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@ Representations of arbitrary 3-manifolds.

@ Boundary conditions for elliptic and hyperbolic PDEs.

@ Mapping tensor fields across computational boundaries.
@ Numerical methods.

@ Numerical tests for solutions of simple PDEs.
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Representations of Arbitrary 3-Manifolds

@ Goal: Develop numerical methods that are easily adapted to
solving elliptic PDEs on 3-manifolds 3 with arbitrary topology, and
hyperbolic PDEs on manifolds with topology R x .
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Representations of Arbitrary 3-Manifolds

@ Goal: Develop numerical methods that are easily adapted to
solving elliptic PDEs on 3-manifolds X with arbitrary topology, and
hyperbolic PDEs on manifolds with topology R x .

@ Every 3-manifold admits a triangulation (Moire 1952), i.e. can be
represented as a set of tetrahedrons, plus a list of rules for gluing
their faces together.
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@ Cubes make more convenient computational domains for finite
difference and spectral numerical methods.

@ Can arbitrary 3-manifolds be “cubed”, i.e. represented as a set of
cubes plus a list of rules for gluing their faces together?
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“Cubed” Representations of Arbitrary 3-Manifolds

@ Every triangulation can be refined to a "cubed” representation:
divide each tetrahedron into four “distorted” cubes.
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“Cubed” Representations of Arbitrary 3-Manifolds

@ Every triangulation can be refined to a "cubed” representation:
divide each tetrahedron into four “distorted” cubes.

@ Every 3-manifold can therefore be represented as a set of cubes,
plus maps that identify their faces in the appropriate way.
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Solving PDEs on Cubed Manifolds

i

) S, xS
Lo !

1 2 ‘ 3 4

ts PR

X

7

3

S;

4

8

@ Solve PDEs in each cubic block region separately.
@ Use boundary conditions on cube faces to select the correct

smooth global solution.
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Solving PDEs on Cubed Manifolds
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@ Solve PDEs in each cubic block region separately.

@ Use boundary conditions on cube faces to select the correct

smooth global solution.

@ For second-order strongly elliptic systems: enforce continuity on

one face and continuity of normal derivatives on neighboring face,

Uap = Up VnBUB = —VnAuA.
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Solving PDEs on Cubed Manifolds
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@ Solve PDEs in each cubic block region separately.
@ Use boundary conditions on cube faces to select the correct
smooth global solution.

@ For second-order strongly elliptic systems: enforce continuity on
one face and continuity of normal derivatives on neighboring face,

Sy XS,

Ua = Up VnBUB = —VnAuA.

@ For first-order symmetric hyperbolic systems: set incoming
characteristic fields with outgoing characteristics from neighbor,

~ e~ ~_ o~
U, = ug ug = uy.
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Mapping Boundary Data: Scalars

@ Choose the cubic-block coordinate patches to have uniform
(coordinate) size and orientation.

@ Maps ng,; between boundary faces are linear:

P Aai(uk Ak
Xp = Cp + Cg5k(Xg — CBp),

where C4¢ is a rotation-reflection matrix, and ¢}, , is the center

of the « face of block A. - A 2
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@ This map provides the needed boundary transformation law for

scalar fields: Ua(x}) = ug(Xf), where x), and x% are related by
the coordinate boundary map.
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Mapping Boundary Data: Tensors

@ Jacobian of the boundary coordinate map gives the appropriate
transformation law for vectors tangent to the boundary surface:

= i o Ao
Va(xa) = C54va(X5)-
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Mapping Boundary Data: Tensors

@ Jacobian of the boundary coordinate map gives the appropriate
transformation law for vectors tangent to the boundary surface:

TP(yviy — ~Aap,,9(yk
Va(Xa) = Cpj4Va(X5)-
@ In general the normal coordinate basis vector ds,, is not the

smooth extension of Jg,, so a more complicated transformation
law is needed for generic vectors.
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Mapping Boundary Data: Tensors

@ Jacobian of the boundary coordinate map gives the appropriate
transformation law for vectors tangent to the boundary surface:

= i o Ao
Va(xa) = C54va(X5)-

@ In general the normal coordinate basis vector ds,, is not the
smooth extension of Jg,, so a more complicated transformation
law is needed for generic vectors.

@ Additional information must be specified to fix the relationship
between the normal coordinate basis vectors, to ensure that
smooth functions have smooth derivatives across the block
boundaries.
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Mapping Boundary Data: Tensors |l

@ One way to specify the required differentiable structure at the
boundaries is to require a global smooth metric 9., be provided.
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Mapping Boundary Data: Tensors |l
@ One way to specify the required differentiable structure at the
boundaries is to require a global smooth metric 9., be provided.

@ Use the metric g, to construct the outward directed unit normals
Naz and Ng, on each boundary face.
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Mapping Boundary Data: Tensors |l
@ One way to specify the required differentiable structure at the
boundaries is to require a global smooth metric 9., be provided.

@ Use the metric g, to construct the outward directed unit normals
Naz and Ng, on each boundary face.

@ These outward directed geometrical normals, né = gi°n,, and
ng = g&°nep, can be used to define the natural transformation law
for smooth vectors across the boundaries:

Va(xa) = JB55v5(Xs).
with Jégg = Cé%g((sg — nCBan) — njan.
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Numerical Methods

@ Represent each component of each tensor function as a (finite)
sum of spectral basis functions, u = > Ui Ti(x) T;(y) Tk(2), in
each cubic block region.
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Numerical Methods

@ Represent each component of each tensor function as a (finite)
sum of spectral basis functions, u = > Ui Ti(x) T;(y) Tk(2), in
each cubic block region.

@ Evaluate derivatives of the functions using the known derivatives
of the basis functions: Ju = > Uji Ox Ti(X) Ti(y) Te(2).
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Numerical Methods

@ Represent each component of each tensor function as a (finite)
sum of spectral basis functions, u = > Ui Ti(x) T;(y) Tk(2), in
each cubic block region.

@ Evaluate derivatives of the functions using the known derivatives
of the basis functions: Ju = > Uji Ox Ti(X) Ti(y) Te(2).

@ Evaluate the PDEs and BCs on a set of collocation points,

{Xi, ). Zx }, chosen so that u(x;, y;, zx) can be mapped efficiently
onto the spectral coefficients u;,. Derivatives become linear
combinations of the fields: d,u(x;., y;, zx) = >, D u(xe. ¥}, Zx).
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Numerical Methods

@ Represent each component of each tensor function as a (finite)
sum of spectral basis functions, u = > Ui Ti(x) T;(y) Tk(2), in
each cubic block region.

@ Evaluate derivatives of the functions using the known derivatives
of the basis functions: Ju = > Uji Ox Ti(X) Ti(y) Te(2).

@ Evaluate the PDEs and BCs on a set of collocation points,

{Xi, ). Zx }, chosen so that u(x;, y;, zx) can be mapped efficiently
onto the spectral coefficients u;,. Derivatives become linear
combinations of the fields: d,u(x;., y;, zx) = >, D u(xe. ¥}, Zx).

@ For elliptic systems, these pseudo-spectral equations become a
system of algebraic equations for u(x;, y;, zx). Solve these
algebraic equations using standard numerical methods.

@ For hyperbolic systems these equations become a system of
ordinary differential equations for u(x;, y;, Zx, t). Solve these
equations by the method of lines using standard ode integrators.
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Testing the Elliptic PDE Solver

@ Solve the elliptic PDE, V'V ;1) — ¢®) = f where ¢? is a constant,
and f is a given function.
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Testing the Elliptic PDE Solver

@ Solve the elliptic PDE, V'V i) — ¢®1) = f where ¢? is a constant,
and f is a given function.
@ Use the co-variant derivative V; for the round metric on S® x S':

ds? = R2dy2 + R? <d82+sin29d¢2>,
_ (2R e, (7R (1 XD+ YE)
L 2L ) (1+ X2+ Y2)2
X [(1 + X2) dx® — 2XaYadxdy + (1 + Yj)dyﬂ_

where X, = tan [r(x — c¢})/2L] and Y = tan [7(y — c})/2L]
are “local” Cartesian coordinates in each cubic-block.
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Testing the Elliptic PDE Solver

@ Solve the elliptic PDE, V'V ;1) — ¢®) = f where ¢? is a constant,
and f is a given function.

@ Use the co-variant derivative V; for the round metric on S? x S':
ds? = R2dy2 + R? <d92 +sin?0 dg02> ,
~ (27TR1 >2 42 (mz)z (1+X3)(1 + Y2)
L 2L ) (1+ X2+ Y2)2
X [(1 + X2) dx2 — 22X Yadxdy + (1 + Y2) dyﬂ _

where X, = tan [r(x — c¢})/2L] and Y = tan [7(y — c})/2L]
are “local” Cartesian coordinates in each cubic-block.

o Letf = —(w? + C%)p, where g = R [*XY,(0, ¢)]. The
angles y, ¢ and ¢ are functions of the coordinates x, y and z.
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Testing the Elliptic PDE Solver

@ Solve the elliptic PDE, V'V i) — ¢®1) = f where ¢? is a constant,
and f is a given function.
@ Use the co-variant derivative V; for the round metric on S® x S':

ds? = R2dy2 + R? <d82+sin29d¢2>,
_ (2R e, (7R (1 XD+ YE)
- UL 2L ) (1+ X2+ Y2)2
X [(1 + X2) dx® — 2XaYadxdy + (1 + Yj)dyﬂ_

where X, = tan [r(x — c¢})/2L] and Y = tan [7(y — c})/2L]
are “local” Cartesian coordinates in each cubic-block.

o Letf = —(w? + C%)p, where g = R [*XY,(0, ¢)]. The
angles y, ¢ and ¢ are functions of the coordinates x, y and z.

@ The unique, exact, analytical solution to this problem is ©) = 4,
when w? = /(¢ +1)/R5 + k*/ R2.
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Testing the Elliptic PDE Solver Il

@ Measure the accuracy of the numerical solution ¢/, as a function
of numerical resolution N (grid points per dimension) in two ways:
o First, with the residual Ry = V'V )y — ¢y — f, and its norm:

_ [T
&R =\ TR g

e Second, with the solution error, Ay = 1)y — 14, and its norm:

£ — T A¢2 /gdPx
v =\ TR adx
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Testing the Elliptic PDE Solver Il

@ Measure the accuracy of the numerical solution ¢/, as a function
of numerical resolution N (grid points per dimension) in two ways:
o First, with the residual Ry = V'V )y — ¢y — f, and its norm:

_ [T
&R =\ TR g

e Second, with the solution error, Av) = )y — 14, and its norm:

. = [ A2, /gdBx
vV T e
10° ‘ ‘ ‘ ‘ ‘ @ All these numerical tests were
. performed by implementing
10°¢ 1 the ideas described here into
o e . &y | the Spectral Einstein Code
° (SpEC) developed originally
w2k . i by the Caltech/Cornell
&r e % numerical relativity
e e m R collaboration.
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Testing the Hyperbolic PDE Solver

@ Solve the equation 0?1 = V, V¢ with given initial data.

@ Convert the second-order equation into an equivalent first-order
system: Oy = —I1, Ol =-V'®d;, and 0P, = -V,
with constraint C; = Vi) — ;.
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Testing the Hyperbolic PDE Solver

@ Solve the equation 0?1 = V, V¢ with given initial data.

@ Convert the second-order equation into an equivalent first-order
system: Oy = —I1, Ol =-V'®d;, and 0P, = -V,
with constraint C; = Vi) — ;.

@ Use the co-variant derivative V/; for the round metric on S°:

ds? = RZ[dy?+sin®x (d6® +sin® 0 di?)|

A+XDA+YE+28) o, (+YH(+X3+238) ,

(@)2 (1 +X3)(1 + Y3 (1 + Z3)

2L (1+ X2+ Y24+ 22)2 1+ Y2)(1+22) (1 +X2)(1 +22)
14201+ X3+ Y2 2X,Y, 2X4Z, 2Y,Z,
( A)(2 A > ) 2 TA 2 X dy — A gdxdz— A ':dydz .
(1+X3)(1+ v2) 1+ 2% 1+ Y2 1+ X2
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Testing the Hyperbolic PDE Solver

@ Solve the equation 0?1 = V, V¢ with given initial data.

@ Convert the second-order equation into an equivalent first-order
system: Oy = —I1, Ol =-V'®d;, and 0P, = -V,
with constraint C; = Vi) — ;.

@ Use the co-variant derivative V; for the round metric on S°:
ds? = R? [dXZ +sin?y <d€2 +sin?¢ d&)} ,

(@)2 (1 +X3)(1 + Y3 (1 + Z3)

A+XDA+YE+28) , (1+Y)(1+X3 +z§)d 5

2L (1+ X2+ Y24+ 22)2 1+ Y2)(1+22) (1 +X2)(1 +22)
14201+ X3+ Y2 2X,Y, 2X4Z, 2Y,Z,
( A)(2 A 2A) 2 _ Ag X dy — Agdxdz— A':dydz.
(1+X3)(1+ v2) 1+ 2% 1+ Y2 1+ X2

@ Choose initial data with ¢;—o = R Yikem(x, ¢, ¢)],
Mi—o = —R[iw Ykem(x, 0, ¢)] and ®;—o = R[V; Yiem(X, 0, ©)]
where w? = k(k + 2)/Rs.
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@ Solve the equation 0?1 = V, V¢ with given initial data.

@ Convert the second-order equation into an equivalent first-order
system: Oy = —I1, Ol =-V'®d;, and 0P, = -V,
with constraint C; = Vi) — ;.

@ Use the co-variant derivative V; for the round metric on S°:

ds? = R? [dXZ +sin?y <d€2 +sin2¢ d&)} ,
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14201+ X3+ Y2 2X,Y, 2X4Z, 2Y,Z,
( A)(2 A > ) 2 TA 2 X dy — A gdxdz— A ':dydz .
(1+X3)(1+ v2) 1+ 2% 1+ Y2 1+ X2

@ Choose initial data with ¢;—o = R Yikem(x, ¢, ¢)],
Mi—o = —R[iw Ykem(x, 0, ¢)] and ®;—o = R[V; Yiem(X, 0, ©)]
where w? = k(k + 2)/Rs.

@ The unique, exact, analytical solution to this problem is
U =va = R[E“Yiem(x, 0, )], 1 = —0r)a, and &; = Viha.
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Testing the Hyperbolic PDE Solver Il
@ Measure the accuracy of the numerical solution ¢/, as a function
of numerical resolution N (grid points per dimension) in two ways:
e First, with the solution error, Av) = 1)y — 14, and its norm:

.= J Ay2,/gd3x

e Second, with the constraint error, C; = ®; — V1), and its norm:

g o fg’/C,C,-\/gd3x
€7V T 9@ +ViuV9) /adx”
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Testing the Hyperbolic PDE Solver Il

@ Measure the accuracy of the numerical solution ¢/, as a function
of numerical resolution N (grid points per dimension) in two ways:

e First, with the solution error, Av) = 1)y — 14, and its norm:

.= J Ay2,/gd3x

e Second, with the constraint error, C; = ®; — V1), and its norm:

[ g7C:C;\/ad®x
To7(®; ¢/+V,LV/ ) /adPx "
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Summary

@ We have developed a simple and flexible multi-block numerical
method for solving partial differential equations on manifolds with
arbitrary spatitial topology.
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Summary

@ We have developed a simple and flexible multi-block numerical
method for solving partial differential equations on manifolds with
arbitrary spatitial topology.

@ Each new spatial topology requires:
@ A cubic-block representation of the topology, i.e. a list of cubic-block
regions and a list of boundary identification maps.
o A smooth reference metric g., to define the global differential
structure on this cubic-block representation of the manifold.
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Summary

@ We have developed a simple and flexible multi-block numerical
method for solving partial differential equations on manifolds with
arbitrary spatitial topology.

@ Each new spatial topology requires:
@ A cubic-block representation of the topology, i.e. a list of cubic-block
regions and a list of boundary identification maps.
o A smooth reference metric g., to define the global differential
structure on this cubic-block representation of the manifold.
@ These methods have been tested by solving simple elliptic and
hyperbolic equations on several compact manifolds.

@ These methods have also been tested by finding simple solutions
to Einstein’s equation on several compact manifolds.
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