitz continuity of b
ku − u1 k2L2 ≤ ME ku − u1 kH 1 kw − I h wkH 1 + Bku − u1 kL2 kw − I h wkL2 .

(4.10)

By coercivity (2.12), interpolation estimate (4.5), and regularity (4.1) on the first term on
the RHS of (4.10)
ME
ME ku − u1 kH 1 kw − I h wkH 1 ≤
CI hs0 |||u − u1 ||||w|H 1+s
mE
ME
≤
KR CI hs0 |||u − u1 |||ku − u1 kL2 .
(4.11)
mE
For the second term of (4.10), apply (4.6) followed by (4.1) and coercivity to the interpolation error yielding
Bku − u1 kL2 kw − I h wkL2 ≤ B ĈI h1+s
0 ku − u1 kL2 |w|H 1+s

≤ KR ĈI (Bh0 )hs0 ku − u1 kL2 ku − u1 kL2

s
≤ m−1
E KR ĈI (Bh0 )h0 ku − u1 kL2 |||u − u1 |||.

Applying (4.11) and (4.12) to (4.10)


ku − u1 kL2 ≤ m−1
K
M
C
+
Ĉ
(Bh
)
hs0 |||u − u1 |||.
R
E
I
I
0
E

(4.12)

(4.13)
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Remark 4.2. As the dual problem as given by (4.3) and (4.4) changes at each iteration,
so may the regularity constant as given by (4.1) as well as the interpolation constants as
given by (4.5) and (4.6). As such, the previous lemma shows a C∗,k for k = 1, 2, . . .. As
the algorithm is run finitely many times, we consolidate these C∗,k into a single constant
C∗ for simplicity of presentation.
Remark 4.3 (Membership in H 1+s ). Depending on the regularity of the boundary ∂Ω
2
the solution w to (4.4) may have less than H 2 regularity: w ∈ Hloc(Ω)
but w ∈
/ H 2 (Ω). In
particular, we may have w ∈ H 1+s for some s ∈ (0, 1). In particular, if Ω is a nonconvex
polyhedral domain, then the value of s is found by considering all corners of boundary
∂Ω. Writing the interior angle at each corner by ω = π/α it holds for α > 0 and
arbitrary ε > 0
ω = π/α =⇒ w ∈ H 1+α−ε
and if π/(pj + 1) ≤ ω ≤ π/pj for a set of integers pj characterizing the corners of ∂Ω
kw − I h wkH 1 ≤ Chs |w|1+s

where s = min{pj , 1} and s = 1 in the case of a smooth boundary or a convex polyhedral
domain. Details may be found in [1] and [21].
Lemma 4.4 (Quasi-orthogonality). Let the problem data satisfy Assumption 2.1 and Assumption 2.3 and the mesh satisfy Assumption 2.2. Let T1 , T2 ∈ T with T2 ≥ T1 . Let
u ∈ H01 (Ω) the solution to (1.2), uk ∈ Vk the solution to (2.19), k = 1, 2 and v̄ ∈ V2 arbitrary. Let B the constant given in Proposition 2.4. There exists a constant C∗ > 0
depending on the problem data D and initial mesh T0 , and a number 0 < s ≤ 1
related to the angles of ∂Ω, such that if the meshsize h0 of the initial mesh satisfies
s
Λ̄ := Bm−1
E C∗ h0 < 1, then
|||u − u2 |||2 ≤ Λ|||u − v̄|||2 − |||u2 − v̄|||2 ,

(4.14)

and in particular for v̄ = u1
|||u − u2 |||2 ≤ ΛG |||u − u1 |||2 − |||u2 − u1 |||2 ,

(4.15)

where
−1
s −1
Λ := (1 − Bm−1
and ΛG := (1 − BC∗2 h2s
0 )
E C∗ h0 )

and C∗ is the constant from Lemma 4.1.
Proof. Recombining terms

|||u − u2 |||2 = a(u − v̄ + (v̄ − u2 ), u − v̄ + (v̄ − u2 ))

= |||u − v̄|||2 + |||v̄ − u2 |||2 + 2a(u − v̄, v̄ − u2 )

= |||u − v̄|||2 − |||v̄ − u2 |||2 + 2a(u − u2 , v̄ − u2 ).

(4.16)

By Galerkin orthogonality
a(u − u2 , v) + hb(u) − b(u2 ), vi = 0 for all v ∈ V2 .

(4.17)

Taking v = v̄ − u2 in (4.17), by Hölder inequality and the Lipschitz assumption on b
2a(u − u2 , v̄ − u2 ) ≤ 2|hb(u) − b(u2 ), v̄ − u2 i|

≤ 2Bku − u2 kL2 kv̄ − u2 kL2 .

(4.18)
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In the case of (4.14) applying L2 -lifting 4.1 to the first factor on the RHS and (2.12)
coercivity to the second followed by Young’s inequality
s
2Bku − u2 kL2 kv̄ − u2 kL2 ≤ 2Bm−1
E C∗ h0 |||u − u2 ||||||v̄ − u2 |||

s
2
−1
s
2
≤ Bm−1
E C∗ h0 |||u − u2 ||| + BmE C∗ h0 |||v̄ − u2 ||| .

(4.19)

Applying (4.19) via (4.18) to (4.16)

s
2
2
−1
s
2
(1 − Bm−1
E C∗ h0 )|||u − u2 ||| ≤ |||u − v̄||| − (1 − BmE C∗ h0 )|||v̄ − u2 ||| .

Assuming

s
Λ̄ := Bm−1
E C∗ h0 < 1

(4.20)

we have
|||u − u2 |||2 ≤ Λ|||u − v̄|||2 − |||v̄ − u2 |||2
(4.21)
−1
s −1
with Λ = (1 − BmE C∗ h0 ) .
In the case of (4.15) applying L2 -lifting 4.1 to each norm on the RHS of (4.18) then
applying Young’s inequality
2
2Bku − u2 kL2 ku1 − u2 kL2 ≤ 2Bh2s
0 C∗ |||u − u2 ||||||u1 − u2 |||

2
2
2 2s
2
≤ Bh2s
0 C∗ |||u − u2 ||| + BC∗ h0 |||u1 − u2 ||| .

(4.22)

Following the same procedure as above yields
with ΛG = (1 −

|||u − u2 |||2 ≤ ΛG |||u − u1 |||2 − |||u1 − u2 |||2

−1
BC∗2 h2s
0 )

with the weaker mesh assumption Λ̄G :=

(4.23)
BC∗2 h2s
0

< 1.



4.2. Error Estimator as Global Upper-bound. The second key result for the contraction of the primal problem is the error estimator as a global upper bound on the energy
error, up to a global constant. The result for the semilinear problem is established in
[16] and [2] with a clear generalization to the approximate dual sequence. Also see [6]
and [18].
Lemma 4.5 (Error estimator as global upper-bound). Let the problem data satisfy Assumption 2.1 and Assumption 2.3 and the mesh satisfy Assumption 2.2. Let T1 , T2 ∈ T
with T2 ≥ T1 . Let u1 ∈ V1 the solution to (2.19) and u the solution to (1.2). Let ẑ1 ∈ V1
the solution to (2.21), and ẑ the solution to (2.5). Then there is a global constant C1
depending on the problem data D and initial mesh T0 with
and

|||u − u1 ||| ≤ C1 η1 (u1 , T1 )

(4.24)

|||ẑ − ẑ1 ||| ≤ C1 ζ1 (ẑ1 , T1 ).

(4.25)

4.3. Estimator Reduction. The local Lipschitz property as in [16], analogous to the
local perturbation property established in [6], is a key step in establishing estimator reduction leading to the contraction result.
Lemma 4.6 (Local Lipschitz property). Let the problem data satisfy Assumption 2.1 and
Assumption 2.3 and the mesh satisfy condition (1) of Assumption 2.2. Let B the constant
given in Proposition 2.4. Let T ∈ T. For all T ∈ T and for any v, w ∈ VT
ηT (v, T ) ≤ ηT (w, T ) + Λ̄1 ηT (D, T )kv − wkH 1 (ωT )

(4.26)

where recalling (2.18) ωT is the union of T with elements in T sharing a true-hyperface
with T . The constant Λ̄1 > 0 depends on the dimension d and the regularity of the initial
mesh T0 .
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The proof follows those in [6] and [14]. The main steps are shown here.
Proof of (4.26). From (3.7)
ηT2 (v, T ) := h2T kR(v)k2L2 (T ) + hT kJT (v)k2L2 (∂T ) ,

v ∈ VT .

(4.27)

Denote ηT (v, T ) by η(v, T ). Set e = v − w. Applying linearity and a generalized Taylor
expansion to the definition of the residual as given by (3.1) and (3.2)
R(v) = f + N (w + e)

Z

= f + ∇ · (A∇w) − b(w) + ∇ · (A∇e) −
Z 1
= R(w) + ∇ · (A∇e) −
b′ (w + ξe) dξe

1

b′ (w + ξe) dξe

0

0

= R(w) + D(e),
R1
where D(e) := ∇ · (A∇e) − 0 b′ (w + ξe) dξe. Using the generalized triangle-inequality
p
√
(a + b)2 + (c + d)2 ≤ a2 + c2 + b + d, for a, b, c, d > 0

and linearity of the jump residual we have

η(v, T ) = h2T kR(w) + D(e)k2L2 (T ) + hT kJ(w) + J(e)k2L2 (∂T )
1/2

≤ η(w, T ) + hT kD(e)kL2 (T ) + hT kJ(e)kL2 (∂T ) .
Consider the second term on the RHS. By the triangle inequality
Z 1
kD(e)kL2 (T ) ≤ k∇ · (A∇e)kL2 (T ) +
b′ (w + ξe) dξe
0

1/2

.

(4.28)

(4.29)

L2 (T )

As shown in [6] and [14] the diffusion term satisfies the bound
k∇ · (A∇e)kL2 (T ) ≤ kdivA · ∇ekL2 (T ) + kA : D 2 ekL2 (T )

≤ kdivAkL∞ (T ) + CI h−1
T kAkL∞ (T ) k∇ekL2 (T ) ,

(4.30)

where CI is the constant associated with an inverse inequality as in [5]. The second term
in (4.29) is bounded by
Z 1
≤ BkekL2 (T ) .
(4.31)
b′ (w + ξe) dξe
0

L2 (T )

As shown in [6] and [14] the jump term in (4.28) satsifies
1/2 −1/2

kJ(e)kL2 (∂T ) ≤ 2(d + 1) CT (γ̄)d−1 γN hT
−1/2

= CJ hT

kAkL∞ (ωT ) k∇ekL2 (ωT )

kAkL∞ (ωT ) k∇ekL2 (ωT ) ,

(4.32)

where γ̄ and γN are constants of proportionality with respect to the initial mesh as given
by (2.14) and (2.15) and the CT is the constant associated with the trace theorem as
in [11].
Putting together (4.28), (4.30), (4.31) and (4.32) obtain

η(v, T ) ≤ η(w, T ) + hT kdivAkL∞ (T ) + (CI + CJ )h−1
T kAkL∞ (ωT ) + B kekH 1 (ωT )
≤ η(w, T ) + CT OT ηT (D, T )kv − wkH 1 (ωT ) .

(4.33)
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The local perturbation property as demonstrated in Lemmas 4.6 and 5.6 leads to estimator reduction, one of the three key ingredients for contraction of the both the primal
and combined quasi-errors. This result for both the primal and limiting dual problems is
essentially that of [6] Corollary 2.4, [14] Theorem 3.4 and [16] Lemma 7.2. It is stated
here for completeness.
Theorem 4.7 (Estimator reduction). Let the problem data satisfy Assumption 2.1 and
Assumption 2.3 and the mesh satisfy conditions (1) and (2) of Assumption 2.2. Let T1 ∈
T, M ⊂ T1 and T2 = REFINE(T1 , M). Let
Λ1 := (d + 2)Λ̄21 m−2
E

and λ := 1 − 2−1/d > 0

with Λ̄1 from Lemma 4.6 (local Lipschitz property). Then for any v1 ∈ V1 and v2 ∈ V2
and δ > 0

η22 (v2 , T2 ) ≤(1 + δ) η12 (v1 , T1 ) − λη12 (v1 , M) + (1 + δ −1 )Λ1 η02 |||v2 − v1 |||2 . (4.34)
Analogously for the limiting dual problem

ζ22(v2 , T2 ) ≤(1 + δ) ζ12(v1 , T1 ) − λζ12(v1 , M) + (1 + δ −1 )Λ1 η02 |||v2 − v1 |||2 .

(4.35)

The contraction of the primal (semilinear) problem is established in [16] and [2] based
on satisfying Lemma 4.4, Lemma 4.5 and Theorem 4.7 as above. We state the result here
and use it to establish our main result, Theorem 5.11.
Theorem 4.8 (Contraction of the primal problem). Let the problem data satisfy Assumption 2.1 and Assumption 2.3 and the mesh satisfy Assumption 2.2. Let u the solution
to (1.2). Let θ ∈ (0, 1], and let {Tj , Vj , uj }j≥0 be the sequence of meshes, finite element spaces and discrete solutions produced by GOAFEM. Then there exist constants
γp > 0 and 0 < α < 1, depending on the initial mesh T0 and marking parameter θ such
that

2
|||u − uj+1|||2 + γp ηj+1
≤ α2 |||u − uj |||2 + γp ηj2 .
(4.36)
5. C ONTRACTION

AND CONVERGENCE OF THE QUANTITY OF INTEREST

In addition to the contraction of the primal error as shown in §4, we require the
analogous convergence results for the limiting dual problem: quasi-orthogonality, errorestimator as upper bound on error and estimator reduction. Here we discuss the relevant
results for the limiting dual problem with an emphasis on those that differ significantly
from the corresponding results for the primal problem.
Remark 5.1. The dual part of the combined quasi-error is written in terms of the limiting
dual problem in both energy error and estimator. As such, the three convergence results
listed above need only be satisfied by the limiting dual problem. As the limiting, approximate, and linearized dual problems differ only by the definition of reaction coefficient,
given respectively by
Z 1
′
′
b (u), b (uj ),
b′ (uj + (u − uj )ξ) dξ,
0

it follows that the same types of estimates that hold for the limiting dual hold as well for
the approximate and linearized dual sequences. This is noted in Remarks 5.3 and 5.5 with
respect to the approximate dual sequence. The corresponding estimates for the linearized
dual sequence are not mentioned as this sequence of problems does not naturally arise
in the present convergence analysis.
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To complete the analysis, we introduce the Lemma 5.9, converting between limiting
and approximate estimators in order to apply the Dörfler property to a computable quantity; and Lemma 5.10, bounding the discrete error between approximate and limiting
dual solutions in terms of the primal error.
We put these results together in Theorem 5.11 to establish the contraction of the combined quasi-error. Finally, the contraction of this form of the error is related to the error
in the quantity of interest in Corollary 5.12.
5.1. Limiting-dual quasi-orthogonality.
Lemma 5.2 (Limiting-dual L2 -lifting). Let the problem data satisfy Assumption 2.1 and
Assumption 2.3 and the mesh satisfy Assumption 2.2. Let T1 ∈ T. Let ẑ ∈ H01 (Ω)
the solution to (2.5) and ẑ1 ∈ V1 the solution to (2.21). Let B the constant given in
Proposition 2.4. Assume for any g ∈ L2 (Ω) the solution y to the limiting problem: find
y ∈ H01 (Ω) such that
a(y, v) + hb′ (u)y, vi = g(v) for all v ∈ H01 (Ω)

(5.1)

belongs to H 1+s (Ω) ∩ H01 (Ω) for some 0 < s < 1 and
|y|H 1+s(Ω) ≤ K̄R kgkL2(Ω) .

(5.2)

kẑ − ẑ1 k ≤ Ĉ∗ hs0 |||ẑ − ẑ1 |||.

(5.3)

Then

Proof. The proof follows that of Lemma 4.1. As in (4.13) obtain for the limiting dual
estimate (5.3)


(5.4)
kẑ − ẑ1 kL2 ≤ m−1
K̄
M
C̄
+
C̆
(Bh
)
hs0 |||ẑ − ẑ1 |||.
R
E I
I
0
E

Remark 5.3. Under the analogous regularity assumption, Lemma 5.2 holds for the error ẑ j − ẑ1j in the approximate dual sequence as defined by problems (2.4) and (2.20),
respectively.
Lemma 5.4 (Limiting-dual quasi-orthogonality). Let the problem data satisfy Assumption 2.1 and the mesh satisfy Assumption 2.2. Let T1 , T2 ∈ T with T2 ≥ T1 . Let
ẑ ∈ H01 (Ω) the solution to (2.5) and ẑk ∈ Vk the solution to (2.21), k = 1, 2. Let
v̄ ∈ V2 arbitrary. Let B the constant given in Proposition 2.4. There exists a constant
Ĉ∗ > 0 depending on the problem data D and initial mesh T0 , and a number 0 < s ≤ 1
related to the angles of ∂Ω, such that if the meshsize h0 of the initial mesh satisfies
Λ̄∗ := Bm−1
E Ĉ∗ < 1, then
|||ẑ − ẑ2 |||2 ≤ Λ̂|||ẑ − v̄|||2 − |||ẑ2 − v̄|||2

(5.5)

|||ẑ − ẑ2 |||2 ≤ Λ̂G |||ẑ − ẑ1 |||2 − |||ẑ2 − ẑ1 |||2

(5.6)

and in particular for v̄ = ẑ1j (respectively ẑ1 )

where
−1
s −1
Λ̂ := (1 − Bm−1
and Λ̂G := (1 − B Ĉ∗2 h2s
0 )
E Ĉ∗ h0 )

and Ĉ∗ is the constant from Lemma 5.2.
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Proof. The proof follows Lemma 4.4, quasi-orthogonality in the primal problem, except
in place of the inequality in (4.17) we have for the limiting dual problem
yielding
as in (4.18).

a(u − u2 , v) + hb′ (u)(ẑ − ẑ2 ), vi = 0 for all v ∈ V2 ,

(5.7)

2a(ẑ − ẑ2 , v̄ − ẑ2 ) ≤ 2Bkẑ − ẑ2 kL2 kv̄ − ẑ2 kL2 ,

(5.8)


Remark 5.5. By the same reasoning quasi-orthogonality as given by
and

|||ẑ j − ẑ2j |||2 ≤ Λ̂|||ẑ j − v̄|||2 − |||ẑ2j − v̄|||2

|||ẑ j − ẑ2j |||2 ≤ Λ̂G |||ẑ j − ẑ1j |||2 − |||ẑ2j − ẑ1j |||2
holds in the approximate dual sequence as defined by problems (2.4) and (2.20), respectively.
5.2. Dual sequence estimator perturbations. The Local Lipschitz property, Lemma 4.6
(dually, 5.6) is the necessary tool to derive the estimator reduction property used to convert between estimators on different refinement levels in both the primal and limiting dual
problems as in Theorem 4.7. Lemma 5.6 additionally leads to two corollaries used in the
main contraction argument, Theorem 5.11 where we convert as well between estimators
of the approximate and limiting problems on the same refinement level. Corollary 5.7
addresses error induced by switching between dual indicators. Then Corollary 5.8 is
an immediate consequence squaring the result of Corollary 5.7 and summing over the
elements. It is stated here for convenience.
Lemma 5.6 (Dual sequence local Lipschitz property). Let the problem data satisfy Assumption 2.1 and Assumption 2.3 and the mesh satisfy condition (1) of Assumption 2.2.
Let T ∈ T. For all T ∈ T and for any v, w ∈ VT
|ζT ,j (v, T ) − ζT ,j (w, T )| ≤ Λ̄1 ηT (D, T )kv − wkH 1 (ωT ) .

(5.9)

|ζT (v, T ) − ζT (w, T )| ≤ Λ̄1 ηT (D, T )kv − wkH 1 (ωT ) .

(5.10)

In particular, for the limiting estimator

The constant Λ̄1 > 0 depends on the dimension d and the regularity of the initial mesh
T0 .

The proof follows those in [6], [14] and is nearly identical to Lemma 4.6 and is
sketched here.
Proof of (5.9). From (3.8)
ζT2 ,j (v, T ) := h2T kR̂j∗ (v)k2L2 (T ) + hT kJT (v)k2L2 (∂T ) ,

v ∈ VT .

(5.11)

Set e = v − w. Applying linearity to the definition of the dual residual as given by (3.3) (3.4)
R̂j∗ (v) = g + L̂∗j (w + e) = R̂j∗ (w) + L̂∗j (e).

By the same reasoning as (4.28)

1/2

ζT ,j (v, T ) ≤ ζT ,j (w, T ) + hT kL̂∗j (e)kL2 (T ) + hT kJ(e)kL2 (∂T ) .

(5.12)

The term L̂∗j (respectively L̂∗ for the limiting dual) in (5.12) satisfies the same bound as
the analogous term D in (4.28) of Lemma 4.6. Hence the bounds (5.9) and (5.10) hold
with the same constants as in (4.26).
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Corollary 5.7 (Perturbation over approximate dual problems). Let the problem data satisfy Assumption 2.1 and Assumption 2.3 and the mesh satisfy conditions (1) and (2)
of Assumption 2.2. Let T ∈ T, uj the solution to (2.19) and u the solution to (1.2).
Let Θ and KZ the constants given in Proposition 2.4. For all T ∈ T and for v, w ∈
VT ∩ [z− , z+ ] the dual indicator on T satisfies
|ζT ,j (v, T ) − ζT ,k (w, T )| ≤ Λ̄1 ηT (D, T )kv − wkH 1 (ωT ) + ΘKZ hT kuj − uk kL2 (T ) .
(5.13)
In particular, for T = T1 , we have for the limiting estimator
|ζ1,1 (v, T ) − ζ1 (w, T )| ≤ Λ̄1 η1 (D, T )kv − wkH 1 (ωT ) + ΘKZ hT ku − u1 kL2 (T ) (5.14)
and
|ζ1 (w, T ) − ζ1,1 (v, T )| ≤ Λ̄1 η1 (D, T )kv − wkH 1 (ωT ) + ΘKZ hT ku − u1 kL2 (T ) . (5.15)
Proof. Relating dual residuals
R̂j∗ (w) = g + ∇ · (A∇w) + b′ (uk )w + (b′ (uj ) − b′ (uk )) w
= R̂k∗ (w) + (b′ (uj ) − b′ (uk )) w.

(5.16)

Using (5.16) in the definition of the dual indicator (3.8) and applying a generalized triangle inequality

1/2
ζT ,j (w, T ) = h2T kR̂k∗ (w) + (b′ (uj ) − b′ (uk ))wk2L2 (T ) + hT kJT (w)k2L2 (∂T )

1/2
2
∗
2
2
≤ hT kR̂k (w)kL2 (T ) + hT kJT (w)kL2 (∂T )
+ hT kb′ (uj ) − b′ (uk )wkL2 (T )
≤ ζT ,k (w, T ) + ΘKZ hT kuj − uk kL2 (T ) .

(5.17)

Applying (5.9) the result of Lemma 5.6 to the estimate (5.17), obtain the result (5.13).

Corollary 5.8 (Dual perturbation over sets). Assume the hypotheses of Corollary 5.7.
Then for any subsets M1 , M2 ⊆ T1 and arbitrary δ1 , δ2 , δA , δB > 0
2
(w, M1)
ζ12 (v, M1) ≥ (1 + δ1 )−1 (1 + δA )−1 ζ1,1

− (1 + δ1 )−1 δA−1 Θ2 KZ2 h20 ku − u1 k2L2 − δ1−1 Λ̄21 (d + 2)η02kv − wk2H 1
(5.18)

and
2
ζ1,1
(w, M2) ≥ (1 + δ2 )−1 (1 + δB )−1 ζ12(v, M2 )

− (1 + δ2 )−1 δB−1 Θ2 KZ2 h20 ku − u1 k2L2 − δ2−1 Λ̄21 (d + 2)η02kv − wk2H 1 .
(5.19)

Proof. Square equation (5.14) (respectively (5.15)) applying Young’s inequality twice,
then sum over element T ∈ M ⊆ T1 . The H 1 norm is summed over all elements T ∈ T1
counting each element d + 2 times, the maximum number of elements in each patch
ωT .

5.3. Contraction of GOAFEM. The main contraction argument Theorem 5.11 follows
after two more lemmas. The first combines a sequence of estimates to convert the noncomputable limiting estimator for the dual problem to a computable quantity, apply the
Dörfler property and then convert back. The second relates the difference between the

18

M. HOLST, S. POLLOCK, AND Y. ZHU

Galerkin solutions of the limiting dual and the approximate dual problems to the primal error. Motivated by estimator reduction for the limiting dual problem as in equation (4.35)

ζ22(ẑ2 , T2 ) ≤(1 + δ) ζ12(ẑ1 , T1 ) − λζ12 (ẑ1 , M) + (1 + δ −1 )Λ1 η02 |||ẑ2 − ẑ1 |||2 (5.20)
the following lemma addresses the conversion between ζ12 (ẑ1 , M) and and the com2
putable sequential estimator ζ1,1
(ẑ11 , M) necessary for marking the mesh for refinement.

Lemma 5.9 (Applying the Dörfler property to the limiting estimator). Let the problem
data satisfy Assumption 2.1 and Assumption 2.3 and the mesh satisfy Assumption 2.2.
Let Θ and KZ as given by Proposition 2.4, C∗ as given by Lemma 4.1 and Λ1 as given
in Lemma 4.7. Let
u the solution to (1.2),

u1 the solution to (2.19),

ẑ the solution to (2.5),

ẑ1 the solution to (2.21)

ẑ11 the solution to (2.20).

Let ζ1,1 (ẑ11 , M) satisfy the Dörfler property for M ⊂ T1 , namely
2
2
ζ1,1
(ẑ11 , M) ≥ θ2 ζ1,1
(ẑ11 , T1 ).

Then for arbitrary δ1 , δ2 , δA , δB > 0 there is δ4 as given by (5.26) such that
(1 − β)θ2
βθ2
ζ12 (ẑ1 , T1 ) −
|||ẑ − ẑ1 |||2
(1 + δ4 )
(1 + δ4 )
 2 2 2 2(1+s)

Θ KZ C∗ h0
1
θ2
+
|||u − u1 |||2
+
(1 + δA )(1 + δ2 )δB δ A
(1 + δ1 )


θ2
1
+
Λ1 η02 (D, T0 )|||ẑ1 − ẑ11 |||2 .
(5.21)
+
(1 + δ1 )(1 + δA )δ2 δ 1

−ζ12 (ẑ1 , M) ≤ −

Proof. From Corollary 5.8, L2 -lifting 4.1 and coercivity (2.12)
2
−ζ12 (ẑ1 , M) ≤ −(1 + δ1 )−1 (1 + δA )−1 ζ1,1
(ẑ11 , M)

+ (1 + δ1 )−1 δA−1 Θ2 KZ2 h20 ku − u1 k2L2 + δ1−1 Λ̄21 (d + 2)η02 kẑ1 − ẑ11 k2H 1

2
≤ −(1 + δ1 )−1 (1 + δA )−1 ζ1,1
(ẑ11 , M)
2(1+s)

+ (1 + δ1 )−1 δA−1 Θ2 KZ2 C∗2 h0

|||u − u1 |||2 + δ1−1 Λ1 η02 |||ẑ1 − ẑ11 |||2
(5.22)

with Λ1 := Λ̄21 (d + 2)m−2
E . The Dörfler property may be applied to the first term on the
RHS of (5.22)
2
2
− ζ1,1
(ẑ11 , M) ≤ −θ2 ζ1,1
(ẑ11 ).
(5.23)
Converting back to he limiting estimator by (5.19) of Corollary 5.8
2
−ζ1,1
(ẑ11 ) ≤ −(1 + δ2 )−1 (1 + δB )−1 ζ12 (ẑ1 , M)
2(1+s)

+ (1 + δ2 )−1 δB−1 Θ2 KZ2 C∗2 h0

Define δ4 by

|||u − u1 |||2 + δ2−1 Λ1 η02 |||ẑ1 − ẑ11 |||2 . (5.24)

(1 + δ4 ) := (1 + δ1 )(1 + δ2 )(1 + δA )(1 + δB ).
Then by (5.22), (5.23) and (5.24)
−ζ12 (ẑ1 , M) ≤ −θ2 (1 + δ4 )−1 ζ12(ẑ1 )

(5.25)


2(1+s)
|||u − u1 |||2
+ θ2 (1 + δA )−1 (1 + δ2 )−1 δB−1 + δA−1 (1 + δ1 )−1 Θ2 KZ2 C∗2 h0

+ θ2 (1 + δ1 )−1 (1 + δA )−1 δ2−1 + δ1−1 Λ1 η02 |||ẑ1 − ẑ11 |||2 .
(5.26)
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Finally, for β ∈ (0, 1) split the first term in (5.26) into two pieces, applying the upperbound estimate from Lemma 4.5 to the second piece yielding
−ζ12 (ẑ1 , M) ≤ −βθ2 (1 + δ4 )−1 ζ12 (ẑ1 ) − (1 − β)θ2 (1 + δ4 )−1 C1−2 |||ẑ − ẑ1 |||2

2(1+s)
|||u − u1 |||2
+ θ2 (1 + δA )−1 (1 + δ2 )−1 δB−1 + δA−1 (1 + δ1 )−1 Θ2 KZ2 C∗2 h0

+ θ2 (1 + δ1 )−1 (1 + δA )−1 δ2−1 + δ1−1 Λ1 η02 |||ẑ1 − ẑ11 |||2 .
(5.27)



Lemma 5.10 (Bounding the error in the discrete problem). Let the problem data satisfy
Assumption 2.1 and Assumption 2.3 and the mesh satisfy Assumption 2.2. Let Θ and KZ
the constants given in Proposition 2.4 and C∗ and Ĉ∗ the constants given by Lemmas 4.1
and 5.2, respectively. Let
u the solution to (1.2),

u1 the solution to (2.19),

ẑ1 the solution to (2.21),

ẑ11 the solution to (2.20).

Then
|||ẑ1 − ẑ11 ||| ≤ ΘKZ C∗ Ĉ∗ h2s
0 |||u − u1 |||.

Proof. Recall that

ẑ1 solves a(ẑ1 , v) + hb′ (u)ẑ1 , vi = g(v), for all v ∈ V1

ẑ11 solves a(ẑ11 , v) + hb′ (u1 )ẑ11 , vi = g(v), for all v ∈ V1 .

(5.28)
(5.29)
(5.30)

Subtracting (5.30) from (5.29) and rearranging terms

a(ẑ1 − ẑ11 , v) + h(b′ (u) − b′ (u1 ))ẑ1 , vi = hb′ (u1 )(ẑ11 − ẑ1 ), vi, v ∈ V1 .

In particular, for v =

ẑ1 − ẑ11
′

(5.31)

∈ V1 equation (5.31) yields

|||ẑ1 − ẑ11 |||2 = −h(b (u) − b′ (u1 ))ẑ1 , ẑ1 − ẑ11 i − hb′ (u1 )(ẑ1 − ẑ11 ), ẑ1 − ẑ11 i
≤ −h(b′ (u) − b′ (u1 ))ẑ1 , ẑ1 − ẑ11 i

(5.32)

where the last line in (5.32) follows from the assumption that b is an increasing function
hence hb′ (u1)(ẑ1 − ẑ11 ), ẑ1 − ẑ11 i ≥ 0. Then applying the Lipschitz property of b′ , the
a priori bound on the dual solution ẑ1 and both primal and dual L2 lifting we have
from (5.32)
|||ẑ1 − ẑ11 |||2 ≤ ΘKZ ku − u1 kL2 kẑ1 − ẑ11 kL2
from which the result follows.

1
≤ ΘKZ C∗ Ĉ∗ h2s
0 |||u − u1 ||||||ẑ1 − ẑ1 |||

(5.33)


The contraction of the combined quasi-error is driven by the dual-sequence estimator
reduction and quasi-orthogonality estimates. As the former is coupled to the primal error,
the end result is a reduction in a linear combination of the energy errors in primal and
limiting dual problems and error estimators of the primal problem and approximate dual
sequence. As seen by the bound on the error in the goal function Theorem 5.12, the
contraction of the combined quasi-error determines the contraction in the error of the
quantity of interest.
Theorem 5.11 (Contraction of the combined quasi-error). Let the problem data satisfy
Assumption 2.1 and Assumption 2.3 and the mesh satisfy Assumption 2.2. Let
u the solution to (1.2),
ẑ the solution to (2.5),

uj the solution to (2.19),
ẑj the solution to (2.21).

20

M. HOLST, S. POLLOCK, AND Y. ZHU

Let θ ∈ (0, 1], and let {Tj , Vj }j≥0 be the sequence of meshes and finite element spaces
produced by GOAFEM. Let γp > 0 as given by Theorem 4.8. Then there exist constants
γ > 0, π > 0 and 0 < αD < 1, depending on the initial mesh T0 and marking parameter
θ such that
|||ẑ − ẑ2 |||2 + γζ22(ẑ2 ) + π|||u − u2 |||2 + πγp η22 (u2)
Proof. Let


2
≤ αD
|||ẑ − ẑ1 |||2 + γζ12(ẑ1 ) + π|||u − u1 |||2 + πγp η12 (u1 ) .

(5.34)

η0 = η0 (D, T0 ) and ζk (ẑk ) = ζk (ẑk , Tk ), k = 1, 2.
Start with estimator reduction for the limiting dual problem as in equation (4.35). For
arbitrary δ > 0

ζ22(ẑ2 ) ≤(1 + δ) ζ12 (ẑ1 ) − λζ12 (ẑ1 , M) + (1 + δ −1 )Λ1 η02 |||ẑ2 − ẑ1 |||2 .
(5.35)
Recall the quasi-orthogonality estimate in the limiting dual problem from Lemma 5.4
|||ẑ − ẑ2 |||2 ≤ Λ̂G |||ẑ − ẑ1 |||2 − |||ẑ2 − ẑ1 |||2 .

(5.36)

|||ẑ − ẑ2 |||2 + γζ22(ẑ2 ) ≤ A|||ẑ − ẑ1 |||2 + γBζ12 (ẑ1 ) + D|||u − u1 |||2

+ γ(1 + δ −1 )Λ1 η02 − 1 |||ẑ2 − ẑ1 |||2 .

(5.37)

−2
γ := (1 + δ −1 )−1 Λ−1
1 η0 .

(5.38)

Adding (5.36) to a positive multiple γ (to be determined) of (5.35) and applying the
results of Lemmas 5.9 and 5.10 obtain

Set γ to eliminate the last term in (5.37)

Then the coefficients A and B of (5.36) are given by
−2
A = Λ̂G − (1 − β)λθ2 δ(1 + δ4 )−1 C1−2 Λ−1
1 η0

B = (1 + δ)(1 − βλθ2 (1 + δ4 )−1 )

(5.39)
(5.40)

where as given in (5.25)
(1 + δ4 ) := (1 + δ1 )(1 + δ2 )(1 + δA )(1 + δB ).
For the coefficients as defined by (5.39) and (5.40), requiring A < 1 and B < 1 yields
the inequality
δ 1 + δ4
(Λ̂G − 1)ΛC 1 + δ4
<
β
<
1
−
.
(5.41)
1 + δ λθ2
δ
λθ2
To demonstrate that parameters δ, δ4 > 0 may be chosen to satisfy (5.41) with β ∈ (0, 1)
set
δ4 = δ = bλθ2 for some b < 1.
(5.42)
Require the mesh condition
(Λ̂G − 1)ΛC = aλθ2 for some a < 1 with ΛC := C12 Λ1 η02

for a given θ ∈ (0, 1). Then using (5.42) and (5.43) in (5.41) yields


1
b<β <1−a 1+
bλθ2

(5.43)

(5.44)

which may be satisfied with β ∈ (0, 1) for n sufficiently small. The condition (5.43) with
a as required by (5.44) is feasible as the the dual quasi-orthogonality constant Λ̂G may
be driven arbitrarily close to unity by a sufficiently fine initial mesh.
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Consider the coefficient D of (5.37). As we have conditions on the combined parameter δ4 , assume δ1 = δ2 = δA = δB =: δC . Then

 2
 2
h0
θ + (1 + δC )2
2 2s
2 2 2 2s
(5.45)
+ Ĉ∗ h0 .
D = δλΘ KZ C∗ h0
(1 + δC )2 δC
Λ1 η02
To control the primal error term with the coefficient D as given by (5.45), add a positive multiple π (to be determined) of the primal contraction result (4.36) of Theorem 4.8
to (5.39) yieding
|||ẑ − ẑ2 |||2 + γζ22(ẑ2 ) + π|||u − u2 |||2 + πγp η22 (u2 )

≤ A|||ẑ − ẑ1 |||2 + γBζ12 (ẑ1 ) + (D + α2 π)|||u − u1 |||2 + α2 πγP η12 (u1 ).

(5.46)

Choose π to ensure D + α2 π < π

π>
and set

D
1 − α2

(5.47)



D + α2 π 2
αD := max A, B,
, α < 1.
π
Then the combined quasi-error satisfies the contraction property
|||ẑ − ẑ2 |||2 + γζ22(ẑ2 ) + π|||u − u2 |||2 + πγp η22 (u2)


2
≤ αD
|||ẑ − ẑ1 |||2 + γζ12(ẑ1 ) + π|||u − u1 |||2 + πγp η12 (u1 ) .

(5.48)

(5.49)


Corollary 5.12 (Bounding the error in the goal function). Let the problem data satisfy
Assumption 2.1 and Assumption 2.3 and the mesh satisfy Assumption 2.2. Let B, Θ and KZ
the constants given in Proposition 2.4 and C∗ and Ĉ∗ the constants given by Lemmas 4.1
and 5.2, respectively. Let αD ∈ (0, 1) as given by Theorem 5.11. Let
u the solution to (1.2),
ẑ the solution to (2.5),

uj the solution to (2.19),
ẑj the solution to (2.21).

Then the error in the goal function is controlled by a constant multiple of the square of
the combined quasi-error, and
2j
|g(u) − g(uj )| ≤ C Q̄2j (uj , ẑj ) ≤ αD
C Q̄20 (u0 , ẑ0 ).

(5.50)

Proof. Choosing the test function v = u − uj in (2.5), and by linearity and Galerkin
orthogonality for the primal problem
g(u) − g(uj ) = a(ẑ, u) + hb′ (u)ẑ, ui − a(ẑ, uj ) − hb′ (u)ẑ, uj i
= a(u − uj , ẑ) + hb′ (u)(u − uj ), ẑi

= a(u − uj , ẑ) + hBj (u − uj ), ẑi + h(b′ (u) − Bj )(u − uj ), ẑi

= a(u − uj , ẑ − ẑj ) + hb(u) − b(uj ), ẑ − ẑj i + h(b′ (u) − Bj )(u − uj ), ẑi.
(5.51)

The third term in the last line of (5.51) represents the error induced by switching from
the limiting to the linearized dual problem as required to make use of property (2.2). This
term may be bounded in terms of the constants and L∞ estimates in Proposition 2.4 and
Z 1
Θ
′
kb (u) − Bj k =
b′ (u) − b′ (uj + ξ(u − uj )) dξ ≤ ku − uj k,
2
0

22

M. HOLST, S. POLLOCK, AND Y. ZHU

yielding
h(b′ (u) − Bj )(u − uj ), ẑi ≤ KZ kb′ (u) − Bj kL2 ku − uj kL2
1
(5.52)
≤ ΘKZ ku − uj k2L2 .
2
Then by (5.51), (5.52), the Cauchy-Schwarz inequality and L2 -lifting as in Lemmas 4.1
and 5.2
|g(u) − g(uj )| ≤ |||u − uj ||||||ẑ − ẑj ||| + Bku − uj kL2 kẑ − ẑj kL2
1
+ ΘKZ ku − uj k2L2
2
1
2 2s
2
≤ (1 + BC∗ Ĉ∗ h2s
0 )|||u − uj ||||||ẑ − ẑj ||| + ΘKZ C∗ h0 |||u − uj |||
2

1
|||u − uj |||2
1 + (ΘKZ C∗ + B Ĉ∗ )C∗ h2s
≤
0
2
1
2
+ (1 + BC∗ Ĉ∗ h2s
(5.53)
0 )|||ẑ − ẑj ||| .
2
Comparing (5.53) to the (5.49), the error in the goal function is bounded below a
constant multiple of the combined quasi-error
Q̄(uj , ẑj ) = |||ẑ − ẑj |||2 + γζj2(ẑj ) + π|||u − uj |||2 + πγp ηj2 (uj )

which is shown to contract at each iteration of the algorithm, from which (5.50) follows.

6. C ONCLUSION
In this article we developed convergence theory for a class of goal-oriented adaptive
finite element algorithms for second order semilinear elliptic equations. We first introduced several approximate dual problems, and briefly discussed the target problem class.
We then reviewed some standard facts concerning conforming finite element discretization and error-estimate-driven adaptive finite element methods (AFEM). We included a
brief summary of a priori estimates for semilinear problems, and then described goaloriented variations of the standard approach to AFEM (GOAFEM). Following the recent work of Mommer-Stevenson and Holst-Pollock for linear problems, we established
contraction of GOAFEM for the primal problem. We also developed some additional
estimates that make it possible to establish contraction of the combined quasi-error, and
showed convergence in the sense of the quantity of interest. Our analysis was based on
the recent contraction frameworks for the semilinear problem developed by Holst, Tsogtgerel, and Zhu and Bank, Holst, Szypowski and Zhu and those for linear problems as in
Cascon, Kreuzer, Nochetto and Siebert, and Nochetto, Siebert, and Veeser. In addressing
the goal-oriented problem we based our approach on that of Mommer and Stevenson for
symmetric linear problems and Holst and Pollock for nonsymmetric problems. However, unlike the linear case, we were faced with tracking linearized and approximate dual
sequences in order to establish contraction with respect to the quantity of interest.
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