Phys 225b: General Relativity 11 January 2016
WEEK 2: Dynamical Structure of General Relativity

Recommended Reading: Carroll Appendix D; Wald Chapter 10.2; MTW Chapter 21.4 and 21.5.

Consider a spacetime M with a three-dimensional surface ¥ embedded in it. Let n® denote the unit
normal to this surface. Assume that n*n, = —1. Let hgp = gap +nanp denote the metric on this surface. Let
V. denote the covariant derivative that is compatible with g5, and let D, denote the covariant derivative that
is compatible with hg,. Let Ku, = he“Ven, denote the extrinsic curvature of this surface, 4 Ray.q denote
the four-dimensional Riemann curvature associated with V, and (¥ R%,.; the three-dimensional Riemann
curvature associted with D,.

#1 Derive an expression for the projections, ho!hy9h.ch? W RF ¢, of the four-dimensional curvature in
terms of the three-dimensional curvature associated with D,, and the extrinsic curvature K. In
particular show that

hal By@hfhp? WRY = SRy + KWKoy — K4 K .

#2 Derive an expression for the projections, hq!hy9h.cn* (4)Rkefg, of the four-dimensional curvature in
terms of the derivatives of the extrinsic curvature D.K,;. In particular show that

ha By9h g, DRE 1y = DyKye — DoKpe.

#3 Derive an expression for the projections, nfhy9h.°n* (4)Rkefg, of the four-dimensional curvature in
terms of the Lie derivative of the extrinsic curvature £, K,p, the extrinsic curvature, the acceleration
ap = n*Vnp, and its derivative Dyap. In particular show that

hbghcenfnk (4)Rkefg =L, Kp. + K Ky + apa. + Dya.

#4 Derive expressions for the projections, n®n®® Gy, and n®ht. (Y Gy, of the four-dimensional Einstein
curvature in terms of the extrinsic curvature and the three-dimensional curvature. In particular show
that

nanb(4)Gab = %[(3)R - KabKab + (Kaa)Z]

and
n*h DG = DaK® — D.K%,.

#5 Derive an expression for the projections, hq°hy*® R.q, of the four-dimensional Ricci curvature in terms
of the Lie derivative of the extrinsic curvature L, K., the extrinsic curvature, the acceleration a, =

n®Vanyp, and its derivative Dgap. In particular show that

hachbd(4)Rcd = ﬁnKbc — ApQc — Dbac + (3)Rbc - 2KbaKac + Kchaw



