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Stability of the r-modes in white dwarf stars
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The stability of ther-modes in rapidly rotating white dwarf stars is investigated. Improved estimates of the
growth times of the gravitational-radiation driven instability in theodes of the observed DQ Her objects are
found to be longer(probably considerably longethan 6x10° yr. This rules out the possibility that the
r-modes in these objects are emitting gravitational radiation at levels that could be detectable by LISA. More
generally it is shown that theemode instability can only be excited in a very small subset of very fot (
=10° K), rather massiveNI =0.9M ) and very rapidly rotating R j,<P=<1.2P ;) white dwarf stars. Fur-
ther, the growth times of this instability are so long that these conditions must persist for a very long time
(t=10° yr) to allow the amplitude to grow to a dynamically significant level. This makes it extremely unlikely
that ther-mode instability plays a significant role in any real white dwarf stg86556-282(199)01818-4

PACS numbe(s): 04.40.Dg, 04.30.Db, 97.10.Sj, 97.6G

[. INTRODUCTION be observable by the Laser Interferometer Space Antenna
(LISA). Section IV evaluates the effects of viscosity on the
Recently it was discovered by Anderssid and Fried- r-modes in white dwarf stars. It is shown that all white
man and Morsink[2] that gravitational radiation tends to dwarfs with core temperatures cooler than abolt ¥0are
drive ther-modes of all rotating stars unstable. Lindblom, stable, that all white dwarfs with masses less thaivig,;@re
Owen, and Morsink3] subsequently calculated the strengthstable, and that all white dwarfs with rotation periods longer
of the gravitational radiation coupling to these modes andhan 1.P,,, (whereP,,;, is the minimum rotation period of
found it to be strong enough to overcome viscous dissipatiofhat stay are stable. It is shown that white dwarf stars cool
in hot rapidly rotating neutron stars. This calculation wastoo quickly (in the absence of accretipfor the r-mode in-
confirmed using better estimates of the dissipative couplingtapility to grow to significant levels in any star. And finally,
by Andersson, Kokkotas, and Schuta] and Lindblom, jtis shown that this instability can only play a significant role
Mendell, and Owen5]. Thus it is now generally expected i, \yhite dwarf stars that are maintained at very high core

that thisr-mode instability will limit the rotation rates of hot temperatures by accretion and that remain at nearly maximal

young rapidly rotating neutron stars. The excess angula_r mTotation rates for a period of time that exceeds abodt {0
memlﬁ'm in these stars will t.)e carried away by gravitationa t seems very unlikely that these conditions will ever be met
radiation, and these stars will be spun down to more slowly )

n any real white dwarf stars.

rotating stable configurations within about one year of their
births. The gravitational radiation emitted during this process
may eventually be detectable by the Laser Interferometric

Gravitational Wave Observatof{IGO) (see Oweret al.[6] Il. RAPIDLY ROTATING WHITE DWARFS

and Brady a_nd_Craghto[rV]). . . . In order to study to properties of themodes in white
The p035|b|llt_y that this-mode instability plays a role in dwarf stars, simple models have been constructed using the
other astrophysical systems has also been proposed. For ex- .. !
- L o . ._“équation of state of a zero-temperature degenerate Fermi gas
ample, the possibility that this instability might play a role in Ty : . )
limiting the angular velocities of old and relatively cold neu- with ZIA=3 that_ IS appro_p_nate for parbon-oxygen white
tron stars spun up by accretion was considered by BildsteﬂWarfs [12]'_ Families of _r|g|dly rotgtmg stars were con-
[8], Andersson, Kokkotas, and Stergiouli®, and Levin structe_d using the numgngal techmqueg descnbgd by Ipser
[10]. It has also been proposed that this instability might play2nd Lindblom [13] for finding very rapidly rotating and
a role in rapidly rotating white dwarf stars by Andersson,Nighly non-spherical models. A constant mass family of ro-
Kokkotas, and Stergioula®] and Hiscock[11]. This last tating models was constructed by successively spinning up a
possibility will be investigated more thoroughly in this pa- hon-rotating model until its angular velocity was equai
per. A set of rapidly rotating white dwarf models and the very nearly equalto the frequency of the equatorial orbit
time scales for the gravitational-radiation driveimode in- located just at the surface of the star. In Fig. 1 are presented
stability in these stars are computed in Sec. Il. The possibilthe rotation period$ .,;, of these maximally rotating white
ity that this instability plays a significant role in the observeddwarf models as a function of the mass of the star. Also
DQ Her objects is examined in Sec. lll. It is shown that theshown in Fig. 1 is a set of points that represent the minimum
minimum growth time for this instability in these objects is rotation periods for white dwarf stars as determined by Ha-
6x10° yr, and that the actual growth time is almost cer-chisu[14]. The numerical models constructed here used a
tainly much longer than this. Thus, ttremode instability  spherical grid that allowed a much finer determination of the
does not play any significant role in these objects, and gravilocation of the surface of the star than the models constructed
tational radiation from the-modes in these objects will not by Hachisu. Nevertheless, there is good agreement between
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FIG. 1. Minimum rotation periodén secondsfor rigidly rotat- FIG. 2. Gravitational radiation growth timg years of the
ing white dwarf stars based on the equation of state of a zeror-modes for white dwarf stars rotating at their maximum possible
temperature degenerate Fermi gas vdfth= 3. rotation rates.

our calculations of the limiting rotation periods of these27.9 s, AE Agr with 33.1 s, V533 Her with 63.6 s, and DQ
stars. . o o . Her with 71.1 415]. If these represent the rotation periods of
The growth time of the gravitational-radiation driven the white dwarfs(an interpretation that is not universally
r-mode instability is estimated using the expressions derivegccepted16,17)), then Fig. 1 shows that these systems could
by Lindblom, Owen, and MorsinK3]. In particular the (depending on their masgesontain very rapidly rotating

growth time 7 for the dominanim=2 mode is white dwarf stars. The gravitational radiation growth times
1 27 14\8G (R [rQ)\°® of the r-modes in these systems are smallest—for a star of
EZ 2513 Ef P\ o dr, (2.1 given mass—for the most rapidly rotating stars. It can also

be shown by brute force numerical examination of the data
wherep and () are the density and angular velocity of the in Fig. 2 together with Eq(2.2)] that the gravitational radia-
equilibrium stellar model, an@ and ¢ are Newton’s con-  tion growth times of the-modes in these systems are also
stant and the speed of light respectively. This is only thesmallest—for stars of given rotation period—for that star
lowest order term in the expansion forgk in powers of the  which has the smallest mass. Hence it is straightforward to
angular velocity. To lowest order therefore it is sufficient to show from the data in Figs. 1 and 2 that the minimum pos-
evaluate this integral using the density functiprfor the  sible gravitational radiation growth times for thenodes in
non-rotating model of a given mass. The gravitational radiathe DQ Her objects are 610° yr for WZ Sge, 1.5
tion growth timergg defined in Eq(2.1) is proportional to % 10 yr for AE Aqr, 3.7x 10 yr for V533 Her, and 6.6
Q7% It is convenient to define a characteristic growth timex 10 yr for DQ Her.
“7or therefore for the star rotating at the maximum possible The estimates of the gravitational radiation growth times
angular velocity. In particular then the gravitational radiationgiven above are almost certainly significant underestimates.
growth time is related to this characteristic growth time by First, internal fluid dissipatiofii.e. viscosity has been com-
6 pletely neglected. This will always act to increase these time
(2.2 scales. Second, the assumption that these are maximally ro-
tating white dwarf stars is quite questionable and conse-
The values of the characteristic growth timex for a range quently the gravitational radiation grpwth times are expected
of white dwarf masses are presented in Fig. 2. to be much longer than the vaIL_Jes given above. I_:or examp_le,
the most recent mass determination of the white dwarf in
WZ Sge is only 0.81; [17].} The minimum gravitational

~ P
TGR™ TGR P
min

Ill. DQ HER OBJECTS

Recently Andersson, Kokkotas, and Stergiodléks and

Hiscock [11] have suggested that the instability of the 1a \hite dwarf with rotation period of 27.9 s must have at mini-
r-modes driven by gravitational radiation may play an im-mym a mass of 0.728, . Therefore, if the rotation period of WZ

portant astrophysical role in the DQ Her type cataclysmicsge is 27.9 s, then its mass must be greater than BLZ25Con-
variable systems. These objects emit radiation with periodigersely, if its mass is less than 0.75 as suggested by recent

luminosity variations that have been interpreted as the rotamass determinations, then the observed 27.9 s period must be a
tion periods of rapidly rotating white dwarf stars. The sys-harmonic of its fundamental rotation period or be caused by a pul-
tems having the shortest periods are WZ Sge with periodation or other phenomenon unrelated to its rotation.
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radiation growth time for a star of mass M3 is 1.6 1
X 102 yr. The most recently measured mass for AE Aqr is

0.8M [18] and for DQ Her is 0.8 [19]. These values

imply that these objects are rotating significantly below their 095 F
maximum rotation ratesP/P.,,=1.4 for AE Aqr and
P/Pin=2.0 for DQ Her. The gravitational radiation growth
times for these systems would then be>21'° yr for AE ©
Agr and 1.3<10'* yr for DQ Her. And further, recent ob- "t 09}
servations indicate that the rotation period of the white dwarf/~
in DQ Her is 142.2 s rather than 71.1X5]. This increases

the gravitational growth time for this star to &10" yr.

In order for the instability in the-modes to play a sig- 085 1
nificant dynamical role in the evolution of a system, the di-
mensionless amplitude of the mode must grow to a value ol
order unity. For example, the gravitational radiation ampli- 0.8 L L L
tudes computed by Hiscodd 1] are based on a presumed 10 10 10
balance between accretion and gravitational-radiation Temperature (K)
torques on the star. Using the equations in Owtal.[6], it
is easy to show thafin a rapidly rotating starthis balance FIG. 3. Critical rotation period®. where the gravitational ra-

requires the dimensionless amplitude of theode to be a diation instability in ther-modes first sets in: stars with<<P_ are
constant of order unity multiplied byTeRM/M)lIZ. Given unstable. The mass of the white dwérf units of M) labels each
the observed accretion rates, the amplitudes ofrthodes UV

would have to be of order unity in these systems to maintain

this balance. The extreme lengths of the gravitational- |,=0.667 log1.32+0.103%p; Y% +0.611
radiation time scales in these systems means that there is not

enough time for the amplitude of tllemode to grow to such 0.475+1.125"°

a large value. So even if viscosity were unimportant and all B TEB?péB' (4.4

white dwarfs were unstable to the gravitational-radiation
driven r-mode instability, this instability cannot be playing
any significant role in the observed DQ Her objects. Gravi
tational radiation from the-mode instability in these objects
will not be detectable by LISA.

The densitypg and temperatur@g are to be given here in
units of 1¢ g/cnt and 16 K respectively. This formula for
7 is sufficiently accuratéi.e. to within about 10%for the
densities above £0g/cn? which dominate the integral in
the denominator of Eq4.2).
The growth timer defined in Eq.(4.1) is negative for
Shear viscosity tends to suppress the gravitational radisslowly rotating starsP>P,,. In this case viscosity domi-
tion driven instability in ther-modes. In particular the nates and the-mode instability is suppressed. For more rap-

IV. VISCOUS DISSIPATION

growth time = of the mode becomes idly rotating stars, however, this expression may become
positive and hence themodes unstable. The critical rotation
1 1 1 period P, where the instability first sets in is determined by
P (4.2) setting 14=0. It follows then that
GR \
wherery is the viscous time scale. For the=2 r-mode of P_. T\ 6
. . . . . min GR
primary interest to us here,, is given by the expressidr3] P\ 7 (4.5
c V
1 R 6 R 4 o
Tvzgfo pr df( fo nr df) , (42 This critical rotation periodP. has been evaluated for the

white dwarf models discussed in Sec. Il and a range of core

where 7 is the shear viscosity. The dominant form of sheartemperatures'approprlate' for hpt Whlte-dwarf stars. These re-
sults are depicted graphically in Fig. 3. These results show

viscosity in hot white dwarf stars is expected to be electror][ ; : . -

. . . L hat no white dwarf is unstable to themode instabilit
scattering with thg on I|qu|q. Ngndkumar and Pgth[@l@] . when its core temperature falls below®1®&. Further ng
provide the following analytical fit for the shear viscosity in "~ . P " o

white dwarf star with mass smaller than B9 is subject to

126 ion liauid:
a **C fon liquid: the r-mode instability if its core temperature is below 2
10P 23 x10® K, the maximum core temperature expected to occur
el (4.3  in accreting white dwarf systen{21,22. No white dwarf
(1+1.620231, with rotation period greater than B2, is unstable to the
r-mode instability if its core temperature is below 2
wherel, is x 10 K.

n=
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FIG. 4. Minimum growth timesr,,, for the gravitational radia- FIG. 5. Rotation periodP (as a function of temperaturéor 1.3

tion driven instability of ther-modes for white dwarf stars. The Mo white dwarf stars where the growth time of thre=2 r-mode
mass of the stafin units of M) labels each curve. The dashed has the prescribed value. The dashed curve is the critical rotation
curves depict the time, needed for a white dwarf to cool to a period P, where the growth time is infinite.

iven core temperature. . . . . .
g P If a white dwarf is heated by accretion, this heating can

To investigate further whether themode instability ast for only a finite time, given approximately bya
might be playing a role in some white dwarf stars, the=AM/M whereAM is the total amount of accreted material

growth timesr for these modes are examined. The expresand M is the accretion rate. Since tmemode instability is
sion for this time scale, Ed4.1), can be re-written in terms never effective for stars witt <0.9M, we see that the

of the quantities graphed in Figs. 1, 2 and 3: r-mode instability can only act for a time wheAM
6 61-1 <0.6My. Further, we see from Fig. 4 that,,,=7
e (M) _(Pmin) } . 4.6 x 10" yr for stars withT<2x10° K, the maximum core
P P. temperature reached in models of accretion onto white

_ o o dwarfs[21,22. In order for ther-mode instability to have
The time scaler becomes infinite aB— P and is minimum  time to grow to a dynamically significant level then, it would
for P=Py,,. Thus it is useful to define the smallest possiblepe necessary to have,=10r,,. This implies that the ac-
growth time 7.y, for a star of given mass and temperature: etion rate must satisfM <9x10 %M yr 1. Given this

p_\6]-1 low accretion rate, this argument can be strengthened
1_ min
( Pc

(4.7 slightly. For white dwarfs wittM=<10"°M, yr~! the core
The values of these minimum growth times are depicted irh

temperature is only expected to reach about1® K
21,24 during accretion and so, from Fig. 4,,,=10% yr.

Fig. 4. It follows that no white dwarf has anmode insta- For $tars V\./i.th core temperatures in .this range, Fig. 4 implies

bility with growth time shorter than X107 yr if its core that mstablhty can _onIy occur on a time scale fast enoggh to

temperature is below 21C8 K. act effectively within the age of the universe for stars in the

In the absence of accretion a white dwarf star will quickly mass range ;'%M 51.4M®.and S0AM SO'.35M® ' Thu§,
cool. Its core temperature drops to the vallién approxi- the_upper limit on the accretion rate can be improved slightly

Tmin— 7GR

mately the timer, given by the expressiof23] to M=35x10 ‘Mg yr bt _ o
One further difficulty to achieving a dynamically signifi-
Te~1.3x 10T 52 yr, (4.8  cantr-mode instability in white dwarf stars is illustrated in

Fig. 5. The minimum growth times,;, shown in Fig. 4 only
The dashed curves in Fig. 4 represent this cooling time pertain to stars that are maximally rotatify=P,,. The
and also 0.%;. It follows that most of the minimum-mode  actual growth times of these modes increase rapidly for more
instability growth times are longer than. In these stars, the slowly rotating stars, as illustrated in Fig. 5 for the .3
amplitude of ther-mode will grow by less than a factor ef  stellar model. For example, the growth time increases from
before the star cools and the instability is suppressed. No staibout 18 yr for the maximally rotating model witi =2
has a minimum instability growth time that is shorter thanx10° K to about 18 yr for the still very rapidly rotating
0.1r.. Thus, ther-mode instability will never have time to model with P=1.15;,. Thus the very hot T=3
grow to a dynamically important level in any white dwarf x10° K) and very rapid-rotation conditions Pg,<P
except during the time it is heated by accretion. =1.1%,,,,) needed to allow the growth of thremode must
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be maintained for a very long time. This can only bethe more typical and less favorable cases this type of accre-

achieved by a very low and steady accretion rate that addg,, would be needed for 8 yr or longer to achieve this
(or removegangular momentum from the star at just the rate,q yification of the mode. It seems rather unlikely that these

peeded to maintain maximal rotaﬂpn as the ;tar’s mas§pecia| conditions have ever been met in any real white
increases.In the most favorable caggée. by keeping tem- dwarf stars

peratures above 0K, rotation periods less than 1.B5;,
and the mass of the star near MI.3) these special condi-
tions need last only about 40yr in order to allow the am-

plitude of the mode to grow by a factor ef®~2x10%. In ACKNOWLEDGMENTS
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