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Multi-cube representations of arbitrary three-manifolds.
Boundary conditions for elliptic, parabolic and hyperbolic PDEs.
Numerical tests for solutions of simple PDEs.

Reference metrics on generic multi-cube manifolds.

@ Smoothing reference metrics with Ricci flow.
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Representations of Arbitrary Three-Manifolds

@ Goal: Develop numerical methods that are easily adapted to
solving elliptic PDEs on three-manifolds ¥ with arbitrary topology,
and parabolic or hyperbolic PDEs on manifolds R x %.
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Representations of Arbitrary Three-Manifolds

@ Goal: Develop numerical methods that are easily adapted to
solving elliptic PDEs on three-manifolds ¥ with arbitrary topology,
and parabolic or hyperbolic PDEs on manifolds R x %.

@ Every two- and three-manifold admits a triangulation (Radé 1925,
Moire 1952), i.e. can be represented as a set of triangles (or

tetrahedra), plus a list of rules for gluing their edges (or faces)
together.

Lee Lindblom (Caltech/UCSD) EIVP U Alaska 9/3/2014 2/27



Representations of Arbitrary Three-Manifolds

@ Goal: Develop numerical methods that are easily adapted to
solving elliptic PDEs on three-manifolds ¥ with arbitrary topology,
and parabolic or hyperbolic PDEs on manifolds R x %.

@ Every two- and three-manifold admits a triangulation (Radé 1925,
Moire 1952), i.e. can be represented as a set of triangles (or
tetrahedra), plus a list of rules for gluing their edges (or faces)
together.

@ Cubes make more convenient computational domains for finite
difference and spectral numerical methods.

@ Can arbitrary two- and three-manifolds be “cubed”, i.e.
represented as a set of squares or cubes plus a list of rules for
gluing their edges or faces together?
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“Multi-Cube” Representations of Three-Manifolds

@ Every two- and three-dimensional triangulation can be refined to a
“multi-cube” representation: For example, in three-dimensions
divide each tetrahedron into four “distorted” cubes:
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“Multi-Cube” Representations of Three-Manifolds

@ Every two- and three-dimensional triangulation can be refined to a
“multi-cube” representation: For example, in three-dimensions
divide each tetrahedron into four “distorted” cubes:
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“Multi-Cube” Representations of Three-Manifolds

@ Every two- and three-dimensional triangulation can be refined to a
“multi-cube” representation: For example, in three-dimensions
divide each tetrahedron into four “distorted” cubes:

@ Every two- or three-manifold can be represented as a set of
squares or cubes, plus maps that identify their edges or faces.
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Boundary Maps: Fixing the Topology

@ Multi-cube representations of topological manifolds consist of a
set of cubic regions, B4, plus maps that identify the faces of
neighboring regions, V5% (938g) = 0.5x.
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Boundary Maps: Fixing the Topology

@ Multi-cube representations of topological manifolds consist of a
set of cubic regions, B4, plus maps that identify the faces of
neighboring regions, ng(agBB) = 0y Ba.

@ Choose cubic regions to have uniform size and orientation.
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Boundary Maps: Fixing the Topology

@ Multi-cube representations of topological manifolds consist of a

set of cubic regions, B4, plus maps that identify the faces of

neighboring regions, ng;(&)gBB) = 0,Ba.

@ Choose cubic regions to have uniform size and orientation.

@ Choose linear interface
identification maps W4:
P Aai(vk Ak
Xa = Caq +‘CB§k(XB — Cgp);
where C4¢/ is a rotation-

reflection matrix, and ¢/, , is
center of « face of region A.
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Boundary Maps: Fixing the Topology
@ Multi-cube representations of topological manifolds consist of a
set of cubic regions, B4, plus maps that identify the faces of
neighboring regions, W3%(9385) = 0. Ba.
@ Choose cubic regions to have uniform size and orientation.
@ Choose linear interface

. o . A . z z
identification maps Wi3: Wi
i A A ( vk K
X/I‘\_ Cj‘\(,x +‘CB§/I((XB_CB;3’)7 B
where C7 4} is a rotation- © |y P
reflection matrix, and Q’qa is X A B
center of « face of region A.
@ Examples: ‘
SS
. Sy XS ;
s R
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Fixing the Differential Structure
@ The boundary identification maps,
W22, used to construct multi-cube
topological manifolds are
continuous, but typically are not
differentiable at the interfaces.

@ Smooth tensor fields expressed in multi-cube Cartesian
coordinates are not (in general) even continuous at the interfaces.
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topological manifolds are
continuous, but typically are not
differentiable at the interfaces.

@ Smooth tensor fields expressed in multi-cube Cartesian
coordinates are not (in general) even continuous at the interfaces.

@ Differential structure provides the framework in which smooth
functions and tensors are defined on a manifold.
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Fixing the Differential Structure

@ The boundary identification maps,
W43, used to construct multi-cube
topological manifolds are
continuous, but typically are not
differentiable at the interfaces.

@ Smooth tensor fields expressed in multi-cube Cartesian
coordinates are not (in general) even continuous at the interfaces.

@ Differential structure provides the framework in which smooth
functions and tensors are defined on a manifold.

@ The standard construction assumes the existence of overlapping
coordinate domains having smooth transition maps.

@ Multi-cube manifolds need an <
additional layer of infrastructure:
e.g., overlapping domains Dy O Ba < >
with transition maps that are smooth
in the overlap regions. <
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Fixing the Differential Structure I
@ All'that is needed to define continuous tensor fields at interface
boundaries is the Jacobian Jg‘g; and its dual Jj\ffk that transform

tensors from one multi-cube coordinate region to another.
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Fixing the Differential Structure I
@ All that is needed to define continuous tensor fields at interface
boundaries is the Jacobian J3%, and its dual Jj\ffk that transform
tensors from one multi-cube coordinate region to another.
@ Define the transformed tensors across interface boundaries:

BBk
<VB>A - Jé(gy;( Vg, <WBi>A = Jz\u,)' wpk-

@ Tensor fields are continuous across interface boundaries if they
are equal to their transformed neighbors:

Vi\ = <Vf3>A-, Wai = (Wgi)A
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Fixing the Differential Structure I

@ All that is needed to define continuous tensor fields at interface
boundaries is the Jacobian Jz3; and its dual J*Bdk that transform
tensors from one multi-cube coordinate region to another.

@ Define the transformed tensors across interface boundaries:

(VB)a = JB5LVE, (Wai)a = Ji2 wgy.

@ Tensor fields are continuous across interface boundaries if they

are equal to their transformed neighbors:

Vi\ = <Vf3>A-, Wai = (Wgi)A

@ If there exists a covariant derivative V; determined by a smooth
connection, then differentiability across interface boundaries can
be defined as continuity of the covariant derivatives:

Vaiva= (Vgvp)a,  Vawai = (VgWwai)a
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Fixing the Differential Structure I

@ All that is needed to define continuous tensor fields at interface
boundaries is the Jacobian Jz3; and its dual J*Bdk that transform
tensors from one multi-cube coordinate region to another.

@ Define the transformed tensors across interface boundaries:

(VB)a = JB5LVE, (Wai)a = Ji2 wgy.

@ Tensor fields are continuous across interface boundaries if they

are equal to their transformed neighbors:

Vi\ = <Vf3>A-, Wai = (Wgi)A

@ If there exists a covariant derivative V; determined by a smooth
connection, then differentiability across interface boundaries can
be defined as continuity of the covariant derivatives:

Vaiva= (Vgvp)a,  Vawai = (VgWwai)a

@ A smooth reference metric g; determines both the needed
Jacobians and the smooth connection.
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Fixing the Differential Structure Il

@ Let gnj and gg; be the components of a smooth reference metric
in the multi-cube coordinates of regions B3, and 5 that are
identified at the faces 0,84 <> 038p.
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Fixing the Differential Structure Il

@ Let gnj and gg; be the components of a smooth reference metric
in the multi-cube coordinates of regions B3, and 5 that are
identified at the faces 0,84 <> 038p.

@ Use the referenqe metric to define the outward directed unit
normals: Ma.i, 1y, NBsi, and h}gﬁ.
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Fixing the Differential Structure Il

@ Let gnj and gg; be the components of a smooth reference metric
in the multi-cube coordinates of regions B3, and 5 that are
identified at the faces 0,84 <> 038p.

@ Use the referenqe metric to deﬂne the outward directed unit
normals: Ma.i, 1y, NBsi, and F’ba-

@ The needed Jacobians are given by

Aai A sp S
Jgok = Ch% ( annBSK) — M, NBsK:
*Bpk 0 Bk = =~k
Jnai = (08 = Aaaifia,) Cany — NAaiNpg-
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Fixing the Differential Structure Il

@ Let gnj and gg; be the components of a smooth reference metric
in the multi-cube coordinates of regions B3, and 5 that are
identified at the faces 0,84 <> 038p.

@ Use the referenqe metric to deﬂne the outward directed unit
normals: Ma.i, 1y, NBsi, and F’ba-

@ The needed Jacobians are given by

Aai A sp S
Jgok = Ch% ( - ”BS”BSK) — M, NBsK:
*Bpk 0 Bk = =~k
Jnai = (08 = Aaaifia,) Cany — NAaiNpg-

@ These Jacobians satisfy:

o Aai 3 ~

Mao = —, ”k”g% nAui = JA(Y, NBak
i jAai Aai |k Aai +BBL

Upo = JBakUBﬂ— ChskUps; Ak = Jg5eJdpak -

@ Require that a smooth reference metric g, be provided as part of
the multi-cube representation of any manifold.
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Solving PDEs on Multi-Cube Manifolds
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@ Solve PDEs in each cubic region separately.
@ Use boundary conditions on cube faces to select the correct

smooth global solution.
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Solving PDEs on Multi-Cube Manifolds

1S
S, xS - 3
Z\ u 2 1 1 ' 3 4
1 2 3 4
t 5 0 t 5 Pl
< P
@ Solve PDEs in each cubic region separately.
@ Use boundary conditions on cube faces to select the correct
smooth global solution.
@ For second-order strongly-elliptic systems: enforce continuity on
one face and continuity of normal derivatives on neighboring face,

Up = <UB>A @nBUB = *<@nAUA>B-
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Solving PDEs on Multi-Cube Manifolds

18

P

1 3 4

S, xS,

z ]‘ s
1 2 3 4
t 5 0 t 5 Pl
< P
@ Solve PDEs in each cubic region separately.
@ Use boundary conditions on cube faces to select the correct
smooth global solution.
@ For second-order strongly-elliptic systems: enforce continuity on
one face and continuity of normal derivatives on neighboring face,
ua = (Ug)A Vs = —(V,Ua) B
@ For first-order symmetric hyperbolic systems whose dynamical
fields are tensors: set incoming characteristic fields, &, with
outgoing characteristics, &, from neighbor,
Uy = (Ug)a lg = ()5
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Numerical Methods

@ Represent each component of each tensor field as a (finite) sum
of spectral basis functions, v® =3, g Tp(X)Tg(y)Tr(2),in
each cubic region.
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Numerical Methods

@ Represent each component of each tensor field as a (finite) sum
of spectral basis functions, v® =3, g Tp(X)Tg(y)Tr(2),in
each cubic region.

@ Evaluate derivatives of the functions using the known derivatives
of the basis functions: d,u™ = 5, Upsr Ox Tp(X) Tq(¥) Tr(2).
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Numerical Methods

@ Represent each component of each tensor field as a (finite) sum
of spectral basis functions, v® =3, g Tp(X)Tg(y)Tr(2),in
each cubic region.

@ Evaluate derivatives of the functions using the known derivatives
of the basis functions: d,u™ = 5, Upsr Ox Tp(X) Tq(¥) Tr(2).

@ Evaluate the PDEs and BCs on a set of collocation points,

{xi. ¥}, 2z}, chosen so that u®(x;, y;, zx) can be mapped efficiently
onto the spectral coefficients uy,,. Derivatives become linear
combinations of the fields: d,u®(x;. yj, z) = >, D" u®(xe, y}. k).
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Numerical Methods

@ Represent each component of each tensor field as a (finite) sum
of spectral basis functions, v® =3, g Tp(X)Tg(y)Tr(2),in
each cubic region.

@ Evaluate derivatives of the functions using the known derivatives
of the basis functions: d,u™ = 5, Upsr Ox Tp(X) Tq(¥) Tr(2).

@ Evaluate the PDEs and BCs on a set of collocation points,

{xi. ¥}, 2z}, chosen so that u®(x;, y;, zx) can be mapped efficiently
onto the spectral coefficients uy,,. Derivatives become linear
combinations of the fields: d,u®(x;. yj, z) = >, D" u®(xe, y}. k).

@ For elliptic systems, these pseudo-spectral equations become a
system of algebraic equations for u“(x;. y;, zx). Solve these
algebraic equations using standard numerical methods.

@ For hyperbolic systems these equations become a system of
ordinary differential equations for u®(x;, y;, Zx, t). Solve these
equations by the method of lines using standard ode integrators.
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Testing the Elliptic PDE Solver

@ Solve the elliptic PDE, V'V ;1) — ¢®) = f where ¢? is a constant,
and f is a given function.
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Testing the Elliptic PDE Solver

@ Solve the elliptic PDE, V'V i) — ¢®1) = f where ¢? is a constant,
and f is a given function.
@ Use the co-variant derivative V; for the round metric on S® x S':

ds? = R2dy2+ RE (d92+sin29d<p2>,
orR\? 5  (7R\? (14 X2)( + Y2)
- dZA + 2 2\2
L 2L ) (1+X2+1Y?)
x [(1 + X2) dx2 — 22X, Yadxadya+ (1 + Y2) dy/ﬂ .

where X, = tan [r(xa — c})/2L] and Y, = tan [x(ya — c})/2L]
are “local” Cartesian coordinates in each cubic region.
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Testing the Elliptic PDE Solver

@ Solve the elliptic PDE, V'V ;1) — ¢®) = f where ¢? is a constant,
and f is a given function.

@ Use the co-variant derivative V; for the round metric on S? x S':
ds? = R2dy2+ RE (d92 +sin?0 d<p2> ,
- (%Fg >2dz§ . <7TR2>2 (1+X3)(1+ Y3)
L 2L ) (1+ X2+ Y2)2
x [(1 + X2) dx2 — 22X, Yadxadya+ (1 + Y2) dyﬂ .

where X, = tan [r(xa — c})/2L] and Y, = tan [x(ya — c})/2L]
are “local” Cartesian coordinates in each cubic region.

o Letf = —(w? + C%)ve, where g = R [€*XY,n(0, ¢)]. The
angles y, ¢ and ¢ are functions of the coordinates x, y and Z.
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Testing the Elliptic PDE Solver

@ Solve the elliptic PDE, V'V i) — ¢®1) = f where ¢? is a constant,
and f is a given function.
@ Use the co-variant derivative V; for the round metric on S® x S':

ds? = R2dy2+ RE (d92+sin29d<p2>,
orR\? 5  (7R\? (14 X2)( + Y2)
- dZA + 2 2\2
L 2L ) (1+X2+1Y?)
x [(1 + X2) dx2 — 22X, Yadxadya+ (1 + Y2) dyﬂ .

where X, = tan [r(xa — c})/2L] and Y, = tan [x(ya — c})/2L]
are “local” Cartesian coordinates in each cubic region.

o Letf = —(w? + C%)ve, where g = R [€*XY,n(0, ¢)]. The
angles y, ¢ and ¢ are functions of the coordinates x, y and Z.

@ The unique, exact, analytical solution to this problem is 1) = g,
when w? = /(¢ +1)/R5 + k*/ R2.
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Testing the Elliptic PDE Solver Il

@ Measure the accuracy of the numerical solution ¢/, as a function
of numerical resolution N (grid points per dimension) in two ways:
o First, with the residual Ry = V'V )y — ¢y — f, and its norm:

_ [T
&R =\ TR g

e Second, with the solution error, Ay = 1)y — g, and its norm:

. = J Ay2,/gd3x
v =\ TeEvedx
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Testing the Elliptic PDE Solver Il

@ Measure the accuracy of the numerical solution ¢/, as a function
of numerical resolution N (grid points per dimension) in two ways:

o First, with the residual Ry = V'V iy — ¢?1n — f, and its norm:

_ [T
&R =\ TR g

e Second, with the solution error, Ay = 1)y — g, and its norm:

g, —  [JIBP/adx
v =\ T2 /edx

10

. @ All these numerical tests were
0 1 performed by implementing
oot *. N &y | the ideas described here into

° the Spectral Einstein Code
02t .. i (SpEC) developed by the SXS
&g P | collaboration, originally at

B Caltech and Cornell.
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Testing the Hyperbolic PDE Solver
@ Solve the equation 021 = V, V¢ with given initial data.
@ Convert the second-order equation into an equivalent first-order
system: Oy = —I1, Ol =-V'®d;, and 0P, = -V,
with constraint C; = Vi) — ;.
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Testing the Hyperbolic PDE Solver

@ Solve the equation 021 = V, V¢ with given initial data.

@ Convert the second-order equation into an equivalent first-order
system: Oy = —I1, Ol =-V'®d;, and 0P, = -V,
with constraint C; = Vi) — ;.

@ Use the co-variant derivative V; for the round metric on S°:

ds? = RZ[dy?+sin®x (d6® +sin® 0 di?)|

A+XDA+YE+28) o, (+YH(+X3+238) ,

(@)2 (1 +X3)(1 + Y3 (1 + Z3)

2L (1+ X2+ Y24+ 22)2 1+ Y2)(1+22) (1 +X2)(1 +22)
14201+ X3+ Y2 2X,Y, 2X4Z, 2Y,Z,
( A)(2 A > ) 2 TA 2 X dy — A gdxdz— A ':dydz .
(1+X3)(1+ v2) 1+ 2% 1+ Y2 1+ X2
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Testing the Hyperbolic PDE Solver

@ Solve the equation 021 = V, V¢ with given initial data.

@ Convert the second-order equation into an equivalent first-order
system: Oy = —I1, Ol =-V'®d;, and 0P, = -V,
with constraint C; = Vi) — ;.

@ Use the co-variant derivative V; for the round metric on S°:
ds? = R? [dXZ +sin?y (deZ +sin?¢ d&)} ,

(@)2 (1 +X3)(1 + Y3 (1 + Z3)

A+XDA+YE+28) , (1+Y)(1+X3 +z§)d 5

2L (1+ X2+ Y24+ 22)2 1+ Y2)(1+22) (1 +X2)(1 +22)
1+22)1 + X2+ v2 2X,Y, 2X,Z, 2Y,Z,
( A)(2 A2A) 2 2XaVA ey AT ey 2YAZA 0|
(1+X2)(1 + Y3) 1+ 2% 1+ Y2 1+ X2

@ Choose initial data with ¢;—o = R Yikem(x, ¢, ¢)],
Mi—o = —R[iw Ykem(x, 0, ¢)] and ®;—o = R[V; Yiem(X, 0, ©)]
where w? = k(k + 2)/Rs.
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Testing the Hyperbolic PDE Solver

@ Solve the equation 021 = V, V¢ with given initial data.

@ Convert the second-order equation into an equivalent first-order
system: Oy = —I1, Ol =-V'®d;, and 0P, = -V,
with constraint C; = Vi) — ;.

@ Use the co-variant derivative V; for the round metric on S°:

ds? = RZ[dy?+sin®x (d6® +sin® 0 di?)|

A+XDA+YE+28) o, (+YH(+X3+238) ,

(@)2 (1 +X3)(1 + Y3 (1 + Z3)

2L (1+ X2+ Y24+ 22)2 1+ Y2)(1+22) (1 +X2)(1 +22)
14201+ X3+ Y2 2X,Y, 2X4Z, 2Y,Z,
( A)(2 A > ) 2 TA 2 X dy — A gdxdz— A ':dydz .
(1+X3)(1+ v2) 1+ 2% 1+ Y2 1+ X2

@ Choose initial data with ¢;—o = R Yikem(x, ¢, ¢)],
Mi—o = —R[iw Ykem(x, 0, ¢)] and ®;—o = R[V; Yiem(X, 0, ©)]
where w? = k(k + 2)/Rs.

@ The unique, exact, analytical solution to this problem is
Y = e = R[E“ Yium(x, 0, )], N = —0r)e, and ®; = Vit)e.
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Testing the Hyperbolic PDE Solver Il
@ Measure the accuracy of the numerical solution ¢/, as a function
of numerical resolution N (grid points per dimension) in two ways:
e First, with the solution error, Ay = )y — g, and its norm:

.= J Ay2,/gd3x

e Second, with the constraint error, C; = ®; — V1), and its norm:

g o fg’/C,C,-\/gd3x
€7V T 9@ +ViuV9) /adx”
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Testing the Hyperbolic PDE Solver Il

@ Measure the accuracy of the numerical solution ¢/, as a function
of numerical resolution N (grid points per dimension) in two ways:
e First, with the solution error, Ay = )y — g, and its norm:

.= J Ay2,/gd3x

e Second, with the constraint error, C; = ®; — V1), and its norm:

[ g7C:C;\/ad®x
To7(®; ¢/+V,LV/ ) /adPx "
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Reference Metrics for Generic Multi-Cube Manifolds

@ A smooth reference metric g; expressed in global multi-cube
Cartesian coordinates provides the differentiable structure.

@ How can such metrics be constructed (preferably automatically)
for generic multi-cube manifolds?
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Reference Metrics for Generic Multi-Cube Manifolds

@ A smooth reference metric g; expressed in global multi-cube
Cartesian coordinates provides the differentiable structure.

@ How can such metrics be constructed (preferably automatically)
for generic multi-cube manifolds?

@ Unfortunately at the present time, we don’t know how to do this.

Lee Lindblom (Caltech/UCSD) EIVP U Alaska 9/3/2014 14/27



Reference Metrics for Generic Multi-Cube Manifolds

@ A smooth reference metric g; expressed in global multi-cube
Cartesian coordinates provides the differentiable structure.

@ How can such metrics be constructed (preferably automatically)
for generic multi-cube manifolds?

@ Unfortunately at the present time, we don’t know how to do this.

@ Somewhat less smooth, C?—, reference metrics are sufficient for
many purposes, e.g. specifying boundary conditions for
second-order elliptic and hyperbolic PDEs like Einstein’s equation.
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Reference Metrics for Generic Multi-Cube Manifolds

@ A smooth reference metric g; expressed in global multi-cube
Cartesian coordinates provides the differentiable structure.

@ How can such metrics be constructed (preferably automatically)
for generic multi-cube manifolds?

@ Unfortunately at the present time, we don’t know how to do this.

@ Somewhat less smooth, C?—, reference metrics are sufficient for
many purposes, e.g. specifying boundary conditions for
second-order elliptic and hyperbolic PDEs like Einstein’s equation.

@ We do know how to construct C>~ reference metrics on generic
multi-cube manifolds.

@ The remainder of this talk will discuss how this is done, give an
explicit algorithm and examples in 2D, and finish by showing how
smoother reference metrics can be created by Ricci flow.
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Star-Shaped Clusters

@ Consider the star-shaped cluster of blocks whose corners
intersect at a particular vertex point in the multi-block manifold.
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Star-Shaped Clusters

@ Consider the star-shaped cluster of blocks whose corners
intersect at a particular vertex point in the multi-block manifold.

@ Introduce a flat metric on this star-shaped cluster.

@ Transform this flat metric into the multi-block Cartesian
coordinates of each block. In 2D, this flat metric has the form

ds® = ef'dx’ax! = dx® + 2¢,,Cos 04 dx dy + dy?,

where ¢, = =1, and 0,4 is the opening angle of this particular
vertex in the flat metric of the star-shaped cluster.
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Star-Shaped Clusters Il

@ On a particular block 34, add together the flat star-shaped cluster
metrics associated with each corner: g/' = 3=, uja(X)e]f".

@ Use non-negative weight functions u;4, whose values are 1 in a
neighborhood of the / vertex of block A, and which fall to zero in
neighborhoods of the other vertices of the block. The combined

metrics, _E;;‘, have no cone singularities at block corners.
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Star-Shaped Clusters Il

@ On a particular block 34, add together the flat star-shaped cluster
metrics associated with each corner: g/' = 3=, uja(X)e]f".

@ Use non-negative weight functions u;4, whose values are 1 in a
neighborhood of the / vertex of block A, and which fall to zero in
neighborhoods of the other vertices of the block. The combined
metrics, _E;;‘, have no cone singularities at block corners.

@ At present we do not know how to choose the weight functions 4
in a way that ensures the combined metrics, Q,j‘, are smooth

across all the interface boundaries.
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Star-Shaped Clusters Il

On a particular block 534, add together the flat star-shaped cluster
metrics associated with each corner: g/' = 3=, uja(X)e]f".

Use non-negative weight functions u;4, whose values are 1 in a
neighborhood of the / vertex of block A, and which fall to zero in
neighborhoods of the other vertices of the block. The combined
metrics, _E;;‘, have no cone singularities at block corners.

At present we do not know how to choose the weight functions v,
in a way that ensures the combined metrics, Q,j‘, are smooth

across all the interface boundaries.

For simplicity, choose weight functions of
the form wja(X) = h(x — cl)h(y — cly),
where h(w) = (1 — w?%)’. These weight
functions guarantee continuity, but not
differentiability of g; across interface
boundaries.
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Star-Shaped Clusters Il

On a particular block 534, add together the flat star-shaped cluster
metrics associated with each corner: g/' = 3=, uja(X)e]f".

Use non-negative weight functions u;4, whose values are 1 in a
neighborhood of the / vertex of block A, and which fall to zero in
neighborhoods of the other vertices of the block. The combined
metrics, _E;;‘, have no cone singularities at block corners.

At present we do not know how to choose the weight functions v,
in a way that ensures the combined metrics, Q,;‘, are smooth

across all the interface boundaries.

For simplicity, choose weight functions of
the form wja(X) = h(x — cl)h(y — cly),
where h(w) = (1 — w?%)’. These weight
functions guarantee continuity, but not
differentiability of g; across interface
boundaries.
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Star-Shaped Clusters Il

@ Differentiability of the composite metrics Q,f‘ across interfaces
requires their extrinsic curvatures, K/** = 3(g/' — NaaiNaaj) Kaa, to
be continuous across those interfaces.
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Star-Shaped Clusters Il
@ Differentiability of the composite metrics Q,f‘ across interfaces
requires their extrinsic curvatures, K/** = %(Q,j-‘ — NAaiNAaj) Kaa, 1O
be continuous across those interfaces.
@ Extrinsic curvatures K, of the metrics Q,//.‘ are not continuous.
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Star-Shaped Clusters Il

@ Differentiability of the composite metrics Q,-;‘ across interfaces
requires their extrinsic curvatures, K,-f‘“’ = %(Q,j-‘ — NaaiNAaj) Kaas 10
be continuous across those interfaces.

@ Extrinsic curvatures Ky, of the metrics Q,-//-‘ are not continuous.

@ Conformally transform the composite metrics, g;' = ¢ g7, to
make extrinsic curvatures vanish on boundary faces: K, = 0.
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Star-Shaped Clusters Il

@ Differentiability of the composite metrics Q,-;‘ across interfaces
requires their extrinsic curvatures, K,-f‘“’ = %(Q,j-‘ — NaaiNAaj) Kaas 10
be continuous across those interfaces.

@ Extrinsic curvatures Ky, of the metrics Q,-j-‘ are not continuous.

@ Conformally transform the composite metrics, g;' = ¢ g7, to

make extrinsic curvatures vanish on boundary faces: K, = 0.
@ The required cor_lformal factors ¢4 must satisfy the conditions
va=1and ff Vilogis = —%Ka, on the boundary faces.
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Star-Shaped Clusters Il

@ Differentiability of the composite metrics Q,-;‘ across interfaces
requires their extrinsic curvatures, K,-f‘“’ = %(Q,j-‘ — NaaiNAaj) Kaas 10
be continuous across those interfaces.

@ Extrinsic curvatures K, of the metrics Q,-j-‘ are not continuous.

@ Conformally transform the composite metrics, g;' = ¢ g7, to
make extrinsic curvatures vanish on boundary faces: K, = 0.

@ The required conformal factors )4 must satisfy the conditions
va=1and ff Vilogis = —%Ka, on the boundary faces.

@ A simple choice for ¢4 is a sum of terms (one for each boundary
face) of the form, log i +=~ —x h(x) Ka_x(y)/275_ (V).
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Star-Shaped Clusters Il

@ Differentiability of the composite metrics g,/ across interfaces

requires their extrinsic curvatures, K,f‘“ = (g,j nAo,,,nAu,/)KAm to
be continuous across those interfaces.
@ Extrinsic curvatures Ky, of the metrics Q,j‘ are not continuous.

@ Conformally transform the composite metrics, g,/ = 1/A g,j‘, to

make extrinsic curvatures vanish on boundary faces: K, = 0.

@ The required conformal factors )4 must satisfy the conditions
va=1and ff Vilogis = —%Ka, on the boundary faces.

@ A simple choice for ¢4 is a sum of terms (one for each boundary
face) of the form, log s +=~ —x h(x) Ka_x(y)/27%_(¥).

@ Resulting metric g; has vanishing extrinsic curvatures on interface
boundary surfaces, and is therefore continuous and differentiable.
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Star-Shaped Clusters Il
@ Differentiability of the composite metrics Q,-;‘ across interfaces
requires their extrinsic curvatures, K,-f‘“’ = 1é(g_y,-j/-‘ — NaaiNAaj) Kaas 10
be continuous across those interfaces.
@ Extrinsic curvatures K, of the metrics Q,-j-‘ are not continuous.

@ Conformally transform the composite metrics, Q,f‘ =4 Qg‘, to

make extrinsic curvatures vanish on boundary faces: K, = 0.

@ The required conformal factors )4 must satisfy the conditions
va=1and ff Vilogis = —%Ka, on the boundary faces.

@ A simple choice for ¢4 is a sum of terms (one for each boundary
face) of the form, log i +=~ —x h(x) Ka_x(y)/275_ (V).

@ Resulting metric g; has vanishing extrinsic curvatures on interface
boundary surfaces, and is therefore continuous and differentiable.

@ Given a multi-cube representation of a generic 2D manifold, our
code automatically determines the star-shaped clusters around
each corner, determines the appropriate opening angle
0,4 = 27/ N, for the flat metric on each cluster, and then computes

the C?~ reference metric §; as described above.



Multi-Cube Representations of Generic 2D Manifolds

@ Consider first the two-torus, T2, a genus number Ny = 1 manifold:
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Multi-Cube Representations of Generic 2D Manifolds

@ Consider first the two-torus, T2, a genus number Ny = 1 manifold:
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@ Remove regions 3 and 8 from the genus number Ny, = 1 manifold,
add a handle by identifying the open edges to produce a genus

number Ny = 2 manifold:
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Multi-Cube Representations of Generic 2D Manifolds |l

@ Construct higher genus number manifolds by adding additional

handles to the genus number N, = 2 case. For example, the
genus number N, = 3 manifold can be represented as:
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Multi-Cube Representations of Generic 2D Manifolds |l

@ Construct higher genus number manifolds by adding additional
handles to the genus number N, = 2 case. For example, the
genus number N, = 3 manifold can be represented as:
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@ We have implemented examples of orientable 2D multi-cube
manifolds with genus numbers Ny = 0,1,2,3,4 and 5 in our code.
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Testing Reference Metrics

@ Test the functionality of the code that computes g; by evaluating
the scalar curvature, R, and integrating over the manifold. The
Gauss-Bonnet identity then states: [ R./gd®x = 8x(1 — Ny).
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Testing Reference Metrics

@ Test the functionality of the code that computes g; by evaluating
the scalar curvature, R, and integrating over the manifold. The
Gauss-Bonnet identity then states: [ R./gd®x = 8x(1 — Ny).

@ Define the quantity £55 that measures the code’s fractional
numerical error in evaluating the Gauss-Bonnet identity:

[ RVGd3x —8r(1 - Ny)|
fas = 8r(1+ Ny) '
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Testing Reference Metrics

@ Test the functionality of the code that computes g; by evaluating

the scalar curvature, R, and integrating over the manifold. The
Gauss-Bonnet identity then states: [ R./gd®x = 8x(1 — Ny).

@ Define the quantity £55 that measures the code’s fractional
numerical error in evaluating the Gauss-Bonnet identity:

) ]f R\/Gd3x — 8r(1 — Ng)‘

e 8r(1 + Ny)

@ Evaluate &5 for different 2D multi-cube

manifolds having different genus numbers

Ny, constructed from different numbers of
cubic-block regions Ng, and using 50':0,
different levels of numerical precision,

labeled by N the number of grid points in 7
each spatial direction in each region. 0t
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Testing Reference Metrics |l

@ The reference metrics g; constructed as described above are
continuous and differentiable, but they are not smooth.
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Testing Reference Metrics |l

@ The reference metrics g; constructed as described above are
continuous and differentiable, but they are not smooth.

@ Despite our efforts to use smooth weight functions
h(w) = (1 — w?¥)!, with kK = 1 and ¢ = 4 giving the best results
numerically, the resulting metrics have very sharp small
length-scale features that are difficult to resolve numerically.

R
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Smoothing Reference Metrics with Ricci Flow

@ Until better ideas for constructing reference metrics are found, we
have explored the possibility of smoothing the ones we have.
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Smoothing Reference Metrics with Ricci Flow

@ Until better ideas for constructing reference metrics are found, we
have explored the possibility of smoothing the ones we have.

@ Ricci flow is a parabolic evolution equation for the metric, whose
solutions are known to approach uniform curvature metrics in 2D.
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Smoothing Reference Metrics with Ricci Flow

@ Until better ideas for constructing reference metrics are found, we
have explored the possibility of smoothing the ones we have.

@ Ricci flow is a parabolic evolution equation for the metric, whose
solutions are known to approach uniform curvature metrics in 2D.

@ We use the following variant of volume normalized Ricci flow using
DeTurck gauge fixing:

atg,-,- :_,ZRI.]. + V,-H,- + VjH,' + ,\?DR(t)gl'j - /?;//; V(la(t) : I

where R(1) is the volume averaged scalar curvature,

H; = gig"(7,, — T,,), T\, is the connection associated with gj,

and f’,l(é is a fixed reference connection on this manifold.
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Smoothing Reference Metrics with Ricci Flow

@ Until better ideas for constructing reference metrics are found, we
have explored the possibility of smoothing the ones we have.

@ Ricci flow is a parabolic evolution equation for the metric, whose
solutions are known to approach uniform curvature metrics in 2D.

@ We use the following variant of volume normalized Ricci flow using
DeTurck gauge fixing:

atg,-,- = fZR,'j + V,-H,- + VjH,' + ,\?DR(t)gl'j - /?;//; V(la(t) Vogij:
where R(1) is the volume averaged scalar curvature,
H; = gig"(7,, — T,,), T\, is the connection associated with gj,
and f’,l(é is a fixed reference connection on this manifold.

@ This version of Ricci flow implies that the volume of the manifold
evolves according to the equation:

o[V (t) = Vol = —u[V(t) — Vol.
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Testing Numerical Ricci Flow with Random Initial Data

@ First we test the accuracy and stability of our implementation of
numerical Ricci flow by evolving a “random” initial metric on S?
using the smooth round S? metric as reference metric.

@ We construct this “random” initial metric, g;(0) = g; + ¢, by
adding the round sphere metric g; and a tensor, ¢;, generated
with random numbers in the range [-0.1,0.1].
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Testing Numerical Ricci Flow with Random Initial Data

@ First we test the accuracy and stability of our implementation of
numerical Ricci flow by evolving a “random” initial metric on S?

using the smooth round S? metric as reference metric.
@ We construct this “random” initial metric, g;(0) = g; + ¢, by

adding the round sphere metric g; and a tensor, ¢;, generated
with random numbers in the range [-0.1,0.1].

@ Monitor the evolution of the
volume V() of the solution by

evaluating the norm &y,:

Ev
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Testing Numerical Ricci Flow with Random Initial Data

@ First we test the accuracy and stability of our implementation of
numerical Ricci flow by evolving a “random” initial metric on S?

using the smooth round S? metric as reference metric.
@ We construct this “random” initial metric, g;(0) = g; + ¢, by

adding the round sphere metric g; and a tensor, ¢;, generated
with random numbers in the range [-0.1,0.1].

@ Monitor the evolution of the
Gauss-Bonnet identity that
relates the volume average of
the scalar curvature R to the
genus number N, of the
manifold Egp:

B \vﬁfsm — Ny)|
BT T er(1+N,)
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Testing Numerical Ricci Flow with Random Initial Data

@ First we test the accuracy and stability of our implementation of
numerical Ricci flow by evolving a “random” initial metric on S?

using the smooth round S? metric as reference metric.
@ We construct this “random” initial metric, g;(0) = g; + ¢, by

adding the round sphere metric g; and a tensor, ¢;, generated
with random numbers in the range [-0.1,0.1].

@ Monitor the evolution of the
difference between the scalar
curvature R and its volume
averaged value R using the
norm &x:

oo VJ(R-RPygd®x
T8+ N
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Testing Numerical Ricci Flow with Random Initial Data

@ First we test the accuracy and stability of our implementation of
numerical Ricci flow by evolving a “random” initial metric on S?
using the smooth round S? metric as reference metric.

@ We construct this “random” initial metric, g;(0) = g; + ¢, by
adding the round sphere metric g; and a tensor, ¢;, generated
with random numbers in the range [-0.1,0.1].

@ Finally, monitor the evolution W
of the DeTurck gauge source
vector H; = g;g"‘ (", — 1)
using the norm &:

&=
J 9"HiH,\ /g a*x
J 225 (1942 + >k 10kgi1?)) g 02X
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Ricci Flow With Differentiable Reference Metrics
@ Can Ricci flow be used to smooth the reference metrics?
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Ricci Flow With Differentiable Reference Metrics
@ Can Ricci flow be used to smooth the reference metrics?
@ Use a fixed non-smooth reference metric for each evolution.

@ Use the non-smooth reference metrics as initial data, and evolve
them with volume normalized Ricci flow with DeTurck gauge fixing.
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Ricci Flow With Differentiable Reference Metrics

@ Can Ricci flow be used to smooth the reference metrics?
@ Use a fixed non-smooth reference metric for each evolution.

@ Use the non-smooth reference metrics as initial data, and evolve
them with volume normalized Ricci flow with DeTurck gauge fixing.

@ Consider first our most complicated case: the genus number
Ny = 5 orientable 2D manifold represented as a 40 region
multi-cube manifold.
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Ricci Flow With Differentiable Reference Metrics

@ Can Ricci flow be used to smooth the reference metrics?
@ Use a fixed non-smooth reference metric for each evolution.

@ Use the non-smooth reference metrics as initial data, and evolve
them with volume normalized Ricci flow with DeTurck gauge fixing.

@ Consider first our most complicated case: the genus number
Ny = 5 orientable 2D manifold represented as a 40 region

multi-cube manifold.

@ Monitor the evolution of the

volume V() of the solution by

evaluating the norm &\,:

&
v Vo
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Ricci Flow With Differentiable Reference Metrics

@ Can Ricci flow be used to smooth the reference metrics?
@ Use a fixed non-smooth reference metric for each evolution.

@ Use the non-smooth reference metrics as initial data, and evolve
them with volume normalized Ricci flow with DeTurck gauge fixing.

@ Consider first our most complicated case: the genus number
Ny = 5 orientable 2D manifold represented as a 40 region

multi-cube manifold.

@ Monitor the evolution of the
Gauss-Bonnet identity that
relates the volume average of
the scalar curvature R to the
genus number N, of the
manifold Egp:

VR —8r(1 — Ny)|
81(1 + Ny) '
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Ricci Flow With Differentiable Reference Metrics

@ Can Ricci flow be used to smooth the reference metrics?
@ Use a fixed non-smooth reference metric for each evolution.

@ Use the non-smooth reference metrics as initial data, and evolve
them with volume normalized Ricci flow with DeTurck gauge fixing.

@ Consider first our most complicated case: the genus number
Ny = 5 orientable 2D manifold represented as a 40 region
multi-cube manifold.

@ Monitor the evolution of the
difference between the scalar
curvature R and its volume
averaged value R using the

norm &Ex:
o2 _ Vf(F?— ,E?)z\fgdzx
H — .

[B87(1 + Ng)]2
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Ricci Flow With Differentiable Reference Metrics

@ Can Ricci flow be used to smooth the reference metrics?
@ Use a fixed non-smooth reference metric for each evolution.

@ Use the non-smooth reference metrics as initial data, and evolve
them with volume normalized Ricci flow with DeTurck gauge fixing.

@ Consider first our most complicated case: the genus number
Ny = 5 orientable 2D manifold represented as a 40 region

multi-cube manifold.

@ Finally, monitor the evolution
of the DeTurck gauge source
vector H; = g;g"‘ (", — )
using the norm &y:

&=
| g'HiH;/g d2x
5, (0P + 5 10k P)) Vg X
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Ricci Flow With Differentiable Reference Metrics |l

@ Ricci flows of the non-smooth reference metrics on the 2D
manifolds with genus numbers N, = 0,1,2,3 and 4 are
qualitatively similar to the Ny = 5 case:
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Ricci Flow With Differentiable Reference Metrics |l

@ Ricci flows of the non-smooth reference metrics on the 2D
manifolds with genus numbers N, = 0,1,2,3 and 4 are
qualitatively similar to the Ny = 5 case:

e &y, Eaa, ER, and &y all converge to zero with higher resolution.

e Convergence of £g implies evolution to constant curvature metrics.
e Convergence of &y to zero implies the gauges are unchanged.
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Ricci Flow With Differentiable Reference Metrics |l

@ Ricci flows of the non-smooth reference metrics on the 2D
manifolds with genus numbers N, = 0,1,2,3 and 4 are
qualitatively similar to the Ny = 5 case:

e &y, Eaa, ER, and &y all converge to zero with higher resolution.

e Convergence of £g implies evolution to constant curvature metrics.

e Convergence of £ to zero implies the gauges are unchanged.
@ Comparing &g for different genus number cases reveals some

variation in the rate of Ricci flow, and some variation in the

numerical resolution needed in each case.

@ Monitor the evolution of the
difference between the scalar
curvature R and its volume
averaged value R using the
norm &x:

oo VJ(R—RPygdx
T [Br(1 + NP
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Ricci Flow Movies

@ Ricci flow of genus number Ny = 0 Ng = 6 multi-cube manifold.
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Ricci Flow Movies

@ Ricci flow of genus number Ny = 0 Ng = 6 multi-cube manifold.

R
55, Q—E
—a0
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Summary

@ We have developed a simple and flexible multi-cube numerical
method for solving partial differential equations on manifolds with
arbitrary spatial topologies.
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Summary

@ We have developed a simple and flexible multi-cube numerical
method for solving partial differential equations on manifolds with
arbitrary spatial topologies.

@ Each new topology requires:

o A multi-cube representation of the topology, i.e. a list of cubic
regions and a list of boundary identification maps.

@ A smooth reference metric g.» to define the global differential
structure on this multi-cube representation of the manifold.
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Summary

@ We have developed a simple and flexible multi-cube numerical
method for solving partial differential equations on manifolds with
arbitrary spatial topologies.

@ Each new topology requires:

o A multi-cube representation of the topology, i.e. a list of cubic
regions and a list of boundary identification maps.

@ A smooth reference metric g.» to define the global differential
structure on this multi-cube representation of the manifold.

@ These methods have been tested by solving simple elliptic and
hyperbolic equations on several compact manifolds.
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Summary
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@ A method for constructing C>~ reference metrics automatically on
generic multi-cube manifolds has been developed.

@ Reference metrics have been created and tested for 2D manifolds
with genus numbers Ny = 0,1,2,3,4 and 5.

@ Smoother reference metrics have been successfully created for
2D manifolds using Ricci flow.
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