
Phys 225b: General Relativity 11 January 2016

WEEK 2: Dynamical Structure of General Relativity

Recommended Reading: Carroll Appendix D; Wald Chapter 10.2; MTW Chapter 21.4 and 21.5.

Consider a spacetime M with a three-dimensional surface Σ embedded in it. Let na denote the unit
normal to this surface. Assume that nana = −1. Let hab = gab +nanb denote the metric on this surface. Let
∇a denote the covariant derivative that is compatible with gab, and let Da denote the covariant derivative that
is compatible with hab. Let Kab = ha

c∇cnb denote the extrinsic curvature of this surface, (4)Ra
bcd denote

the four-dimensional Riemann curvature associated with ∇a and (3)Ra
bcd the three-dimensional Riemann

curvature associted with Da.

#1 Derive an expression for the projections, ha
fhb

ghc
ehk

d (4)Rk
efg, of the four-dimensional curvature in

terms of the three-dimensional curvature associated with Da, and the extrinsic curvature Kab. In
particular show that

ha
fhb

ghc
ehk

d (4)Rk
efg = (3)Rd

cab + Kd
aKcb −Kd

bKca.

#2 Derive an expression for the projections, ha
fhb

ghc
enk (4)Rkefg, of the four-dimensional curvature in

terms of the derivatives of the extrinsic curvature DcKab. In particular show that

ha
fhb

ghc
enk

(4)Rk
efg = DbKac −DaKbc.

#3 Derive an expression for the projections, nfhb
ghc

enk (4)Rkefg, of the four-dimensional curvature in
terms of the Lie derivative of the extrinsic curvature LnKab, the extrinsic curvature, the acceleration
ab = na∇anb, and its derivative Daab. In particular show that

hb
ghc

enfnk
(4)Rk

efg = −LnKbc + Kb
aKac + abac + Dbac.

#4 Derive expressions for the projections, nanb(4)Gab and nahb
c
(4)Gab, of the four-dimensional Einstein

curvature in terms of the extrinsic curvature and the three-dimensional curvature. In particular show
that

nanb(4)Gab =
1

2
[(3)R−KabK

ab + (Ka
a)2]

and
nahb

c
(4)Gab = DaK

a
c −DcK

a
a.

#5 Derive an expression for the projections, ha
chb

d(4)Rcd, of the four-dimensional Ricci curvature in terms
of the Lie derivative of the extrinsic curvature LnKab, the extrinsic curvature, the acceleration ab =
na∇anb, and its derivative Daab. In particular show that

ha
chb

d(4)Rcd = LnKbc − abac −Dbac + (3)Rbc − 2Kb
aKac + KbcK

a
a.


