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1. Introduction

This note derives the shifted primal-dual penalty-barrier merit functions and associated path-following equations for an opti-
mization problem with constraints written in eight different ways:

minimize
x∈Rn

f(x) subject to Ax = b, ` ≤ x ≤ u, (1.1)

minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, s ≥ 0, (1.2)

minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, LXs = hX , LFs ≥ 0, (1.3)

minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, Ax = b, x ≥ 0, s ≥ 0, (1.4)

minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, LXs = hX , ` ≤ LFs ≤ u, (1.5)

minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, s ≥ 0, EXx = bX , ` ≤ EFx ≤ u. (1.6)

minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, `X ≤ x ≤ uX , `S ≤ s ≤ uS . (1.7)

minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, Ax = b, `X ≤ x ≤ uX , `S ≤ s ≤ uS . (1.8)

Throughout the discussion, the functions c : Rn 7→ Rm and f : Rn 7→ R are assumed to be twice-continuously differentiable. The
linear constraints Ax = b are imposed using a shifted primal-dual penalty method. In practice, the constraints involving A are
used to temporarily fix a subset of the variables at their bounds, in which case the rows of A are rows of the identity matrix.
The constraints EXx = bX , and LXs = hX are also used to fix a subset of the variables and slacks. However, in this case, the
constraints are imposed directly. All inequality constraints are imposed indirectly using a shifted primal-dual barrier function.

The equations for the eight problem formats are summarized in Sections 2.6, 3.6, 4.6, 5.6, 6.6, 7.6, 8.6 and 9.6 respectively.
The structure of these equations allows us to write down the equations for the general problem

minimize
x∈Rn,s∈Rm

f(x) subject to

{
c(x)− s = 0, LXs = hX , `S ≤ LLs, LUs ≤ uS ,

Ax− b = 0, EXx = bX , `X ≤ ELx, EUx ≤ uX .

The equations and merit function for this general problem are given in Section 10.6.
Convergence results for Problem (1.2) are given by Gill, Kungurtsev and Robinson [1].
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Notation. Given vectors x and y, the vector consisting of x augmented by y is denoted by (x, y). The subscript i is appended
to vectors to denote the ith component of that vector, whereas the subscript k is appended to a vector to denote its value during
the kth iteration of an algorithm, e.g., xk represents the value for x during the kth iteration, whereas [xk ]i denotes the ith
component of the vector xk. Given vectors a and b with the same dimension, the vector with ith component aibi is denoted by
a · b. Similarly, min(a, b) is a vector with components min(ai, bi). The vector e denotes the column vector of ones, and I denotes
the identity matrix. The dimensions of e and I are defined by the context. The vector two-norm or its induced matrix norm
are denoted by ‖ · ‖. The vector g(x) is used to denote ∇f(x), the gradient of f(x). The vector g(x) is used to denote ∇f(x),
the gradient of f(x). The matrix J(x) denotes the m× n constraint Jacobian, which has ith row ∇ci(x)T . Given a Lagrangian
function L(x, y) = f(x)− c(x)Ty with y a m-vector of dual variables, the Hessian of the Lagrangian with respect to x is denoted
by H(x, y) = ∇2f(x)−

∑m
i=1 yi∇2ci(x).
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2. Linear Equality Constraints and Upper and Lower Bounds on the Variables

Next we consider methods for an optimization problem with linear equality constraints and upper and lower bounds on the
variables.

2.1. Problem statement and optimality conditions

The problem has the form
minimize
x∈Rn

f(x) subject to Ax = b, ` ≤ x ≤ u, (2.1)

where f : Rn 7→ R is twice-continuously differentiable. The first-order KKT conditions for this problem are

Ax∗ = b, x∗ − ` ≥ 0, u− x∗ ≥ 0, (2.2a)

g(x∗)− z∗1 + z∗2 −ATv∗ = 0, z∗1 ≥ 0, z∗2 ≥ 0, (2.2b)

z∗1 · (x∗ − `) = 0, z∗2 · (u− x∗) = 0. (2.2c)

The n-vectors z∗1 and z∗2 may be interpreted as Lagrange multipliers for the inequality constraints x − ` ≥ 0 and u − x ≥ 0,
respectively. The vector v∗ is the multiplier vector for the linear equality constraints.

2.2. The path-following equations

Let zE
1 and zE

2 denote n-vectors of nonnegative estimates of the Lagrange multipliers for the inequality constraints x − ` ≥ 0
and u− x ≥ 0, respectively. Let vE denote an estimate of v∗. Given a small positive scalars µB and µA, consider the perturbed
optimality conditions

Ax− b = µA(vE − v), x− ` ≥ 0, u− x ≥ 0, (2.3a)

g(x)− z1 + z2 −ATv = 0, z1 ≥ 0, z2 ≥ 0, (2.3b)

z1 · (x− `) = µB(zE

1 − z1), z2 · (u− x) = µB(zE

2 − z2). (2.3c)

Consider the primal-dual path parameterized by µB consisting of points (x, z1, z2) such that F (x, v, z1, z2 ;µB , µA, vE , zE
1 , z

E
2 ) = 0,

where

F (x, v, z1, z2 ;µB , µA, vE , zE

1 , z
E

2 ) =


g(x)− z1 + z2 −ATv
Ax− b+ µA(v − vE)

z1 · (x− `) + µB(z1 − zE
1 )

z2 · (u− x) + µB(z2 − zE
2 )

 . (2.4)

Any zero (x, v, z1, z2) of F that satisfies z1 > 0 and z2 > 0 approximates a point satisfying the optimality conditions (2.2), with
the approximation becoming increasingly accurate as µA(v − vE)→ 0, µB(z1 − zE

1 )→ 0 and µB(z2 − zE
2 )→ 0. For any sequence
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of vE , zE
1 and zE

2 such that vE → v∗, zE
1 → z∗1 and zE

2 → z∗2 , and it must hold that solutions (x, v, z1, z2) of (2.3) must satisfy
Ax− b→ 0, z1 · (x− `)→ 0 and z2 · (u− x)→ 0. This implies that a solution (x, v, z1, z2) of (2.3) will approximate a solution
of (2.2) independently of the values of µA and µB (i.e., it is not necessary that µB , µA → 0).

If (x, v, z1, z2) is a given approximate zero of F such that x− `+ µBe > 0, u− x+ µBe > 0, z1 > 0 and z2 > 0, the Newton
equations for the change in variables (∆x,∆v,∆z1, ∆z2) are given by

H −AT −I I
A −µAI 0 0
Z1 0 Xµ

1 0
−Z2 0 0 Xµ

2



∆x
∆v
∆z1
∆z2

 = −


g −ATv − z1 + z2
Ax− b− µA(v − vE)

z1 · (x− `) + µB(z1 − zE
1 )

z2 · (u− x) + µB(z2 − zE
2 )

 , (2.5)

where Xµ
1 = diag

(
xj − `j + µB

)
, Xµ

2 = diag
(
uj − xj + µB

)
, Z1 = diag([z1]j), and Z2 = diag([z2]j).

2.3. A shifted primal-dual penalty-barrier function

Problem (2.1) is equivalent to

minimize
x,x1,x2

f(x)

subject to Ax = b, x− x1 = `, x1 ≥ 0,

x+ x2 = u, x2 ≥ 0.

Consider the shifted primal-dual penalty-barrier problem

minimize
x,x1,x2,v,z1,z2

M(x, x1, x2, v, z1, z2 ;µB , zE

1 , z
E

2 )

subject to x− x1 = `, x1 + µBe > 0, z1 > 0,

x+ x2 = u, x2 + µBe > 0, z2 > 0,

(2.6)

where M(x, x1, x2, v, z1, z2 ;µB , µA, vE , zE
1 , z

E
2 ) is the penalty-barrier function

f(x)− (Ax− b)TvE +
1

2µA
‖Ax− b‖2 +

1

2µA
‖Ax− b+ µA(v − vE)‖2

−
n∑
j=1

{
µB [zE

1 ]j ln
(
[x1]j + µB

)
+ µB [zE

1 ]j ln
(
[z1]j([x1]j + µB)

)
− [z1]j([x1]j + µB)

}
−

n∑
j=1

{
µB [zE

2 ]j ln
(
[x2]j + µB

)
+ µB [zE

2 ]j ln
(
[z2]j([x2]j + µB)

)
− [z2]j

(
[x2]j + µB

)}
. (2.7)
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Differentiating M(x, x1, x2, v, z1, z2, w) with respect to x, x1, x2, v, z1, and z2 gives

∇M(x, x1, x2, v, z1, z2) =



g −ATvE + 1
µAA

T(Ax− b) + 1
µAA

T
(
Ax− b+ µA(v − vE)

)
z1 − 2µB(Xµ

1 )−1zE
1

z2 − 2µB(Xµ
2 )−1zE

2

Ax− b+ µA(v − vE)
x1 + µBe− µBZ−11 zE

1

x2 + µBe− µBZ−12 zE
2

 ,

where Xµ
1 = diag

(
x1 + µBe

)
= diag

(
xj − `j + µB

)
and Xµ

2 = diag
(
x2 + µBe

)
= diag

(
uj − xj + µB

)
.

Vectors of the form x1 + µBe− µBZ−11 zE
1 may be written as

x1 + µBe− µBZ−11 zE

1 = Z−11

(
Z1(x1 + µBe)− µBzE

1

)
= Z−11

(
Z1x1 + µBz1 − µBzE

1

)
= Z−11

(
z1 · (x− `) + µB(z1 − zE

1 )
)
. (2.8)

Similarly,

x1 + µBe− µBZ−11 zE

1 = Z−11

(
Z1(x1 + µBe)− µBzE

1

)
= Z−11

(
Xµ

1 z1 − µBzE

1

)
= Z−11 Xµ

1

(
z1 − µB(Xµ

1 )−1zE

1

)
= DZ

1

(
z1 − πZ

1

)
, (2.9)

where DZ
1 = Xµ

1 Z
−1
1 = Z−11 Xµ

1 and πZ
1 = µB(Xµ

1 )−1zE
1 . Analogous identities hold for x2 + µBe− µBZ−12 zE

2 .
The identities above imply that the gradient may be written in several equivalent forms

∇M(x, x1, x2, z1, z2) =



g −ATvE + 1
µAA

T(Ax− b) + 1
µAA

T
(
Ax− b+ µA(v − vE)

)
z1 − 2µB(Xµ

1 )−1zE
1

z2 − 2µB(Xµ
2 )−1zE

2

Ax− b+ µA(v − vE)

x1 + µBe− µBZ−11 zE
1

x2 + µBe− µBZ−12 zE
2


=



g −AT
(
2(vE + 1

µA (Ax− b))− v
)

(Xµ
1 )−1

(
z1 · x1 + µBzE

1 + µB(z1 − zE
1 )
)

(Xµ
2 )−1

(
z2 · x2 + µBzE

2 + µB(z2 − zE
2 )
)

−µA
(
vE − 1

µA (Ax− b)− v
)

Z−11

(
z1 · x1 + µB(z1 − zE

1 )
)

Z−12

(
z2 · x2 + µB(z2 − zE

2 )
)



=



g −AT(2πA − v)

−(2πZ
1 − z1)

−(2πZ
2 − z2)

−DA(πA − v)

−DZ
1(πZ

1 − z1)

−DZ
2(πZ

2 − z2)


,
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where

DA = µAI, πA = vE − 1

µA
(Ax− b), (2.10a)

DZ

1 = Xµ
1 Z
−1
1 , πZ

1 = µB(Xµ
1 )−1zE

1 , (2.10b)

DZ

2 = Xµ
2 Z
−1
2 , πZ

2 = µB(Xµ
2 )−1zE

2 . (2.10c)

Similarly, the Hessian of M(x, x1, x2, v, z1, z2) is given by

H + 2
µAA

TA 0 0 0 0 0

0 2µB(Xµ
1 )−2ZE

1 0 0 I 0
0 0 2µB(Xµ

2 )−2ZE
2 0 0 I

0 0 DA 0 0
0 I 0 0 µBZ−21 ZE

1 0
0 0 I 0 0 µBZ−22 ZE

2

 ,

where H = ∇2f . Substituting µBZE
1 = Xµ

1Π
Z
1 and µBZE

2 = Xµ
2Π

Z
2 from (2.10) gives the Hessian

H + 2
µAA

TA 0 0 AT 0 0

0 2(Xµ
1 )−1ΠZ

1 0 0 I 0
0 0 2(Xµ

2 )−1ΠZ
2 0 0 I

A 0 0 DA 0 0
0 I 0 0 Xµ

1 Z
−2
1 ΠZ

1 0
0 0 I 0 0 Xµ

2 Z
−2
2 ΠZ

2

 .

2.4. Derivation of the shifted primal-dual penalty-barrier direction

The primal-dual penalty-barrier problem may be written in the form

minimize
p∈I

M(p) subject to Cp = bC , (2.11)

where
I = {p : p = (x, x1, x2, v, z1, z2), with x1 + µBe > 0, x2 + µBe > 0, z1 > 0, z2 > 0},

and

C =

(
I −I 0 0 0 0
I 0 I 0 0 0

)
, and bC =

(
`
u

)
.
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Let p ∈ I be given. As in the bounded slack case, assume that p is not necessarily feasible for the linear constraints, i.e., it may
not hold that x − x1 = ` and x + x2 = u, in which case bC − Cp may not be zero. The Newton direction ∆p is given by the
solution of the subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆p

T∇2M(p)∆p subject to C∆p = bC − Cp. (2.12)

However, instead of solving (2.12), we define a linearly constrained modified Newton method by approximating the Hessian
∇2M(x, x1, x2, v, z1, z2) by a matrix B(x, x1, x2, v, z1, z2). Consider the matrix defined by replacing πZ

1 by z1 and πZ
2 by z2

everywhere in the matrix ∇2M(x, x1, x2, v, z1, z2). This gives an approximate Hessian

B(x, x1, x2, v, z1, z2) =



H + 2
µAA

TA 0 0 AT 0 0

0 2(Xµ
1 )−1Z1 0 0 I 0

0 0 2(Xµ
2 )−1Z2 0 0 I

A 0 0 DA 0 0
0 I 0 0 Xµ

1 Z
−1
1 0

0 0 I 0 0 Xµ
2 Z
−1
2

 .

The definitions of DA, DZ
1 and DZ

2 (2.10) may be used to write B(x, x1, x2, v, z1, z2) in the form
H + 2ATD−1A A 0 0 AT 0 0

0 2(DZ
1)−1 0 0 I 0

0 0 2(DZ
2)−1 0 0 I

A 0 0 DA 0 0
0 I 0 0 DZ

1 0
0 0 I 0 0 DZ

2

 .

Given B(p) = B(x, x1, x2, v, z1, z2), a modified Newton direction is given by the solution of the QP subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆p

TB(p)∆p subject to C∆p = bC − Cp. (2.13)

Let N denote a matrix whose columns form a basis for null(C), i.e., the columns of N are linearly independent and CN = 0.
The vector

∆p0 =


0

−(`− x+ x1)
(u− x− x2)

0
0
0


4
=


0
−rL
rU
0
0
0

 (2.14)
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satisfies C∆p0 = bC − Cp, and every feasible ∆p may be written in the form

∆p = ∆p0 +Nd.

This implies that d satisfies the reduced equations

NTB(p)Nd = −NT
(
∇M(p) +B(p)∆p0

)
.

Consider the null-space basis defined from the columns of

N =


I 0 0 0
I 0 0 0
−I 0 0 0

0 I 0 0
0 0 I 0
0 0 0 I

 . (2.15)

The definition of N of (2.15) gives the reduced Hessian

NTB(p)N =


H + 2ATD−1A A+ 2

(
(DZ

1)−1 + (DZ
2)−1

)
AT I −I

A DA 0 0
I 0 DZ

1 0
−I 0 0 DZ

2

 .

Similarly,

NT∇M(p) = NT


g −AT(2πA − v)
−(2πZ

1 − z1)
−(2πZ

2 − z2)
−DA(πA − v)
−DZ

1(πZ
1 − z1)

−DZ
2(πZ

2 − z2)

 =


g −AT(2πA − v)− (2πZ

1 − z1) + (2πZ
2 − z2)

−DA(πA − v)
−DZ

1(πZ
1 − z1)

−DZ
2(πZ

2 − z2)

 ,

and

NTB(p)∆p0 = NT


0

−2(DZ
1)−1rL

2(DZ
2)−1rU
0
−rL
rU

 =


−2
(
(DZ

1)−1rL + (DZ
2)−1rU

)
0
−rL
rU

 ,
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where rL = `− x+ x1 and rU = u− x− x2. This gives the reduced gradient

NT
(
∇M(p) +B(p)∆p0

)
=


g −AT(2πA − v)− (2πZ

1 − z1) + (2πZ
2 − z2)− 2

(
(DZ

1)−1rL + (DZ
2)−1rU

)
−DA(πA − v)
−DZ

1(πZ
1 − z1)− rL

−DZ
2(πZ

2 − z2) + rU

 .

The reduced modified Newton equations NTB(p)Nd = −NT
(
∇M(p) +B(p)∆p0

)
are then

H + 2ATD−1A A+ 2
(
(DZ

1)−1 + (DZ
2)−1

)
AT I −I

A DA 0 0
I 0 DZ

1 0
−I 0 0 DZ

2



d1
d2
d3
d4



=


g −AT(2πA − v)− (2πZ

1 − z1) + (2πZ
2 − z2)− 2

(
(DZ

1)−1rL + (DZ
2)−1rU

)
−DA(πA − v)
−DZ

1(πZ
1 − z1)− rL

−DZ
2(πZ

2 − z2) + rU

 .

Given any nonsingular matrix R, the direction d satisfies

RNTB(p)Nd = −RNT
(
∇M(p) +B(p)∆p0

)
.

In particular, as Z1 and Z2 are positive definite, the block upper-triangular matrix

R =


I −2ATD−1A −2(DZ

1)−1 2(DZ
2)−1

I 0 0
Z1 0

Z2

 ,

is nonsingular, with

RNTB(p)N =


H −AT −I I
A DA 0 0
Z1 0 Z1D

Z
1 0

−Z2 0 0 Z2D
Z
2

 =


H −AT −I I
A DA 0 0
Z1 0 Xµ

1 0
−Z2 0 0 Xµ

2

 .
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Also, RNT
(
∇M(p) +B(p)∆p0

)
is given by


I −2ATD−1A −2(DZ

1)−1 2(DZ
2)−1

I 0 0
Z1 0

Z2



g −AT(2πA − v)− (2πZ

1 − z1) + (2πZ
2 − z2)− 2

(
(DZ

1)−1rL + (DZ
2)−1rU

)
−DA(πA − v)

−DZ
1(πZ

1 − z1)− rL
−DZ

2(πZ
2 − z2) + rU



=


g −ATv − z1 + z2

−DA(πA − v)

−Z1D
Z
1(πZ

1 − z1)− Z1rL
−Z2D

Z
2(πZ

2 − z2) + Z2rU

 .

This gives the following unsymmetric equations for d
H −AT −I I
A DA 0 0
Z1 0 Xµ

1 0
−Z2 0 0 Xµ

2



d1
d2
d3
d4

 = −


g −ATv − z1 + z2
Ax− b− µA(v − vE)

z1 · (x− `) + µB(z1 − zE
1 )

z2 · (u− x) + µB(z2 − zE
2 )

 . (2.16)

Then, (2.14) implies that 
∆x
∆x1
∆x2
∆v
∆z1
∆z2

 = ∆p = ∆p0 +Nd =


d1

(d1 − rL)
−(d1 − rU)

d2
d3
d4

 .

These identities allow us to write equations (2.16) in the form
H −AT −I I
A DA 0 0
Z1 0 Xµ

1 0
−Z2 0 0 Xµ

2



∆x
∆v
∆z1
∆z2

 = −


g −ATv − z1 + z2
Ax− b− µA(v − vE)

z1 · (x− `) + µB(z1 − zE
1 )

z2 · (u− x) + µB(z2 − zE
2 )

 , (2.17)

from which we can compute ∆x1 = ∆x−(`−x+x1) and ∆x2 = −∆x+(u−x−x2). If x1 and x2 satisfy x−x1 = ` and x+x2 = u
(i.e., they are feasible for (2.6)), then ∆x1 = ∆x and ∆x2 = −∆x. This assumption is made for the remainder of this section.
Under this feasibility assumption, if X1 and X2 are written in terms of x, i.e., X1 = diag

(
xj − `j

)
and X2 = diag

(
uj − xj

)
,
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respectively, then equations (2.5) are the Newton path-following equations (2.18) for a solution of the perturbed optimality
conditions (2.3). The variables x1 and x2 may be computed implicitly for the line search, in which case the appropriate merit
function is

f(x)− (Ax− b)TvE +
1

2µA
‖Ax− b‖2 +

1

2µA
‖Ax− b+ µA(v − vE)‖2

−
n∑
j=1

{
µB [zE

1 ]j ln
(
xj − `j + µB

)
+ µB [zE

1 ]j ln
(
[z1]j(xj − `j + µB)

)
− [z1]j(xj − `j + µB)

}
−

n∑
j=1

{
µB [zE

2 ]j ln
(
uj − xj + µB

)
+ µB [zE

2 ]j ln
(
[z2]j(uj − xj + µB)

)
− [z2]j(uj − xj + µB)

}
.

2.5. Computation of the shifted primal-dual penalty-barrier direction

Next we consider the solution of the path-following modified Newton equations (2.5), which will be written in the form
H AT −I I
A −DA 0 0
Z1 0 Z1D

Z
1 0

−Z2 0 0 Z2D
Z
2



∆x
∆v
∆z1
∆z2

 = −


g −ATv − z1 + z2

DA(v − πA)
Z1D

Z
1(z1 − πZ

1 )
Z2D

Z
2(z2 − πZ

2 )

 ,

which may be row-scaled to give
H AT −I I
A −DA 0 0
I 0 DZ

1 0
−I 0 0 DZ

2



∆x
∆v
∆z1
∆z2

 = −


g −ATv − z1 + z2

DA(v − πA)
DZ

1(z1 − πZ
1 )

DZ
2(z2 − πZ

2 )

 . (2.18)

The equations and variables can be rescaled and reordered to give
I 0 0 (DZ

1)−1

0 I 0 −(DZ
2)−1

0 0 −I D−1A A
−I I AT H



∆z1
∆z2
∆v
∆x

 = −


z1 − πZ

1

z2 − πZ
2

v − πA

g −ATv − z1 + z2

 . (2.19)

Applying the nonsingular matrix 
I
0 I
0 0 I
I −I AT I


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to both sides of (2.19) gives the block upper-triangular system
I 0 0 (DZ

1)−1

I 0 −(DZ
2)−1

I D−1A A
H +ATD−1A A+D−1Z



∆z1
∆z2
∆v
∆x

 = −


z1 − πZ

1

z2 − πZ
2

v − πA

g −ATπA − πZ

 ,

where πZ = πZ
1 − πZ

2 , and D−1Z = (DZ
1)−1 + (DZ

2)−1, for which DZ =
(
(DZ

1)−1 + (DZ
2)−1

)−1
. It follows that the solution of the

path-following equations is given by

∆v = vE − 1

µA
(A(x+∆x)− b)− v,

∆z1 = −(Xµ
1 )−1

(
z1 · (x+∆x− `+ µBe)− µBzE

1

)
,

∆z2 = −(Xµ
2 )−1

(
z2 · (u− x−∆x+ µBe)− µBzE

2

)
,

where ∆x satisfies
(
H +ATD−1A A+D−1Z

)
∆x = −(g −ATπA − πZ ).
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2.6. Summary: linear equalities with upper and lower bounds

Define the quantities

DA = µAI, πA = vE − 1

µA
(Ax− b),

DZ

1 = Xµ
1 Z
−1
1 , πZ

1 = µB(Xµ
1 )−1zE

1 ,

DZ

2 = Xµ
2 Z
−1
2 , πZ

2 = µB(Xµ
2 )−1zE

2 ,

DZ =
(
(DZ

1)−1 + (DZ

2)−1
)−1

, πZ = πZ

1 − πZ

2 ,

then ∆v, ∆z1 and ∆z1 are given by

x̂ = x+∆x, ∆z1 = −(Xµ
1 )−1

(
z1 · (x̂− `+ µBe)− µBzE

1

)
,

∆z2 = −(Xµ
2 )−1

(
z2 · (u− x̂+ µBe)− µBzE

2

)
,

π̂A = vE − 1

µA
(Aŝ− b), ∆v = π̂A − v,

where ∆x is the solution of the equations(
H +ATD−1A A+D−1Z

)
∆x = −(g −ATπA − πZ ).

The line-search merit function is

f(x)− (Ax− b)TvE +
1

2µA
‖Ax− b‖2 +

1

2µA
‖Ax− b+ µA(v − vE)‖2

−
n∑
j=1

{
µB [zE

1 ]j ln
(
[z1]j(xj − `j + µB)2

)
− [z1]j(xj − `j + µB)

}
−

n∑
j=1

{
µB [zE

2 ]j ln
(
[z2]j(uj − xj + µB)2

)
− [z2]j(uj − xj + µB)

}
. (2.20)
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3. Nonnegativity Constraints on the Slacks

We start by considering methods for an optimization problem with nonlinear equality constraints and non-negativity constraints
on the slack variables only.

3.1. Problem statement and optimality conditions

The problem has the form
minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, s ≥ 0, (3.1)

where c : Rn 7→ Rm and f : Rn 7→ R are twice-continuously differentiable. The first-order KKT conditions for this problem are

g(x∗)− J(x∗)Ty∗ = 0, (3.2a)

y∗ − w∗ = 0, w∗ ≥ 0, (3.2b)

c(x∗)− s∗ = 0, s∗ ≥ 0, (3.2c)

w∗ · s∗ = 0. (3.2d)

3.2. The path-following equations

Let yE denote an estimate of the Lagrange multipliers y∗ associated with the equality constraints c(x)− s = 0. Similarly, let wE

denote a nonnegative estimate of the multipliers for the inequality constraints s ≥ 0. Given small positive scalars µP and µB ,
consider the perturbed optimality conditions

g(x)− J(x)Ty = 0, (3.3a)

y − w = 0, w ≥ 0, (3.3b)

c(x)− s = µP(yE − y), s ≥ 0, (3.3c)

w · s = µB(wE − w). (3.3d)

Consider the following primal-dual path following equations given by F (x, s, y, w ;µP , µB , yE , wE) = 0, with

F (x, s, y, w ;µP , µB , yE , wE) =


g(x)− J(x)Ty

y − w
c(x)− s+ µP(y − yE)
w · s+ µB(w − wE)

 . (3.4)

Any zero (x, s, y, w) of F that satisfies s > 0 and w > 0 approximates a solution to problem (3.1), with the approximation
becoming increasingly accurate as µP(y − yE)→ 0 and µB(w −wE)→ 0. For any sequence of yE and wE such that yE → y∗ and
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wE → w∗, and it must hold that solutions (s, w) of (3.4) must satisfy s · w → 0. This implies that a solution (x, s, y, w) of (3.2)
will approximate a solution of (3.4) independently of the values of µP and µB (i.e., it is not necessary that µ→ 0).

If (x, s, y, w) is a given approximate zero of F such that s + µBe > 0 and w > 0, the Newton equations for the change in
variables (∆x,∆s,∆y,∆w) are given by

H 0 −JT 0
0 0 I −I
J −I µPI 0
0 W 0 Sµ



∆x
∆s
∆y
∆w

 = −


g − JTy
y − w

c− s+ µP(y − yE)
w · s+ µB(w − yE)

 , (3.5)

where Sµ = diag
(
si + µB

)
, W = diag(wi), c = c(x), g = g(x), J = J(x), and H = H(x, y).

3.3. A shifted primal-dual penalty-barrier function

The shifted primal-dual problem associated with problem (3.1) is obtained by including the constraints c(x) − s = 0 with the
objective using a shifted primal-dual augmented Lagrangian term, and using a shifted primal-dual penalty-barrier term for the
simple bounds. This gives the problem

minimize
x,s,y,w

M(x, s, y, w ;µP , µB , yE , wE) subject to s+ µBe > 0, w > 0, (3.6)

where M(x, s, y, w ;µP , µB , yE , wE) is the shifted primal-dual penalty-barrier function

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

−
m∑
i=1

{
µBwE

i ln
(
si + µB

)
+ µBwE

i ln
(
wi(si + µB)

)
+ µB(wE

i − wi)− wisi
}
,

which is well defined for all s such that s+ µBe > 0. This function has the same gradient as

M(x, s, y, w ;µP , µB , yE , wE) = f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

−
m∑
i=1

{
µBwE

i ln
(
si + µB

)
+ µBwE

i ln
(
wi(si + µB)

)
− wi(si + µB)

}
. (3.7)

Let c, g and J denote the quantities c(x), g(x) and J(x). For clarity, the dependence of M on the parameters µP , µB , yE and
wE , will be suppressed when appropriate, with M(x, s, y, w) being used to denote M(x, s, y, w ;µP , µB , yE , wE). This function



3. Nonnegativity Constraints on the Slacks 17

may be written in the form:

f − (c− s)TyE +
1

2µP
‖c− s‖2 +

1

2µP
‖c− s+ µP(y − yE)‖2 −

m∑
i=1

{
µBwE

i ln
(
wi(si + µB)2

)
− wi(si + µB)

}
. (3.8)

Differentiating M(x, s, y, w) with respect to x, s, y and w gives

∇M(x, s, y, w) =


g − JT

(
2(yE − 1

µP (c− s))− y
)

2
(
yE − 1

µP (c− s)
)
− y −

(
2µB(Sµ)−1wE − w

)
c− s+ µP(y − yE)

s+ µBe− µBW−1wE

 ,

with S = diag(s1, s2, . . . , sm) and W = diag(w1, w2, . . . , wm). The gradient may be written in several equivalent forms

∇M(x, s, y, w) =


g − JT

(
2(yE − 1

µP (c− s))− y
)

2
(
yE − 1

µP (c− s)
)
− y −

(
2µB(Sµ)−1wE − w

)
c− s+ µP(y − yE)

s+ µBe− µBW−1wE

 =


g − JT

(
2(yE − 1

µP (c− s))− y
)

2
(
yE − 1

µP (c− s)
)
− y −

(
2µB(Sµ)−1wE − w

)
1
µP (c− s) + y − yE

W−1
(
w · s+ µB(w − wE)

)


=


g − JT

(
πY + (πY − y)

)(
πY + (πY − y)

)
−
(
πW + (πW − w)

)
−DY (πY − y)

−DW (πW − w)

 ,

where

DY = µPI, πY = yE − 1

µP
(c− s), (3.9a)

DW = SµW−1, πW = µB(Sµ)−1wE . (3.9b)

Similarly, the Hessian of M(x, s, y, w) is given by
H1 − 2

µP J
T JT 0

− 2
µP J 2

(
D−1Y + µB(Sµ)−2W E

)
−I I

J −I µPI 0
0 I 0 µBW−2W E

 ,
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where H1 = H(x, 2πY − y) + 2
µP J

TJ . Substituting µBW E = SµΠW from (3.9) gives the Hessian
H1 − 2

µP J
T JT 0

− 2
µP J 2

(
D−1Y + (Sµ)−1ΠW

)
−I I

J −I µPI 0
0 I 0 W−2ΠWSµ

 ,

where H1 = H(x, 2πY − y) + 2
µP J

TJ .

3.4. Derivation of the shifted primal-dual penalty-barrier direction

The primal-dual penalty-barrier problem (3.6) may be written in the form

minimize
p∈I

M(p) (3.10)

where
I = {p : p = (x, s, y, w), with s+ µBe > 0, w > 0}.

Let p ∈ I be given. The Newton direction ∆p is given by the solution of the subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆p

T∇2M(p)∆p. (3.11)

However, instead of solving (3.11), we define a modified Newton method by approximating the Hessian ∇2M(x, s, y, w) by a
matrix B(x, s, y, w). Consider the matrix defined by replacing πY by y and πW by w everywhere in the matrix ∇2M(x, s, y, w).
This gives an approximate Hessian B(x, s, y, w) of the form

Ĥ1 − 2
µP J

T JT 0

− 2
µP J 2

(
D−1Y + (Sµ)−1W

)
−I I

J −I µPI 0

0 I 0 SµW−1

 ,

where Ĥ1 = H(x, y) + 2
µP J

TJ . The definitions of DY and DW may be used to write B(x, s, y, w) in the form
H + 2JTD−1Y J −2JTD−1Y JT 0

−2D−1Y J 2
(
D−1Y + D̄−1W

)
−I I

J −I DY 0

0 I 0 DW

 ,
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where H = H(x, y) and D̄W = DW . Given B(p) = B(x, s, y, w), a modified Newton direction is given by the solution of the
subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆p

TB(p)∆p. (3.12)

Given p, the modified Newton equations for this problem are given by
H + 2JTD−1Y J −2JTD−1Y JT 0

−2D−1Y J 2
(
D−1Y + D̄−1W

)
−I I

J −I DY 0

0 I 0 DW



∆x

∆s

∆y

∆w

 = −


g − JT

(
πY + (πY − y)

)
(2πY − y)− (2πW − w)

−DY (πY − y)

−DW (πW − w)

 (3.13)

Consider the nonsingular block upper-triangular matrix

T =


I 0 −2JTD−1Y 0

I 2D−1Y −2D−1W

I 0
W

 .

Applying T to both sides of (3.13) gives
H 0 −JT 0
0 0 I −I
J −I DY 0
0 W 0 Sµ



∆x
∆s
∆y
∆w

 = −


g − JTy
y − w

c− s+ µP(y − yE)
s · w + µB(w − yE)

 . (3.14)

Comparing these equations with the path-following Newton equations (3.5) implies that a solution of the path-following equations
is also a solution of (3.14).

3.5. Computation of the shifted primal-dual penalty-barrier direction

The path-following Newton equations (3.5) may be written in symmetric form
H 0 JT 0
0 0 −I I
J −I −DY 0
0 I 0 −DW




∆x
∆s
−∆y
−∆w

 = −


g − JTy
y − w

c− s+ µP(y − yE)
W−1

(
w · s+ µB(w − wE)

)
 ,

where DY = µPI and DW = SµW−1.
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Consider the following reordered subset of equations and variables involving ∆w, ∆s, ∆x and ∆y:

DW I 0 0
−I 0 0 I

0 −I J DY



∆w
∆s
∆x
∆y

 = −

W−1(w · s+ µB(w − wE)
)

y − w
c− s+ µP(y − yE)

 = −

−DW (πW − w)
y − w

−DY (πY − y)

 .

This gives the equations  I D−1W 0 0
−I 0 0 I

0 −I J DY



∆w
∆s
∆x
∆y

 = −

 w − πW

y − w
−DY (πY − y)

 . (3.15)

Applying the nonsingular matrix  I
I I
DW DW I


on the left-hand side of (3.15) gives the block upper-trapezoidal system

 I D−1W 0 0
D̄−1W 0 I

J DY + D̄W



∆w
∆s
∆x
∆y

 = −

 w − πW

y − πW

DY (y − πY ) +DW (y − πW )

 .

The solution of this system of equations is given by

∆s = −DW

(
y +∆y − πW

)
∆w = −(Sµ)−1

(
w · (s+∆s) + µB(w − wE)

)
,

where ∆x and ∆y satisfy the KKT system(
H −JT
J DY +DW

)(
∆x
∆y

)
= −

(
g − JTy

DY (y − πY ) +DW (y − πW )

)
.
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3.6. Summary

The results of Sections 3.1–3.5 imply that the solution of the path-following equations (3.5) may be computed as

ŷ = y +∆y, ∆s = −D̄W

(
ŷ − πW

)
,

ŝ = s+∆s, ∆w = −(Sµ)−1
(
w · ŝ+ µB(w − wE)

)
,

where ∆x and ∆y satisfy the equations(
H(x, y) −J(x)T

J(x) DY +DW

)(
∆x
∆y

)
= −

(
g(x)− J(x)Ty

DY (y − πY ) +DW (y − πW )

)
,

and DY , DW , πY and πW are given by

DY = µPI, πY = yE − 1

µP

(
c(x)− s

)
,

DW = SµW−1, πW = µB(Sµ)−1wE .

The associated line-search merit function M(x, s, y, w ;µP , µB , yE , wE) is given by

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2 −

m∑
i=1

{
µBwE

i ln
(
wi(si + µB)2

)
− wi(si + µB)

}
.
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4. Fixed and Nonnegative Slacks

Next we consider nonlinear equality constraints with slacks that are either fixed or nonnegative. The variables are not subject
to bounds.

4.1. Problem statement and optimality conditions

The problem has the form
minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, LXs, LFs ≥ 0, (4.1)

where c : Rn 7→ Rm and f : Rn 7→ R are twice-continuously differentiable and LX and LF are fixed matrices of dimension mF ×m
and mX ×m, respectively, with m = mF + mX . The matrices LX and LF are formed from rows of the identity matrix Im in
such a way that LXs and LFs give the fixed and “free” components of s. It follows that there is an m×m permutation matrix
P such that

P =

(
LF

LX

)
,

with the matrices LF and LX satisfying the identities LFL
T
F = IF , LXL

T
X = IX , and LFL

T
X = 0. The first-order KKT conditions

for this problem are

g(x∗)− J(x∗)Ty∗ = 0, (4.2a)

c(x∗)− s∗ = 0, LXs
∗ = 0, (4.2b)

y∗ − LTXw∗X − LTFw∗F = 0, (4.2c)

LFs
∗ ≥ 0, w∗F ≥ 0, (4.2d)

w∗F · LFs
∗ = 0, (4.2e)

where y∗ and w∗X are the Lagrange multipliers for the equality constraints c(x)− s = 0 and LXs = 0, and w∗F may be interpreted
as the Lagrange multipliers for the nonnegativity constraints LFs ≥ 0.

4.2. The path-following equations

Let yE be an estimate of the Lagrange multipliers for the nonlinear equality constraints c(x)− s = 0. Similarly, let wE denote a
nonnegative estimate of the multipliers for the inequality constraints LFs ≥ 0. Given small positive scalars µP and µB , consider
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the perturbed optimality conditions

g(x)− J(x)Ty = 0,

c(x)− s = µP(yE − y), LXs = 0,

y − LTXwX − LTFwF = 0,

LFs ≥ 0, wF ≥ 0,

w · LFs = µB(wE − w).

Consider the following primal-dual path following equations given by F (x, s, y, wX , wF ;µP , µB , yE , wE) = 0, with

F (x, s, y, wX , wF ;µP , µB , yE , wE) =


g(x)− J(x)Ty

y − LTXwX − LTFwF

c(x)− s+ µP(y − yE)
LXs

wF · LFs+ µB(wF − wE)

 . (4.4)

Any zero (x, s, y, wX , wF ) of F satisfying LFs > 0 and wF > 0 approximates a point satisfying the optimality conditions (4.2),
with the approximation becoming increasingly accurate as the terms µP(y − yE) and µB(wF − wE) approach zero. For any
sequence of yE and wE such that yE → y∗ and wE → w∗F , it must hold that solutions (x, s, y, wX , wF ) of (4.3) must satisfy
y · (c(x)− s)→ 0, wF · (LFs)→ 0, and wF · LFs→ 0. This implies that any solution (x, s, y, wX , wF ) of (4.3) will approximate
a solution of (4.2) independently of the values of µP and µB (i.e., it is not necessary that µP , µB → 0).

Given an approximate zero (x, s, y, wX , wF , w2) of F such that LFs > 0 and wF > 0, the Newton equations for the change in
variables (∆x,∆s,∆y,∆wX , ∆wF ) are given by

H 0 −JT 0 0
0 0 Im −LTX −LTF
J −Im DY 0 0
0 LX 0 0 0
0 WLF 0 0 Sµ



∆x
∆s
∆y
∆wX

∆wF

 = −


g − JTy

y − LTXwX − LTFwF

c− s+ µP(y − yE)
LXs

wF · LFs+ µB(wF − wE)

 , (4.5)

where DY = µPI, W = diag(wF ) and Sµ = diag(si + µB).
Any s may be written as s = LTF sF + LTXsX , where sF and sX denote the components of s corresponding to the “free” and

“fixed” components of s, respectively. Throughout, we assume that sX satisfies LXs = 0, in which case the expansion of ∆s
satisfies

∆s = LTF∆sF + LTX∆sX = LTF∆sF .



4. Fixed and Nonnegative Slacks 24

This identity allows us to write the equations (4.5) in the form
H 0 −JT 0
0 0 LF −IF
J −LTF DY 0
0 W 0 Sµ

 .


∆x
∆sF
∆y
∆wF

 = −


g − JTy
yF − wF

c− s+ µP(y − yE)
wF · LFs+ µB(wF − wE)

 (4.6)

The vectors ∆s and ∆wX are recovered as ∆s = LTF∆sF and ∆wX = [ y +∆y − w ]X .

4.3. A shifted primal-dual penalty-barrier function

Problem (4.1) is equivalent to

minimize
x,s,sF

f(x)

subject to c(x)− s = 0, LXs = 0, LFs− sF = 0, sF ≥ 0.

Consider the shifted primal-dual penalty-barrier problem

minimize
x,s,sF ,y,wF

M(x, s, sF , y, wF ;µP , µB , yE , wE)

subject to LXs = 0, LFs− sF = 0, sF + µBe > 0, wF > 0, (4.7)

where M(x, s, sF , y, wF ;µP , µB , yE , wE) is the shifted primal-dual penalty-barrier function

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

−
nF∑
i=1

{
µBwE

i ln
(
[ sF + µBe ]i

)
+ µBwE

i ln
(
[wF · (sF + µBe) ]i

)
− [wF · (sF + µBe) ]i

}
. (4.8)

Let c, g and J denote the quantities c(x), g(x) and J(x). Differentiating M(x, s, sF , y, wF , w2) with respect to x, s, sF , y and
wF gives

∇M(x, s, sF , y, wF ) =


g − JT

(
2(yE − 1

µP (c− s))− y
)

2
(
yE − 1

µP (c− s)
)
− y

wF − 2µB(Sµ)−1wE

c− s+ µP(y − yE)

sF + µBe− µBW−1wE

 .
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The gradient may be written in several equivalent forms

∇M(x, s, sF , y, wF ) =


g − JT

(
2(yE − 1

µP (c− s))− y
)

2
(
yE − 1

µP (c− s)
)
− y

wF − 2µB(Sµ)−1wE

c− s+ µP(y − yE)

sF + µBe− µBW−1wE

 =


g − JT

(
2(yE − 1

µP (c− s))− y
)

2
(
yE − 1

µP (c− s)
)
− y

(Sµ)−1
(
wF · sF + µBwE + µB(wF − wE)

)
c− s+ µP(y − yE)

W−1
(
wF · sF + µB(wF − wE)

)



=


g − JT

(
πY + (πY − y)

)
πY + (πY − y)

−
(
πW + (πW − wF)

)
−DY (πY − y)

−DW (πW − wF)

 ,

where

DY = µPIm, πY = yE − 1

µP
(c− s), (4.9a)

DW = SµW−1, πW = µB(Sµ)−1wE . (4.9b)

Similarly, the Hessian of M(x, s, s1, s2, y, w1, w2) is given by
H1 − 2

µP J
T 0 JT 0

− 2
µP J

2
µP Im 0 −Im 0

0 0 2µB(Sµ)−2W E 0 IF
J −Im 0 µPIm 0
0 0 IF 0 µBW−2W E

 ,

where H1 = H(x, 2πY − y) + 2
µP J

TJ . Substituting µBW E = SµΠW from (4.9) gives the Hessian
H1 − 2

µP J
T 0 JT 0

− 2
µP J

2
µP Im 0 −Im 0

0 0 2(Sµ)−1ΠW 0 IF
J −Im 0 µPIm 0
0 0 IF 0 SµW−2ΠW


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4.4. Derivation of the shifted primal-dual penalty-barrier direction

The primal-dual penalty-barrier problem may be written in the form

minimize
p∈I

M(p) subject to Cp = 0, (4.10)

where
I = {p : p = (x, s, sF , y, wF ), with sF + µBe > 0, wF > 0},

with

C =

(
0 LX 0 0 0
0 LF −IF 0 0

)
.

Let p ∈ I be given. The Newton direction ∆p is given by the solution of the subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆p

T∇2M(p)∆p subject to C∆p = −Cp. (4.11)

However, instead of solving (4.11), we define a linearly constrained modified Newton method by approximating the Hessian
∇2M(x, s, sF , y, wF ) by a matrix B(x, s, sF , y, wF ). Consider the matrix defined by replacing πY by y and πW by wF , everywhere
in the matrix ∇2M(x, s, sF , y, wF ). This gives an approximate Hessian B(x, s, sF , y, wF ) of the form

Ĥ1 − 2
µP J

T 0 JT 0

− 2
µP J

2
µP Im 0 −Im 0

0 0 2(Sµ)−1W 0 IF
J −Im 0 µPIm 0
0 0 IF 0 SµW−1


where Ĥ1 = H(x, y) + 2JTD−1Y J . The definitions of DY and DW may be used to write B(x, s, sF , y, wF ) as

H + 2JTD−1Y J −2JTD−1Y 0 JT 0
−2D−1Y J 2D−1Y 0 −Im 0

0 0 2D−1W 0 IF
J −Im 0 DY 0
0 0 IF 0 DW


where H = H(x, y). Given B(p) = B(x, s, sF , y, wF ), a modified Newton direction is given by the solution of the QP subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆p

TB(p)∆p subject to C∆p = −Cp.
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If p = (x, s, sF , y, wF ) is feasible for the constraints then Cp = 0 and LXs = 0 and LFs − sF = 0. In this case every feasible
∆p may be written in the form ∆p = Nd, where N denote a matrix whose columns form a basis for null(C), i.e., CN = 0 and(
CT N

)
is nonsingular. This implies that d must satisfy the reduced equations

NTB(p)Nd = −NT∇M(p).

Consider the particular null-space basis given by

N =


In 0 0 0
0 LTF 0 0
0 IF 0 0
0 0 Im 0
0 0 0 IF

 . (4.12)

This definition of N gives the reduced Hessian

NTB(p)N =


H + 2JTD−1Y J −2JTD−1Y LTF JT 0

−2LFD
−1
Y J 2

(
LFD

−1
Y LTF +D−1W

)
−LF IF

J −LTF DY 0

0 IF 0 DW

 .

Similarly, the reduced gradient NT∇M(p) is given by

NT∇M(p) =


In 0 0 0 0
0 LF IF 0 0
0 0 0 Im 0
0 0 0 0 IF



g − JT

(
πY + (πY − y)

)
πY + (πY − y)

−
(
πW + (πW − wF)

)
−DY (πY − y)

−DW (πW − wF)

 =


g − JT

(
πY + (πY − y)

)
πY

F + (πY
F − yF )−

(
πW + (πW − wF)

)
−DY (πY − y)

−DW (πW − wF)

 .

The reduced modified equations NTB(p)Nd = −NT∇M(p) are then
H + 2JTD−1Y J −2JTD−1Y LTF JT 0

−2LFD
−1
Y J 2

(
LFD

−1
Y LTF +D−1W

)
−LF IF

J −LTF DY 0

0 IF 0 DW



d1
d2
d3
d4

 =


g − JT

(
πY + (πY − y)

)
πY

F + (πY
F − yF )−

(
πW + (πW − wF)

)
−DY (πY − y)
−DW (πW − wF)

 .
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Given any nonsingular matrix R, the direction d satisfies

RNTB(p)Nd = −RNT∇M(p).

In particular, consider

R =


In 0 −2JTD−1Y 0

IF 2LFD
−1
Y −2D−1W

Im 0
W

 ,

which is nonsingular if W is positive definite, with

R−1 =


In 0 2JTD−1Y 0

IF −2LFD
−1
Y 2W−1D−1W

Im 0
W−1

 =


In 0 2JTD−1Y 0

IF −2LFD
−1
Y 2(Sµ)−1

Im 0
W−1

 .

For this R, the product RNTB(p)N is given by
In 0 −2JTD−1Y 0

IF 2LFD
−1
Y −2D−1W

Im 0

W



H + 2JTD−1Y J −2JTD−1Y LTF JT 0

−2LFD
−1
Y J 2

(
LFD

−1
Y LTF +D−1W

)
−LF IF

J −LTF DY 0

0 IF 0 DW



=


H 0 −JT 0
0 0 LF −IF
J −LTF DY 0
0 W 0 WDW

 =


H 0 −JT 0
0 0 LF −IF
J −LTF DY 0
0 W 0 Sµ

 .

Similarly, the transformed right-hand side RNT∇M(p) is given by
g − JTy
yF − wF

−DY (πY − y)
−WDW (πW − wF)

 .

Putting all this together gives the following transformed unsymmetric reduced modified Newton equations for the vector d:
H 0 −JT 0
0 0 LF −IF
J −LTF DY 0
0 W 0 Sµ



d1
d2
d3
d4

 = −


g − JTy
yF − wF

−DY (πY − y)
−WDW (πW − wF)

 ,
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or, equivalently, 
H 0 −JT 0
0 0 LF −IF
J −LTF DY 0
0 W 0 Sµ



d1
d2
d3
d4

 = −


g − JTy
yF − wF

c− s+ µP(y − yE)
wF · LFs+ µB(wF − wE)

 . (4.13)

Then, the definition of N from (4.12) implies that
∆x
∆s
∆sF
∆y
∆wF

 = ∆p = Nd =


d1

LTF d2
d2
d3
d4

 .

These identities allow us to write equations (4.13) as
H 0 −JT 0
0 0 LF −IF
J −LTF DY 0
0 W 0 Sµ



∆x
∆sF
∆y
∆wF

 = −


g − JTy
yF − wF

c− s+ µP(y − yE)
wF · LFs+ µB(wF − wE)

 . (4.14)

If S is written in terms of s, i.e., S = diag
(
LFs

)
, then the equations (4.14) are the Newton equations for the solution of the

perturbed optimality conditions (4.3). The variables sF may be computed implicitly for the line search, in which case the
appropriate merit function is

f − (c− s)TyE +
1

2µP
‖c− s‖2 +

1

2µP
‖c− s+ µP(y − yE)‖2

−
nF∑
i=1

{
µBwE

i ln
(
[ sF + µBe ]i

)
+ µBwE

i ln
(
[w · (sF + µBe) ]i

)
− [w · (sF + µBe) ]i

}
.

4.5. Computation of the shifted primal-dual penalty-barrier direction

Next we consider the solution of the modified Newton equations (4.14), which are written in the form
H 0 −JT 0
0 0 LF −IF
J −LTF DY 0
0 D−1W 0 IF



∆x
∆sF
∆y
∆wF

 = −


g − JTy
yF − wF

−DY (πY − y)
−(πW − wF)

 (4.15)
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using the identities DW = SµW−1 and wF · sF +µB(wF−wE) = −Sµ(πW−wF). Consider the following reordered set of equations
and variables involving (in order) ∆wF , ∆sF , ∆x and ∆y:

IF D−1W 0 0
−IF 0 0 LF

0 −LTF J DY

0 0 H −JT



∆wF

∆sF
∆x
∆y

 = −


wF − πW

yF − wF

DY (y − πY )
g − JTy

 . (4.16)

Applying the nonsingular matrix 
IF
IF IF

LTFDW LTFDW Im
In


on the left- and right-hand side of (4.16) yields the block upper-triangular system of equations

IF D−1W 0 0

D−1W 0 LF

J DY + LTFDWLF

H −JT



∆wF

∆sF
∆x
∆y

 = −


wF − πW

yF − πW

DY (y − πY ) + LTFDW

(
yF − πW

)
g − JTy

 . (4.17)

Solving (4.17) while using the last block equation of (4.14) as an alternative definition of ∆wF gives the solution of the path-
following equations as

∆sF = −D̄W

(
yF +∆yF − πW

)
,

∆s = LTF∆sF ,

∆wF = −(Sµ)−1
(
wF · (LF (s+∆s)− sF + µBe)− µBwE

)
,

where ∆x and ∆y satisfy the equations(
H −JT

J DY + LTFDWLF

)(
∆x
∆y

)
= −

(
g − JTy

DY (y − πY ) + LTFDW

(
yF − πW

)) .
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4.6. Summary: bounded slacks

Consider the quantities

DY = µPI, πY = yE − 1

µP

(
c(x)− s

)
,

DW = SµW−1, πW = µB(Sµ)−1wE ,

then ∆s, ∆sF and ∆wF are given by

ŷ = y +∆y, ∆sF = −DW

(
ŷF − πW

)
,

∆s = LTF∆sF ,

∆wX = [ ŷ − w ]X ,

ŝ = s+∆s, ∆wF = −(Sµ)−1
(
wF · (LF ŝ+ µBe)− µBwE

)
,

where ∆x and ∆y satisfy the equations(
H −JT

J DY + LTFDWLF

)(
∆x
∆y

)
= −

(
g − JTy

DY (y − πY ) + LTFDW

(
yF − πW

)) .
The associated line-search merit function is given by

f − (c− s)TyE +
1

2µP
‖c− s‖2 +

1

2µP
‖c− s+ µP(y − yE)‖2

−
nF∑
i=1

{
µBwE

i ln
(
[ sF + µBe ]i

)
+ µBwE

i ln
(
[w · (sF + µBe) ]i

)
− [w · (sF + µBe) ]i

}
. (4.18)
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5. Nonnegativity Constraints on the Variables and Slacks

Next we consider methods for an optimization problem with nonlinear equality constraints and non-negativity constraints on
the variables and slacks.

5.1. Problem statement and optimality conditions

The problem has the form

minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, Ax = b, x ≥ 0, s ≥ 0, (5.1)

where c : Rn 7→ Rm and f : Rn 7→ R are twice-continuously differentiable. The first-order KKT conditions for this problem are

g(x∗)−AT v∗ − J(x∗)Ty∗ − z∗ = 0, z∗ ≥ 0, (5.2a)

y∗ − w∗ = 0, w∗ ≥ 0, (5.2b)

c(x∗)− s∗ = 0, Ax∗ = b, x∗ ≥ 0, s∗ ≥ 0, (5.2c)

z∗ · x∗ = 0, w∗ · s∗ = 0. (5.2d)

The vectors y∗, z∗ and w∗ constitute the Lagrange multipliers for the equality constraints c(x) − s = 0 and the nonnegativity
constraints x ≥ 0 and s ≥ 0, respectively. A vector (x, y, z, w) is said to constitute a primal-dual estimate of the quantities
(x∗, y∗, z∗, w∗) satisfying the optimality conditions for (5.1).

5.2. The path-following equations

Let vE and yE denote estimates of the Lagrange multipliers for the equality constraints Ax = b and c(x)− s = 0. Similarly, let
zE and wE denote nonnegative estimates of the multipliers for the inequality constraints x ≥ 0 and s ≥ 0. Given small positive
scalars µA, µP and µB , consider the perturbed optimality conditions

g(x)−ATv − J(x)Ty − z = 0, z ≥ 0, (5.3a)

y − w = 0, w ≥ 0, (5.3b)

c(x)− s = µP(yE − y), Ax− b = µA(vE − v), x ≥ 0, s ≥ 0, (5.3c)

z · x = µB(zE − z), w · s = µB(wE − w). (5.3d)
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Consider the primal-dual path-following equations F (x, s, v, y, z, w ;µA, µP , µB , yE , zE , wE) = 0, with

F (x, s, v, y, z, w ;µA, µP , µB , vE , yE , wE) =


g(x)− J(x)Ty −ATv − z

y − w
Ax− b− µA(v − vE)
c(x)− s+ µP(y − yE)
z · x+ µB(z − zE)
w · s+ µB(w − wE)

 . (5.4)

Any zero (x, s, v, y, z, w) of F that satisfies x > 0, s > 0, z > 0, and w > 0 approximates a point satisfying the optimality
conditions (5.2), with the approximation becoming increasingly accurate as µP(y − yE) → 0, µA(v − vE) → 0, µB(z − zE) → 0,
and µB(w − wE) → 0. For any sequence of vE , yE , zE and wE such that vE → v∗, yE → y∗, zE → z∗ and wE → w∗, it must
hold that solutions (s, w) of (5.4) must satisfy z · x→ 0 and w · s→ 0. This implies that a solution (x, s, v, y, z, w) of (5.4) will
approximate a solution of (5.2) independently of the values of µA, µP and µB (i.e., it is not necessary that the parameters µA, µP

and µB go to zero).
If v = (x, s, y, w) is a given approximate zero of F such that x + µBe > 0, s + µBe > 0, z > 0, and w > 0, the Newton

equations for the change in variables (∆x,∆s,∆v,∆y,∆z,∆w) are given by
H 0 −AT −JT −I 0
0 0 0 I 0 −I
A 0 DA 0 0 0
J −I 0 DY 0 0
Z 0 0 0 Xµ 0
0 W 0 0 0 Sµ




∆x
∆s
∆v
∆y
∆z
∆w

 = −


g − JTy −ATv − z

y − w
Ax− b+ µA(v − vE)
c− s+ µP(y − yE)
z · x+ µB(z − zE)
w · s+ µB(w − wE)

 , (5.5)

where DA = µAI, DY = µPI, Xµ = diag
(
xj + µB

)
, Sµ = diag

(
si + µB

)
, Z = diag(zj), and W = diag(wi).
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5.3. A shifted primal-dual penalty-barrier function

Consider the shifted primal-dual penalty-barrier function

f(x)− (Ax− b)TvE +
1

2µA
‖Ax− b‖2 +

1

2µA
‖Ax− b+ µA(v − vE)‖2

−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

−
n∑
j=1

{
µBzE

j ln
(
xj + µB

)
+ µBzE

j ln
(
zj(xj + µB)

)
+ µB(zE

j − zj)− zjxj
}

−
m∑
i=1

{
µBwE

i ln
(
si + µB

)
+ µBwE

i ln
(
wi(si + µB)

)
+ µB(wE

i − wi)− wisi
}
,

which is well defined for all x and s such that x+µBe > 0 and s+µBe > 0. This function has the same gradient as the function
M(x, s, v, y, z, w ;µA, µP , µB , vE , yE , zE , wE) given by

f(x)− (Ax− b)TvE +
1

2µA
‖Ax− b‖2 +

1

2µA
‖Ax− b+ µA(v − vE)‖2

−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

−
n∑
j=1

{
µBzE

j ln
(
xj + µB

)
+ µBzE

j ln
(
zj(xj + µB)

)
− zj(xj + µB)

}
−

m∑
i=1

{
µBwE

i ln
(
si + µB

)
+ µBwE

i ln
(
wi(si + µB)

)
− wi(si + µB)

}
. (5.6)

Let c, g and J denote the quantities c(x), g(x) and J(x). For clarity, the dependence of M on the parameters µP , µB , yE , zE , and
wE , will be suppressed, with M(x, s, v, y, z, w) being used to denote M(x, s, v, y, z, w ;µA, µP , µB , vE , yE , zE , wE). This function
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may be written in the form:

M(x, s, v, y, z, w) = f − (Ax− b)TvE +
1

2µA
‖Ax− b‖2 +

1

2µA
‖Ax− b+ µA(v − vE)‖2

− (c− s)TyE +
1

2µP
‖c− s‖2 +

1

2µP
‖c− s+ µP(y − yE)‖2

−
n∑
j=1

{
µBzE

j ln
(
zj(xj + µB)2

)
− zj(xj + µB)

}
−

m∑
i=1

{
µBwE

i ln
(
wi(si + µB)2

)
− wi(si + µB)

}
. (5.7)

Differentiating M(x, s, v, y, z, w) with respect to x, s, v, y, z and w gives

∇M(x, s, v, y, z, w) =



g −AT
(
2(vE + 1

µA (Ax− b))− v
)
− JT

(
2(yE − 1

µP (c− s))− y
)
− 2µB(Xµ)−1zE + z

2
(
yE − 1

µP (c− s)
)
− y − 2µB(Sµ)−1wE + w

Ax− b+ µA(v − vE)

c− s+ µP(y − yE)

x+ µBe− µBZ−1zE

s+ µBe− µBW−1wE


,
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with X = diag(x1, x2, . . . , xn), S = diag(s1, s2, . . . , sm), Z = diag(z1, z2, . . . , zn) and W = diag(w1, w2, . . . , wm). The
gradient may be written in several equivalent forms

∇M(x, s, y, z, w) =



g −AT
(
2(vE + 1

µA (Ax− b))− v
)
− JT

(
2(yE − 1

µP (c− s))− y
)
− 2µB(Xµ)−1zE + z

2
(
yE − 1

µP (c− s)
)
− y − 2µB(Sµ)−1wE + w

Ax− b+ µA(v − vE)

c− s+ µP(y − yE)

x+ µBe− µBZ−1zE

s+ µBe− µBW−1wE



=



g −AT
(
2(vE + 1

µA (Ax− b))− v
)
− JT

(
2(yE − 1

µP (c− s))− y
)
− 2µB(Xµ)−1zE + z

2
(
yE − 1

µP (c− s)
)
− y − 2µB(Sµ)−1wE + w

Ax− b+ µA(v − vE)

c− s+ µP(y − yE)

Z−1
(
z · x+ µB(z − zE)

)
W−1

(
w · s+ µB(w − wE)

)



=



g −AT
(
πA + (πA − v)

)
− JT

(
πY + (πY − y)

)
−
(
πZ + (πZ − z)

)(
πY + (πY − y)

)
−
(
πW + (πW − w)

)
−DA(πA − v)

−DY (πY − y)

−DZ(πZ − z)
−DW (πW − w)


,

where

DA = µAI, πA = vE − 1

µA
(Ax− b), (5.8a)

DY = µPI, πY = yE − 1

µP
(c− s), (5.8b)

DZ = XµZ−1, πZ = µB(Xµ)−1zE , (5.8c)

DW = SµW−1, πW = µB(Sµ)−1wE . (5.8d)
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Similarly, the Hessian of M(x, s, v, y, z, w) is given by

H1 − 2
µP J

T AT JT I 0

− 2
µP J 2

(
1
µP I + µB(Sµ)−2W E

)
0 −I 0 I

A 0 µAI 0 0 0
J −I 0 µPI 0 0
I 0 0 0 µBZ−2ZE 0
0 I 0 0 0 µBW−2W E

 ,

where H1 = H(x, 2πY − y) + 2
µAA

TA + 2
µP J

TJ + 2µB(Xµ)−2ZE . Substituting µBZE = XµΠZ and µBW E = SµΠW from (5.8)
gives the Hessian 

H1 − 2
µP J

T AT JT I 0

− 2
µP J 2

(
1
µP I + (Sµ)−1ΠW

)
0 −I 0 I

A 0 µAI 0 0 0
J −I 0 µPI 0 0
I 0 0 0 Z−2ΠZXµ 0
0 I 0 0 0 W−2ΠWSµ

 ,

where H1 = H(x, 2πY − y) + 2
µAA

TA+ 2
µP J

TJ + 2(Xµ)−1ΠZ .

5.4. Derivation of the shifted primal-dual penalty-barrier direction

Now consider the matrix defined by replacing πY by y, πZ by z, and πW by w, everywhere in ∇2M(x, s, v, y, z, w). This gives an
approximate Hessian B(x, s, v, y, z, w) of the form

Ĥ1 − 2
µP J

T AT JT I 0

− 2
µP J 2

(
1
µP I + (Sµ)−1W

)
0 −I 0 I

A 0 µAI 0 0 0
J −I 0 µPI 0 0
I 0 0 0 Z−1Xµ 0
0 I 0 0 0 W−1Sµ

 ,



5. Nonnegativity Constraints on the Variables and Slacks 38

where Ĥ1 = H(x, y) + 2
µAA

TA+ 2
µP J

TJ + 2(Xµ)−1Z. The definitions of DY , DZ , and DW may be used to write B(x, s, v, y, z, w)
in the form 

H + 2ATD−1A A+ 2JTD−1Y J + 2D−1Z −2JTD−1Y AT JT I 0
−2D−1Y J 2(D−1Y +D−1W ) 0 −I 0 I

A 0 DA 0 0 0
J −I 0 DY 0 0
I 0 0 0 DZ 0
0 I 0 0 0 DW

 ,

where H = H(x, y). A modified Newton direction satisfies

B(x, s, v, y, z, w)d = −∇M(x, s, v, y, z, w).

Given any nonsingular matrix R, the modified Newton direction also satisfies

RB(x, s, v, y, z, w)d = −R∇M(x, s, v, y, z, w).

In particular, consider the block upper-triangular matrix

R =


I 0 −2ATD−1A −2JTD−1Y −2D−1Z 0

I 0 2D−1Y 0 −2D−1W

I 0 0 0
I 0 0

Z 0
W

 ,

which is nonsingular if Z and W are positive definite. For this R, the product RB(x, s, v, y, z, w) is given by
I 0 −2ATD−1A −2JTD−1Y −2D−1Z 0

I 0 2D−1Y 0 −2D−1W

I 0 0 0
I 0 0

Z 0
W




H + 2ATD−1A A+ 2JTD−1Y J + 2D−1Z −2JTD−1Y AT JT I 0

−2D−1Y J 2(D−1Y +D−1W ) 0 −I 0 I
A 0 DA 0 0 0
J −I 0 DY 0 0
I 0 0 0 DZ 0
0 I 0 0 0 DW



=


H 0 −AT −JT −I 0
0 0 0 I 0 −I
A 0 DA 0 0 0
J −I 0 DY 0 0
Z 0 0 0 Xµ 0
0 W 0 0 0 Sµ

 .
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Similarly, for the right-hand side vector R∇M(x, s, v, y, z, w) we obtain


I 0 −2ATD−1A −2JTD−1Y −2D−1Z 0

I 0 2D−1Y 0 −2D−1W

I 0 0 0
I 0 0

Z 0
W





g −AT
(
πA + (πA − v)

)
− JT

(
πY + (πY − y)

)
−
(
πZ + (πZ − z)

)(
πY + (πY − y)

)
−
(
πW + (πW − w)

)
−DA(πA − v)

−DY (πY − y)

−DZ(πZ − z)
−DW (πW − w)



=



g −ATv − JTy − z
y − w

−DA(πA − v)

−DY (πY − y)

−ZDZ(πZ − z)
−WDW (πW − w)


=



g −ATv − JTy − z
y − w

Ax− b+ µA(v − vE)

c− s+ µP(y − yE)

z · x+ µB(z − zE)

w · s+ µB(w − wE)


.

This gives the (unsymmetric) transformed modified Newton equations
H 0 −AT −JT −I 0
0 0 0 I 0 −I
A 0 DA 0 0 0
J −I 0 DY 0 0
Z 0 0 0 Xµ 0
0 W 0 0 0 Sµ




∆x
∆s
∆v
∆y
∆z
∆w

 = −


g −ATv − JTy − z

y − w
Ax− b+ µA(v − vE)
c− s+ µP(y − yE)
z · x+ µB(z − zE)
w · s+ µB(w − wE)

 ,

which are equivalent to the path-following equations (5.5) associated with the perturbed optimality conditions (5.3).

5.5. Computation of the shifted primal-dual penalty-barrier direction

The path-following equations (5.5) may be written in symmetric form
H 0 AT JT I 0
0 0 0 −I 0 I
A 0 −DA 0 0 0
J −I 0 −DY 0 0
I 0 0 0 −DZ 0
0 I 0 0 0 −DW




∆x
∆s
−∆v
−∆y
−∆z
−∆w

 = −


g −ATv − JTy − z

y − w
Ax− b+ µA(v − vE)
c− s+ µP(y − yE)

Z−1
(
z · x+ µB(z − zE)

)
W−1

(
w · s+ µB(w − wE)

)

 ,
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where DA = µAI, DY = µPI, DZ = XµZ−1 and DW = SµW−1 from (5.8).
The solution of this system of equations is given by

∆w = y − w +∆y

∆s = −W−1
(
s · (y +∆y) + µB(y +∆y − wE)

)
∆v = −D−1A

(
A(x+∆x) + µA(v − vE)

)
∆z = −(Xµ)−1

(
z · (x+∆x) + µB(z − zE)

)
,

where ∆x and ∆y satisfy the KKT system(
H +ATD−1A A+D−1Z −JT

J DY +DW

)(
∆x
∆y

)
= −

(
g − JTy − z −ATπA + (Xµ)−1

(
z · x+ µB(z − zE)

)
c− s+ µP(y − yE) +W−1

(
s · y + µB(y − wE)

) )
.

The right-hand side may be simplified using the identity

(Xµ)−1
(
z · x+ µB(z − zE)

)
= (X + µBI)−1

(
(X + µBI)z − µBzE

= z − µB(X + µBI)−1zE

= z − πZ .

Similarly,

W−1
(
s · y + µB(y − wE)

)
= W−1

(
(S + µBI)y − µBwE

)
= (S + µBI)W−1

(
y − µB(S + µBI)−1wE

)
= DW

(
y − µB(S + µBI)−1wE

)
= DW (w − πW ).

It follows that the right-hand side is given by(
g − JTy − z −ATπA + (Xµ)−1

(
z · x+ µB(z − zE)

)
c− s+ µP(y − yE) +W−1

(
s · y + µB(y − wE)

) )
=

(
g − JTy − πZ −ATπA

c− s+ µP(y − yE) +W−1
(
s · y + µB(y − wE)

))
=

(
g − JTy − πZ −ATπA

DY (y − yE) +DW (w − πW )

)
.
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5.6. Summary

The results of Sections 5.1–5.5 imply that the solution of the path-following equations (5.5) may be computed as

ŷ = y +∆y, ∆s = −DW

(
ŷ − πW

)
,

ŝ = s+∆s, ∆w = −(Sµ)−1
(
w · ŝ+ µB(w − wE)

)
,

x̂ = x+∆x, ∆z = −(Xµ)−1
(
z · x̂+ µB(z − zE)

)
,

∆v = π̂A − v,

where ∆x and ∆y satisfy the equations(
H(x, y) +ATD−1A A+D−1Z −J(x)T

J(x) DY +DW

)(
∆x
∆y

)
= −

(
g(x)− J(x)Ty −ATπA − πZ

DY (y − πY ) +DW (y − πW )

)
,

and DA, DY , DZ , DW , πY , πZ , πW , πA and π̂A are given by

DA = µAI, πA = vE − 1

µA

(
Ax− b

)
,

DY = µPI, πY = yE − 1

µP

(
c(x)− s

)
,

DZ = XµZ−1, πZ = µB(Xµ)−1zE ,

DW = SµW−1, πW = µB(Sµ)−1wE ,

π̂A = vE − 1

µA

(
Ax̂− b

)
.

The associated line-search merit function M(x, s, v, y, z, w ;µA, µP , µB , vE , yE , zE , wE) is given by

f(x)− (Ax− b)TvE +
1

2µA
‖Ax− b‖2 +

1

2µA
‖Ax− b+ µA(v − vE)‖2

−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

−
m∑
i=1

{
µBwE

i ln
(
wi(si + µB)2

)
− wi(si + µB)

}
−

n∑
j=1

{
µBzE

j ln
(
zj(xj + µB)2

)
− zj(xj + µB)

}
.
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6. Fixed and Bounded Slacks with Linear Constraints

Next we consider nonlinear equality constraints and upper and lower bounds on the slacks. The variables are not subject to
bounds.

6.1. Problem statement and optimality conditions

The problem has the form

minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, LXs = hX , ` ≤ LFs ≤ u, (6.1)

where c : Rn 7→ Rm and f : Rn 7→ R are twice-continuously differentiable and LX and LF are fixed matrices of dimension mF ×m
and mX ×m, respectively, with m = mF + mX . The matrices LX and LF are formed from rows of the identity matrix Im in
such a way that LXs and LFs give the fixed and “free” components of s. It follows that there is an m×m permutation matrix
P such that

P =

(
LF

LX

)
,

with the matrices LF and LX satisfying the identities LFL
T
F = IF , LXL

T
X = IX , and LFL

T
X = 0. The first-order KKT conditions

for this problem are

g(x∗)− J(x∗)Ty∗ = 0, (6.2a)

c(x∗)− s∗ = 0, LXs
∗ − hX = 0, (6.2b)

y∗ − LTXw∗X − LTFw∗1 + LTFw
∗
2 = 0, (6.2c)

LFs
∗ − ` ≥ 0, u− LFs

∗ ≥ 0, (6.2d)

w∗1 ≥ 0, w∗2 ≥ 0, (6.2e)

w∗1 · (LFs
∗ − `) = 0, w∗2 · (u− LFs

∗) = 0, (6.2f)

where y∗ and w∗X are the Lagrange multipliers for the equality constraints c(x) − s = 0 and LXs = hX , and w∗1 and w∗2 may
be interpreted as the Lagrange multipliers for the inequality constraints LFs− ` ≥ 0 and u− LFs ≥ 0, respectively. Given any
s ≥ 0, we define the index set F of indices from 1, 2, . . . , m that define the rows of LF .

6.2. The path-following equations

Let yE be an estimate of the Lagrange multipliers for the nonlinear equality constraints c(x)− s = 0. Similarly, let wE
1 and wE

2

denote nonnegative estimates of the multipliers for the inequality constraints LFs− ` ≥ 0 and u− LFs ≥ 0, respectively. Given
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small positive scalars µP and µB , consider the perturbed optimality conditions

g(x)− J(x)Ty = 0,

c(x)− s = µP(yE − y), LXs− hX = 0,

y − LTXwX − LTFw1 + LTFw2 = 0,

LFs− ` ≥ 0, u− LFs ≥ 0,

w1 ≥ 0, w2 ≥ 0,

w1 · (LFs− `) = µB(wE

1 − w1), w2 · (u− LFs) = µB(wE

2 − w2).

Consider the following primal-dual path following equations given by F (x, s, y, wX , w1, w2 ;µP , µB , yE , wE
1 , w

E
2 ) = 0, with

F (x, s, y, wX , w1, w2 ;µP , µB , yE , wE

1 , w
E

2 ) =


g(x)− J(x)Ty

y − LTXwX − LTFw1 + LTFw2

c(x)− s+ µP(y − yE)
LXs− hX

w1 · (LFs− `) + µB(w1 − wE
1 )

w2 · (u − LFs) + µB(w2 − wE
2 )

 . (6.4)

Any zero (x, s, y, wX , w1, w2) of F satisfying ` < LFs < u, w1 > 0, and w2 > 0 approximates a point satisfying the optimality
conditions (6.2), with the approximation becoming increasingly accurate as the terms µP(y− yE), µB(w1−wE

1 ) and µB(w2−wE
2 )

approach zero. For any sequence of yE and wE
2 such that yE → y∗, wE

1 → w∗1 and wE
2 → w∗2 , it must hold that solutions

(x, s, y, wX , w1, w2) of (6.3) must satisfy y · (c(x) − s) → 0, w1 · (LFs − `) → 0, and w2 · (u − LFs) → 0. This implies that any
solution (x, s, y, wX , w1, w2) of (6.3) will approximate a solution of (6.2) independently of the values of µP and µB (i.e., it is not
necessary that µP , µB → 0).

Given an approximate zero (x, s, y, wX , w1, w2) of F such that ` < LFs < u, w1 > 0, and w2 > 0, the Newton equations for
the change in variables (∆x,∆s,∆y,∆wX , ∆w1, ∆w2) are given by

H 0 −JT 0 0 0
0 0 Im −LTX −LTF LTF
J −Im DY 0 0 0
0 LX 0 0 0 0
0 W1LF 0 0 Sµ1 0
0 −W2LF 0 0 0 Sµ2




∆x
∆s
∆y
∆wX

∆w1

∆w2

 = −


g − JTy

y − LTXwX − LTFw1 + LTFw2

c− s+ µP(y − yE)
LXs− hX

w1 · (LFs− `) + µB(w1 − wE
1 )

w2 · (u − LFs) + µB(w2 − wE
2 )

 , (6.5)

where DY = µPI, W1 = diag([w1]i), W2 = diag([w2]i), S
µ
1 = diag(eTi s− `i + µB), and Sµ2 = diag(ui − eTi s+ µB).
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Any s may be written as s = LTF sF + LTXsX , where sF and sX denote the components of s corresponding to the “free” and
“fixed” components of s, respectively. Throughout, we assume that sX satisfies LXs = hX , in which case the expansion of ∆s
satisfies

∆s = LTF∆sF + LTX∆sX = LTF∆sF .

This identity allows us to write the equations (6.5) in the form
H 0 −JT 0 0
0 0 LF −IF IF
J −LTF DY 0 0
0 W1 0 Sµ1 0
0 −W2 0 0 Sµ2



∆x
∆sF
∆y
∆w1

∆w2

 = −


g − JTy

yF − w1 + w2

c− s+ µP(y − yE)
w1 · (LFs− `) + µB(w1 − wE

1 )
w2 · (u − LFs) + µB(w2 − wE

2 )

 . (6.6)

The vectors ∆s and ∆wX are recovered as ∆s = LTF∆sF and ∆wX = [ y +∆y − w ]X .

6.3. A shifted primal-dual penalty-barrier function

Problem (6.1) may be written in the equivalent form

minimize
x,s,s1,s2

f(x)

subject to c(x)− s = 0, LFs− s1 = `, s1 ≥ 0,

LXs− hX = 0, LFs+ s2 = u, s2 ≥ 0.

The nonlinear equality constraints and bounds may be treated using shifted primal-dual penalty-barrier and augmented La-
grangian terms, which gives the approximate problem

minimize
x,s,s1,s2,y,w1,w2

M(x, s, s1, s2, y, w1, w2 ;µP , µB , yE , wE

1 , w
E

2 )

subject to LXs− hX = 0,

LFs− s1 = `, s1 + µBe > 0, w1 > 0,

LFs+ s2 = u, s2 + µBe > 0, w2 > 0,

(6.7)
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where M(x, s, s1, s2, y, w1, w2 ;µP , µB , yE , wE
1 , w

E
2 ) is the shifted primal-dual penalty-barrier function

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

−
nL∑
i=1

{
µB [wE

1 ]i ln
(
[ s1 + µBe ]i

)
+ µB [wE

1 ]i ln
(
[w1 · (s1 + µBe) ]i

)
− [w1 · (s1 + µBe) ]i

}
−

nU∑
i=1

{
µB [wE

2 ]i ln
(
[ s2 + µBe ]i

)
+ µB [wE

2 ]i ln
(
[w2 · (s2 + µBe) ]i

)
− [w2 · (s2 + µBe) ]i

}
. (6.8)

Let c, g and J denote the quantities c(x), g(x) and J(x). Differentiating M(x, s, s1, s2, y, w1, w2) with respect to x, s, s1, s2, y,
w1 and w2 gives

∇M(x, s, s1, s2, y, w1, w2) =



g − JT
(
2(yE − 1

µP (c− s))− y
)

2
(
yE − 1

µP (c− s)
)
− y

w1 − 2µB(Sµ1 )−1wE
1

w2 − 2µB(Sµ2 )−1wE
2

c− s+ µP(y − yE)

s1 + µBe− µBW−11 wE
1

s2 + µBe− µBW−12 wE
2


.
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The gradient may be written in several equivalent forms

∇M(x, s, s1, s2, y, w1, w2) =



g − JT
(
2(yE − 1

µP (c− s))− y
)

2
(
yE − 1

µP (c− s)
)
− y

w1 − 2µB(Sµ1 )−1wE
1

w2 − 2µB(Sµ2 )−1wE
2

c− s+ µP(y − yE)

s1 + µBe− µBW−11 wE
1

s2 + µBe− µBW−12 wE
2


=



g − JT
(
2(yE − 1

µP (c− s))− y
)

2
(
yE − 1

µP (c− s)
)
− y

(Sµ1 )−1
(
w1 · s1 + µBwE

1 + µB(w1 − wE
1 )
)

(Sµ2 )−1
(
w2 · s2 + µBwE

2 + µB(w2 − wE
2 )
)

c− s+ µP(y − yE)

W−11

(
w1 · s1 + µB(w1 − wE

1 )
)

W−12

(
w2 · s2 + µB(w2 − wE

2 )
)



=



g − JT
(
πY + (πY − y)

)
πY + (πY − y)

−
(
πW
1 + (πW

1 − w1)
)

−
(
πW
2 + (πW

2 − w2)
)

−DY (πY − y)

−DW
1 (πW

1 − w1)

−DW
2 (πW

2 − w2)


,

where

DY = µPIm, πY = yE − 1

µP
(c− s), (6.9a)

DW

1 = Sµ1W
−1
1 , πW

1 = µB(Sµ1 )−1wE

1 , (6.9b)

DW

2 = Sµ2W
−1
2 , πW

2 = µB(Sµ2 )−1wE

2 . (6.9c)

Similarly, the Hessian of M(x, s, s1, s2, y, w1, w2) is given by

H1 − 2
µP J

T 0 0 JT 0 0

− 2
µP J

2
µP Im 0 0 −Im 0 0

0 0 2µB(Sµ1 )−2W E
1 0 0 IF 0

0 0 0 2µB(Sµ2 )−2W E
2 0 0 IF

J −Im 0 0 µPIm 0 0
0 0 IF 0 0 µBW−21 W E

1 0
0 0 0 IF 0 0 µBW−22 W E

2


,
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where H1 = H(x, 2πY − y) + 2
µP J

TJ . Substituting µBW E
1 = Sµ1Π

W
1 and µBW E

2 = Sµ2Π
W
2 from (6.9) gives the Hessian

H1 − 2
µP J

T 0 0 JT 0 0

− 2
µP J

2
µP Im 0 0 −Im 0 0

0 0 2(Sµ1 )−1ΠW
1 0 0 IF 0

0 0 0 2(Sµ2 )−1ΠW
2 0 0 IF

J −Im 0 0 µPIm 0 0
0 0 IF 0 0 Sµ1W

−2
1 ΠW

1 0
0 0 0 IF 0 0 Sµ2W

−2
2 ΠW

2


.

6.4. Derivation of the shifted primal-dual penalty-barrier direction

The primal-dual penalty-barrier problem may be written in the form

minimize
p∈I

M(p) subject to Cp = bC , (6.10)

where
I = {p : p = (x, s, s1, s2, y, w1, w2), with s1 + µBe > 0, s2 + µBe > 0, w1 > 0, w2 > 0},

with

C =

0 LX 0 0 0 0 0
0 LF −IF 0 0 0 0
0 LF 0 IF 0 0 0

 , and bC =

(
`
u

)
.

Let p ∈ I be given. For the moment, assume that p is not necessarily feasible for the linear constraints, i.e., it may not hold
that LFs− s1 = ` and LFs+ s2 = u, in which case bC −Cp may not be zero. The Newton direction ∆p is given by the solution
of the subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆p

T∇2M(p)∆p subject to C∆p = bC − Cp. (6.11)

However, instead of solving (6.11), we define a linearly constrained modified Newton method by approximating the Hessian
∇2M(x, s, s1, s2, y, w1, w2) by a matrix B(x, s, s1, s2, y, w1, w2). Consider the matrix defined by replacing πY by y, πW

1 by w1,
and πW

2 by w2, everywhere in the matrix ∇2M(x, s, s1, s2, y, w1, w2). This gives an approximate Hessian B(x, s, s1, s2, y, w1, w2)
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of the form 

Ĥ1 − 2
µP J

T 0 0 JT 0 0

− 2
µP J

2
µP Im 0 0 −Im 0 0

0 0 2(Sµ1 )−1W1 0 0 IF 0
0 0 0 2(Sµ2 )−1W2 0 0 IF
J −Im 0 0 µPIm 0 0
0 0 IF 0 0 Sµ1W

−1
1 0

0 0 0 IF 0 0 Sµ2W
−1
2


,

where Ĥ1 = H(x, y) + 2JTD−1Y J . The definitions of DY , DW
1 , and DW

2 may be used to write B(x, s, s1, s2, y, w1, w2) as

H + 2JTD−1Y J −2JTD−1Y 0 0 JT 0 0
−2D−1Y J 2D−1Y 0 0 −Im 0 0

0 0 2(DW
1 )−1 0 0 IF 0

0 0 0 2(DW
2 )−1 0 0 IF

J −Im 0 0 DY 0 0
0 0 IF 0 0 DW

1 0
0 0 0 IF 0 0 DW

2


,

where H = H(x, y). Given B(p) = B(x, s, s1, s2, y, w1, w2), a modified Newton direction is given by the solution of the QP
subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆p

TB(p)∆p subject to C∆p = bC − Cp.

Let N denote a matrix whose columns form a basis for null(C), i.e., CN = 0 and
(
CT N

)
is nonsingular. The vector

∆p0 =



0
0

−(`− s+ s1)
(u− s− s2)

0
0
0


4
=



0
0
−rL
rU
0
0
0


(6.12)

satisfies C∆p0 = bC − Cp, and it follows that every feasible ∆p may be written in the form

∆p = ∆p0 +Nd.
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This implies that d must satisfy the reduced equations

NTB(p)Nd = −NT
(
∇M(p) +B(p)∆p0

)
.

Consider the particular null-space basis given by

N =



In 0 0 0 0
0 LTF 0 0 0
0 IF 0 0 0
0 −IF 0 0 0
0 0 Im 0 0
0 0 0 IF 0
0 0 0 0 IF


. (6.13)

The definition of N of (6.13) gives the reduced Hessian

NTB(p)N =


H + 2JTD−1Y J −2JTD−1Y LTF JT 0 0

−2LFD
−1
Y J 2

(
LFD

−1
Y LTF + D̄−1W

)
−LF IF −IF

J −LTF DY 0 0

0 IF 0 DW
1 0

0 −IF 0 0 DW
2

 ,

where D̄−1W = (DW
1 )−1 + (DW

2 )−1. Similarly, the reduced gradient is

NT∇M(p) =


In 0 0 0 0 0 0
0 LF IF −IF 0 0 0
0 0 0 0 Im 0 0
0 0 0 0 0 IF 0
0 0 0 0 0 0 IF





g − JT
(
πY + (πY − y)

)
πY + (πY − y)

−
(
πW
1 + (πW

1 − w1)
)

−
(
πW
2 + (πW

2 − w2)
)

−DY (πY − y)

−DW
1 (πW

1 − w1)

−DW
2 (πW

2 − w2)



=


g − JT

(
πY + (πY − y)

)
πY

F + (πY
F − yF )−

(
πW
1 + (πW

1 − w1)
)

+
(
πW
2 + (πW

2 − w2)
)

−DY (πY − y)

−DW
1 (πW

1 − w1)

−DW
2 (πW

2 − w2)

 .
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Moreover

B(p)∆p0 =



0
0

−2(DW
1 )−1(`− LFs+ s1)

2(DW
2 )−1(u− LFs− s2)

0
−(`− LFs+ s1)

(u− LFs− s2)


=



0
0

−2(DW
1 )−1rL

2(DW
2 )−1rU
0
−rL
rU


,

where rL = `− LFs+ s1 and rU = u− LFs− s2. This implies that NTB(p)∆p0 is given by


In 0 0 0 0 0 0
0 LF IF −IF 0 0 0
0 0 0 0 Im 0 0
0 0 0 0 0 IF 0
0 0 0 0 0 0 IF





0
0

−2(DW
1 )−1rL

2(DW
2 )−1rU
0
−rL
rU


=


0

−2
(
(DW

1 )−1rL + (DW
2 )−1rU

)
0
−rL
rU

 .

This gives NT
(
∇M(p) +B(p)∆p0

)
such that

g − JT
(
πY + (πY − y)

)
πY

F + (πY
F − yF )−

(
πW
1 + (πW

1 − w1)
)

+
(
πW
2 + (πW

2 − w2)
)
− 2
(
(DW

1 )−1rL + (DW
2 )−1rU

)
−DY (πY − y)
−DW

1 (πW
1 − w1)− rL

−DW
2 (πW

2 − w2) + rU

 .
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The reduced modified equations NTB(p)Nd = −NT
(
∇M(p) +B(p)∆p0

)
are then


H + 2JTD−1Y J −2JTD−1Y LTF JT 0 0

−2LFD
−1
Y J 2

(
LFD

−1
Y LTF + D̄−1W

)
−LF IF −IF

J −LTF DY 0 0

0 IF 0 DW
1 0

0 −IF 0 0 DW
2



d1
d2
d3
d4
d5



=


g − JT

(
πY + (πY − y)

)
πY

F + (πY
F − yF )−

(
πW
1 + (πW

1 − w1)
)

+
(
πW
2 + (πW

2 − w2)
)
− 2
(
(DW

1 )−1rL + (DW
2 )−1rU

)
−DY (πY − y)
−DW

1 (πW
1 − w1)− rL

−DW
2 (πW

2 − w2) + rU

 .

Given any nonsingular matrix R, the direction d satisfies

RNTB(p)Nd = −RNT
(
∇M(p) +B(p)∆p0

)
.

In particular, consider

R =


In 0 −2JTD−1Y 0 0

IF 2LFD
−1
Y −2(DW

1 )−1 2(DW
2 )−1

Im 0 0
W1 0

W2

 ,

which is nonsingular if W1 and W2 are positive definite, with

R−1 =


In 0 2JTD−1Y 0 0

IF −2LFD
−1
Y 2(Sµ1 )−1 −2(Sµ2 )−1

Im 0 0
W−11 0

W−12

 .
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For this R, the product RNTB(p)N is given by


In 0 −2JTD−1Y 0 0

IF 2LFD
−1
Y −2(DW

1 )−1 2(DW
2 )−1

Im 0 0
W1 0

W2



H + 2JTD−1Y J −2JTD−1Y LTF JT 0 0

−2LFD
−1
Y J 2

(
LFD

−1
Y LTF + D̄−1W

)
−LF IF −IF

J −LTF DY 0 0

0 IF 0 DW
1 0

0 −IF 0 0 DW
2



=


H 0 −JT 0 0
0 0 LF −IF IF
J −LTF DY 0 0
0 W1 0 W1D

W
1 0

0 −W2 0 0 W2D
W
2

 =


H 0 −JT 0 0
0 0 LF −IF IF
J −LTF DY 0 0
0 W1 0 Sµ1 0
0 −W2 0 0 Sµ2

 .

Similarly RNT∇M(p) is given by 
g − JTy

yF − w1 + w2

−DY (πY − y)
−W1D

W
1 (πW

1 − w1)
−W2D

W
2 (πW

2 − w2)

 ,

and RNTB(p)∆p0 is


In 0 −2JTD−1Y 0 0

IF 2LFD
−1
Y −2(DW

1 )−1 2(DW
2 )−1

Im 0 0
W1 0

W2




0

−2
(
(DW

1 )−1rL + (DW
2 )−1rU

)
0
0
−rL
rU

 =


0
0
0
0

−W1rL
W2rU

 .

Putting all this together gives the following transformed unsymmetric reduced modified Newton equations for d
H 0 −JT 0 0
0 0 LF −IF IF
J −LTF DY 0 0
0 W1 0 Sµ1 0
0 −W2 0 0 Sµ2



d1
d2
d3
d4
d5

 = −


g − JTy

yF − w1 + w2

−DY (πY − y)
−W1

(
DW

1 (πW
1 − w1) + rL

)
−W2

(
DW

2 (πW
2 − w2)− rU

)

 ,
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or, equivalently, 
H 0 −JT 0 0
0 0 LF −IF IF
J −LTF DY 0 0
0 W1 0 Sµ1 0
0 −W2 0 0 Sµ2



d1
d2
d3
d4
d5

 = −


g − JTy

yF − w1 + w2

c− s+ µP(y − yE)
w1 · (LFs− `) + µB(w1 − wE

1 )
w2 · (u − LFs) + µB(w2 − wE

2 )

 . (6.14)

Then, (6.12) and (6.13) implies that

∆x
∆s
∆s1
∆s2
∆y
∆w1

∆w2


= ∆p = ∆p0 +Nd =



0
0
−rL
rU
0
0
0


+



d1
LTF d2
d2
−d2
d3
d4
d5


=



d1
LTF d2

(d2 − rL)
−(d2 − rU)

d3
d4
d5


.

These identities allow us to write equations (6.14) as
H 0 −JT 0 0
0 0 LF −IF IF
J −LTF DY 0 0
0 W1 0 Sµ1 0
0 −W2 0 0 Sµ2



∆x
∆sF
∆y
∆w1

∆w2

 = −


g − JTy

yF − w1 + w2

c− s+ µP(y − yE)
w1 · (LFs− `) + µB(w1 − wE

1 )
w2 · (u − LFs) + µB(w2 − wE

2 )

 , (6.15)

with ∆s = LTF∆sF , ∆s1 = ∆s− (`−LFs+ s1) and ∆s2 = −∆s+ (u−LFs− s2). The Newton equations have been derived for
arbitrary interior s1 and s2, i.e., it is not assumed that s1 and s2 satisfy the linear constraints LFs− s1 = ` and LFs+ s2 = u.
However, unless an extra term is added to the objective function of (6.10) that forces the linear constraints to become feasible,
it is necessary to choose feasible s1 and s2. In this case, LFs − s1 = ` and LFs + s2 = u, and it follows that ∆s1 = ∆sF and
∆s2 = −∆sF . This assumption is made for the remainder of this section.

Under the feasibility assumption, if S1 and S2 are written in terms of s, i.e., S1 = diag
(
eTi s − `i

)
and S2 = diag

(
ui − eTi s

)
,

then the equations (6.15) are the Newton equations for the solution of the perturbed optimality conditions (6.3). The variables
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s1 and s2 may be computed implicitly for the line search, in which case the appropriate merit function is

f − (c− s)TyE +
1

2µP
‖c− s‖2 +

1

2µP
‖c− s+ µP(y − yE)‖2

−
∑
i∈F

{
µB [wE

1 ]i ln
(
si − `i + µB

)
+ µB [wE

1 ]i ln
(
[w1]i(si − `i + µB)

)
− [w1]i(si − `i + µB)

}
−
∑
i∈F

{
µB [wE

2 ]i ln
(
ui − si + µB

)
+ µB [wE

2 ]i ln
(
[w2]i(ui − si + µB)

)
− [w2]i(ui − si + µB)

}
,

where F denotes the index set of slacks with upper and lower bounds.

6.5. Computation of the shifted primal-dual penalty-barrier direction

Next we consider the solution of the modified Newton equations (6.15), which are written in the form
H 0 −JT 0 0
0 0 LF −IF IF
J −LTF DY 0 0
0 W1 0 W1D

W
1 0

0 −W2 0 0 W2D
W
2



∆x
∆sF
∆y
∆w1

∆w2

 = −


g − JTy

yF − w1 + w2

−DY (πY − y)
−W1

(
DW

1 (πW
1 − w1)

)
−W2

(
DW

2 (πW
2 − w2)

)

 . (6.16)

Consider the following reordered set of equations and variables involving (in order) ∆w1, ∆w2, ∆sF , ∆x and ∆y:
IF 0 (DW

1 )−1 0 0
0 IF −(DW

2 )−1 0 0
−IF IF 0 0 LF

0 0 −LTF J DY

H −JT



∆w1

∆w2

∆sF
∆x
∆y

 = −


w1 − πW

1

w2 − πW
2

yF − w1 + w2

DY (y − πY )
g − JTy

 . (6.17)

If, as above, D̄W denotes the matrix D̄W =
(
(DW

1 )−1 + (DW
2 )−1

)−1, then applying the nonsingular matrix
IF
0 IF
IF −IF IF

LTF D̄W −LTF D̄W LTF D̄W Im
In


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on the left and right-hand side of (6.17) gives the block upper-trapezoidal system
IF 0 (DW

1 )−1 0 0

IF −(DW
2 )−1 0 0

D̄−1W 0 LF

J DY + LTF D̄WLF

H −JT




∆w1

∆w2

∆sF

∆x

∆y

 = −


w1 − πW

1

w2 − πW
2

yF − πW

DY (y − πY ) + LTF D̄W

(
yF − πW

)
g − JTy

 , (6.18)

where πW = πW
1 − πW

2 . Solving (6.18) for ∆y and ∆sF , and using the last two block equations of (6.15) for ∆w1 and ∆w2 gives
the solution of the path-following equations as

∆sF = −D̄W

(
yF +∆yF − πW

)
,

∆s = LTF∆sF ,

∆w1 = −(Sµ1 )−1
(
w1 · (LF (s+∆s)− `+ µBe)− µBwE

1

)
,

∆w2 = −(Sµ2 )−1
(
w2 · (u− LF (s+∆s) + µBe)− µBwE

2

)
,

where ∆x and ∆y satisfy the equations(
H −JT

J DY + LTF D̄WLF

)(
∆x
∆y

)
= −

(
g − JTy

DY (y − πY ) + LTF D̄W

(
yF − πW

)) .
6.6. Summary: bounded slacks

Consider the quantities

DY = µPI, πY = yE − 1

µP

(
c(x)− s

)
,

DW

1 = Sµ1W
−1
1 , πW

1 = µB(Sµ1 )−1wE

1 ,

DW

2 = Sµ2W
−1
2 , πW

2 = µB(Sµ2 )−1wE

2 ,

D̄W =
(
(DW

1 )−1 + (DW

2 )−1
)−1

, πW = πW

1 − πW

2 ,
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then ∆s, ∆s1, ∆s2, ∆w1 and ∆w1 are given by

ŷ = y +∆y, ∆sF = −D̄W

(
ŷF − πW

)
,

∆s = LTF∆sF ,

∆wX = [ ŷ − w ]X ,

ŝ = s+∆s, ∆w1 = −(Sµ1 )−1
(
w1 · (LF ŝ− `+ µBe)− µBwE

1

)
,

∆w2 = −(Sµ2 )−1
(
w2 · (u− LF ŝ+ µBe)− µBwE

2

)
,

where ∆x and ∆y satisfy the equations(
H −JT

J DY + LTF D̄WLF

)(
∆x
∆y

)
= −

(
g − JTy

DY (y − πY ) + LTF D̄W

(
yF − πW

)) .
The associated line-search merit function is given by

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

−
∑
i∈F

{
µB [wE

1 ]i ln
(
[w1]i(e

T
i s− `i + µB)2

)
− [w1]i(e

T
i s− `i + µB)

}
−
∑
i∈F

{
µB [wE

2 ]i ln
(
[w2]i(ui − eTi s+ µB)2

)
− [w2]i(ui − eTi s+ µB)

}
. (6.19)
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7. Fixed and Bounded Variables

Next we consider nonlinear equality constraints and upper and lower bounds on the variables but only nonnegativity constraints
for the slacks.

7.1. Problem statement and optimality conditions

The problem has the form

minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, s ≥ 0, EXx = bX , ` ≤ EFx ≤ u, (7.1)

where c : Rn 7→ Rm and f : Rn 7→ R are twice-continuously differentiable and EX and EF are fixed matrices of dimension nF ×n
and nX × n, respectively, with n = nF + nX . The matrices EX and EF are formed from rows of the identity matrix In in such
a way that EXx and EFx give the fixed and “free” components of x. It follows that there is an n by n permutation matrix P
such that

P =

(
EF

EX

)
,

with the matrices EF and EX satisfying the identities EFE
T
F = IF , EXE

T
X = IX , and EFE

T
X = 0. The first-order KKT conditions

for this problem are

g(x∗)− J(x∗)Ty∗ − ETXz∗X − ETF z∗1 + ETF z
∗
2 = 0, z∗1 ≥ 0, z∗2 ≥ 0, (7.2a)

y∗ − w∗ = 0, w∗ ≥ 0, (7.2b)

c(x∗)− s∗ = 0, s∗ ≥ 0, (7.2c)

EFx
∗ − ` ≥ 0, u− EFx

∗ ≥ 0, (7.2d)

z∗1 · (EFx
∗ − `) = 0, z∗2 · (u− EFx

∗) = 0, (7.2e)

w∗ · s∗ = 0, (7.2f)

EXx
∗ − bX = 0, (7.2g)

where y∗ and z∗X are the multipliers for the equality constraints c(x)−s = 0 and EXx = bX , and z∗1 , z∗2 and w∗ may be interpreted
as the Lagrange multipliers for the constraints EFx− ` ≥ 0, u− EFx ≥ 0, and s ≥ 0 respectively.
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7.2. The path-following equations

Let yE , zE
1 , zE

2 , and wE denote nonnegative estimates of the Lagrange multipliers for the inequality constraints EFx − ` ≥ 0,
u− EFx ≥ 0, and s ≥ 0, respectively. Given small positive scalars µP and µB , consider the perturbed optimality conditions

g(x)− J(x)Ty − ETXzX − ETF z1 + ETF z2 = 0, z1 ≥ 0, z2 ≥ 0, (7.3a)

y − w = 0, w ≥ 0, (7.3b)

c(x)− s = µP(yE − y), s ≥ 0, (7.3c)

EFx− ` ≥ 0, u− EFx ≥ 0, (7.3d)

z1 · (EFx− `) = µB(zE

1 − z1), z2 · (u− EFx) = µB(zE

2 − z2), (7.3e)

w · s = µB(wE − w), (7.3f)

EXx− bX = 0. (7.3g)

Consider the following primal-dual path following equations given by F (x, s, y, zX , z1, z2, w ;µP , µB , yE , zE
1 , z

E
2 , w

E) = 0, with

F (x, s, y, zX , z1, z2, w ;µP , µB , yE , zE

1 , z
E

2 , w
E) =



g(x)− J(x)Ty − ETXzX − ETF z1 + ETF z2
y − w

c(x)− s+ µP(y − yE)
z1 · (EFx− `) + µB(z1 − zE

1 )
z2 · (u− EFx) + µB(z2 − zE

2 )
w · s+ µB(w − wE)

EXx− bX


. (7.4)

Any zero (x, s, y, zX , z1, z2, w) of F that satisfies ` < EFx < u, z1 > 0, z2 > 0, and w > 0 approximates a point satisfying
the optimality conditions (7.2), with the approximation becoming increasingly accurate as the terms µP(y − yE), µB(z1 − zE

1 ),
µB(z2 − zE

2 ), and µB(w − wE) approach zero. For any sequence of zE
1 , zE

2 , wE and yE such that zE
1 → z∗1 , zE

2 → z∗2 , wE → w∗,
and yE → y∗, it must hold that solutions (x, s, y, zX , z1, z2, w) of (7.3) must satisfy z1 · (EFx− `)→ 0, z2 · (u− EFx)→ 0, and
w · s→ 0, This implies that any solution (x, s, y, zX , z1, z2, w) of (7.3) will approximate a solution of (7.2) independently of the
values of µP and µB (i.e., it is not necessary that µP → 0 and µB → 0).

If (x, s, y, zX , z1, z2, w) is a given approximate zero of F such that `−µBe < EFx < u+µBe, s+µBe > 0, z1 > 0, z2 > 0, and
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w > 0, the Newton equations for the change in variables (∆x,∆s,∆y,∆zX , ∆z1, ∆z2, ∆w) are given by

H 0 −JT −ETF ETF 0 −ETX
0 0 Im 0 0 −Im 0
J −Im DY 0 0 0 0

Z1EF 0 0 Xµ
1 0 0 0

−Z2EF 0 0 0 Xµ
2 0 0

0 W 0 0 0 Sµ 0
EX 0 0 0 0 0 0





∆x
∆s
∆y
∆z1
∆z2
∆w
∆zX


= −



g − JTy − ETXzX − ETF z1 + ETF z2
y − w

c− s+ µP(y − yE)
z1 · (EFx− `) + µB(z1 − zE

1 )
z2 · (u− EFx) + µB(z2 − zE

2 )
w · s+ µB(w − wE)

EXx− bX


, (7.5)

where DY = µPI, W = diag(wi), X
µ
1 = diag(eTjx− `j + µB), Xµ

2 = diag(uj − eTjx+ µB), and Sµ = diag
(
si + µB

)
.

Any x may be written as x = ETF xF +ETXxX , where xF and xX denote the components of x corresponding to the “free” and
“fixed variables”, respectively. Throughout, we assume that xX satisfies EXx = bX , in which case the expansion of ∆x satisfies

∆x = ETF ∆xF + ETX∆xX = ETF ∆xF .

This identity allows us to write the equations (7.5) in the form
HF 0 −JTF −IF IF 0
0 0 Im 0 0 −Im
JF −Im DY 0 0 0
Z1 0 0 Xµ

1 0 0
−Z2 0 0 0 Xµ

2 0
0 W 0 0 0 Sµ




∆xF

∆s
∆y
∆z1
∆z2
∆w

 = −


gF − JTF y − z1 + z2

y − w
c− s+ µP(y − yE)

z1 · (EFx− `) + µB(z1 − zE
1 )

z2 · (u− EFx) + µB(z2 − zE
2 )

w · s+ µB(w − wE)

 , (7.6)

where HF and JF denote the “free” rows and columns of H and the “free” columns of J , i.e., HF = EFHE
T
F and JF = JETF .

Once these equations are solved, ∆x and ∆zX are recovered as ∆x = ETF ∆xF and ∆zX = [ g +H∆x− JT(y +∆y) ]X − zX .

7.3. A shifted primal-dual penalty-barrier function

Problem (7.1) is equivalent to

minimize
x,x1,x2,s

f(x)

subject to c(x)− s = 0, s ≥ 0,

EXx− bX = 0,

EFx− x1 = `, x1 ≥ 0,

EFx+ x2 = u, x2 ≥ 0.
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Consider the shifted primal-dual penalty-barrier problem

minimize
x,x1,x2,s,y,z1,z2,w

M(x, x1, x2, s, y, z1, z2, w ;µP , µB , yE , zE

1 , z
E

2 , w
E)

subject to EXx = bX , EFx− x1 = `, x1 + µBe > 0, z1 > 0,

EFx+ x2 = u, x2 + µBe > 0, z2 > 0,

(7.7)

where M(x, x1, x2, s, y, z1, z2, w ;µP , µB , yE , zE
1 , z

E
2 , w

E) is the barrier function

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

−
∑
j∈F

{
µB [zE

1 ]j ln
(
[x1]j + µB

)
+ µB [zE

1 ]j ln
(
[z1]j([x1]j + µB)

)
− [z1]j([x1]j + µB)

}
−
∑
j∈F

{
µB [zE

2 ]j ln
(
[x2]j + µB

)
+ µB [zE

2 ]j ln
(
[z2]j([x2]j + µB)

)
− [z2]j([x2]j + µB)

}
−

m∑
i=1

{
µBwE

i ln
(
si + µB

)
+ µBwE

i ln
(
wi(si + µB)

)
− wi(si + µB)

}
. (7.8)

Let c, g and J denote the quantities c(x), g(x) and J(x). Differentiating M(x, x1, x2, s, y, z1, z2, w) with respect to x, x1, x2, s,
y, z1, z2, and w gives

∇M(x, x1, x2, s, y, z1, z2, w) =



g − JT
(
2(yE − 1

µP (c− s))− y
)

z1 − 2µB(Xµ
1 )−1zE

1

z2 − 2µB(Xµ
2 )−1zE

2

2
(
yE − 1

µP (c− s)
)
− y − 2µB(Sµ)−1wE + w

c− s+ µP(y − yE)

x1 + µBe− µBZ−11 zE
1

x2 + µBe− µBZ−12 zE
2

s+ µBe− µBW−1wE


.
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The gradient may be written in several equivalent forms

∇M(x, x1, x2, s, y, z1, z2, w) =



g − JT
(
2(yE − 1

µP (c− s))− y
)

z1 − 2µB(Xµ
1 )−1zE

1

z2 − 2µB(Xµ
2 )−1zE

2

2
(
yE − 1

µP (c− s)
)
− y − 2µB(Sµ)−1wE + w

c− s+ µP(y − yE)

x1 + µBe− µBZ−11 zE
1

x2 + µBe− µBZ−12 zE
2

s+ µBe− µBW−1wE



=



g − JT
(
2(yE − 1

µP (c− s))− y
)

(Xµ
1 )−1

(
z1 · x1 + µBzE

1 + µB(z1 − zE
1 )
)

(Xµ
2 )−1

(
z2 · x2 + µBzE

2 + µB(z2 − zE
2 )
)

2
(
yE − 1

µP (c− s)
)
− y − 2µB(S + µBI)−1wE + w

c− s+ µP(y − yE)

Z−11

(
z1 · x1 + µB(z1 − zE

1 )
)

Z−12

(
z2 · x2 + µB(z2 − zE

2 )
)

W−1
(
w · s+ µB(w − wE)

)


=



g − JT
(
πY + (πY − y)

)
−(2πZ

1 − z1)

−(2πZ
2 − z2)

(2πY − y)− (2πW − w)

−DY (πY − y)

−DZ
1(πZ

1 − z1)

−DZ
2(πZ

2 − z2)

−DW (πW − w)


,

where now, Xµ
1 = diag([x1]j) and Xµ

2 = diag([x2]j), with

DY = µPI, πY = yE − 1

µP
(c− s), (7.9a)

DZ

1 = Xµ
1 Z
−1
1 , πZ

1 = µB(Xµ
1 )−1zE

1 , (7.9b)

DZ

2 = Xµ
2 Z
−1
2 , πZ

2 = µB(Xµ
2 )−1zE

2 , (7.9c)

DW = SµW−1, πW = µB(Sµ)−1wE . (7.9d)
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Similarly, the Hessian of M(x, x1, x2, s, y, z1, z2, w) is given by

H1 0 0 − 2
µP J

T JT 0 0 0

0 2µB(Xµ
1 )−2ZE

1 0 0 0 IF 0 0
0 0 2µB(Xµ

2 )−2ZE
2 0 0 0 IF 0

− 2
µP J 0 0 2

(
1
µP I + µB(Sµ)−2W E

)
−Im 0 0 Im

J 0 0 −Im µPIm 0 0 0
0 IF 0 0 0 µBZ−21 ZE

1 0 0
0 0 IF 0 0 0 µBZ−22 ZE

2 0
0 0 0 Im 0 0 0 µBW−2W E


,

where H1 = H(x, 2πY − y) + 2
µP J

TJ . Substituting µBZE
1 = Xµ

1Π
Z
1 , µBZE

2 = (X2 +µBI)ΠZ
2 , and µBW E = SµΠW from (7.9) gives

the Hessian

H1 0 0 − 2
µP J

T JT 0 0 0

0 2(Xµ
1 )−1ΠZ

1 0 0 0 IF 0 0
0 0 2(Xµ

2 )−1ΠZ
2 0 0 0 IF 0

− 2
µP J 0 0 2

(
1
µP I + (Sµ)−1ΠW

)
−Im 0 0 Im

J 0 0 −Im µPIm 0 0 0
0 IF 0 0 0 Xµ

1 Z
−2
1 ΠZ

1 0 0
0 0 IF 0 0 0 Xµ

2 Z
−2
2 ΠZ

2 0
0 0 0 Im 0 0 0 SµW−2ΠW


.

7.4. Derivation of the shifted primal-dual penalty-barrier direction

The primal-dual penalty-barrier problem may be written in the form

minimize
p∈I

M(p) subject to Cp = bC , (7.10)

where

I = {p : p = (x, x1, x2, s, y, z1, z2, w), with x1 + µBe > 0, x2 + µBe > 0, s+ µBe > 0, z1 > 0, z2 > 0, w > 0},

and

C =

EX 0 0 0 0 0 0 0
EF −IF 0 0 0 0 0 0
EF 0 IF 0 0 0 0 0

 , and bC =

bX`
u

 .
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Let p ∈ I be given. Assume that x is feasible for the equality constraints EXx = bX , but not necessarily for the linear inequality
constraints, i.e., it may not hold that EFx− x1 = ` and EFx+ x2 = u. The Newton direction ∆p is given by the solution of the
subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆p

T∇2M(p)∆p subject to C∆p = bC − Cp. (7.11)

However, instead of solving (7.11), we define a linearly constrained modified Newton method by approximating the Hessian
∇2M(x, x1, x2, s, y, z1, z2, w) by a matrix B(x, x1, x2, s, y, z1, z2, w). Consider the matrix defined by replacing πY by y, πZ

1

by z1, πZ
2 by z2, and πW by w everywhere in the matrix ∇2M(x, x1, x2, s, y, z1, z2, w). This gives an approximate Hessian

B(x, x1, x2, s, y, z1, z2, w) of the form

Ĥ1 0 0 − 2
µP J

T JT 0 0 0

0 2(Xµ
1 )−1Z1 0 0 0 I 0 0

0 0 2(Xµ
2 )−1Z2 0 0 0 I 0

− 2
µP J 0 0 2

(
1
µP I + (Sµ)−1W

)
−I 0 0 I

J 0 0 −I µPI 0 0 0
0 I 0 0 0 (Xµ

1 )Z−11 0 0
0 0 I 0 0 0 Xµ

2 Z
−1
2 0

0 0 0 I 0 0 0 SµW−1


,

where Ĥ1 = H(x, y) + 2
µP J

TJ . The definitions of DY , DZ
1 , and DZ

2 may be used to write B(x, x1, x2, s, y, z1, z2, w) in the form

H + 2JTD−1Y J 0 0 −2JTD−1Y JT 0 0 0
0 2(DZ

1)−1 0 0 0 IF 0 0
0 0 2(DZ

2)−1 0 0 0 IF 0
−2D−1Y J 0 0 2

(
D−1Y +D−1W

)
−Im 0 0 Im

J 0 0 −I DY 0 0 0
0 IF 0 0 0 DZ

1 0 0
0 0 IF 0 0 0 DZ

2 0
0 0 0 Im 0 0 0 DW


,

where H = H(x, y). Given B(p) = B(x, x1, x2, s, y, z1, z2, w), a modified Newton direction is given by the solution of the QP
subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆p

TB(p)∆p subject to C∆p = bC − Cp. (7.12)
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Let N denote a matrix whose columns form a basis for null(C), i.e., the columns of N are linearly independent and CN = 0.
The vector

∆p0 =



0
−(`− EFx+ x1)

(u− EFx− x2)
0
0
0
0
0


4
=



0
−rL
rU
0
0
0
0
0


(7.13)

satisfies C∆p0 = bC − Cp, and every feasible ∆p may be written in the form

∆p = ∆p0 +Nd.

This implies that d satisfies the reduced equations

NTB(p)Nd = −NT
(
∇M(p) +B(p)∆p0

)
.

Consider the null-space basis defined from the columns of

N =



ETF 0 0 0 0 0
IF 0 0 0 0 0
−IF 0 0 0 0 0

0 Im 0 0 0 0
0 0 Im 0 0 0
0 0 0 IF 0 0
0 0 0 0 IF 0
0 0 0 0 0 Im


. (7.14)

The definition of N of (7.14) gives the reduced Hessian NTB(p)N such that
HF + 2JTF D

−1
Y JF + 2

(
(DZ

1)−1 + (DZ
2)−1

)
−2JTF D

−1
Y JTF IF −IF 0

−2D−1Y JF 2
(
D−1Y +D−1W

)
−Im 0 0 Im

JF −Im DY 0 0 0
IF 0 0 DZ

1 0 0
−IF 0 0 0 DZ

2 0
0 Im 0 0 0 DW

 .
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Similarly, the reduced gradient NT∇M(p) is given by

NT



gF − JTF
(
πY + (πY − y)

)
−(2πZ

1 − z1)

−(2πZ
2 − z2)

(2πY − y)− (2πW − w)

−DY (πY − y)

−DZ
1(πZ

1 − z1)

−DZ
2(πZ

2 − z2)

−DW (πW − w)


=



gF − JTF
(
πY + (πY − y)

)
− (2πZ

1 − z1) + (2πZ
2 − z2)

(2πY − y)− (2πW − w)

−DY (πY − y)

−DZ
1(πZ

1 − z1)

−DZ
2(πZ

2 − z2)

−DW (πW − w)


.

Moreover

B∆p0 =



0
−2(DZ

1)−1rL
2(DZ

2)−1rU
0
0
−rL
rU
0


,

where rL = `− EFx+ x1 and rU = u− EFx− x2. This implies that NTB(p)∆p0 is given by
−2
(
(DZ

1)−1rL + (DZ
2)−1rU

)
0
0
−rL
rU
0

 .

This gives the reduced gradient NT
(
∇M(p) +B(p)∆p0

)
such that

NT
(
∇M(p) +B(p)∆p0

)
=


gF − JTF

(
πY + (πY − y)

)
− (2πZ

1 − z1) + (2πZ
2 − z2)− 2

(
(DZ

1)−1rL + (DZ
2)−1rU

)
(2πY − y)− (2πW − w)

−DY (πY − y)
−DZ

1(πZ
1 − z1)− rL

−DZ
2(πZ

2 − z2) + rU
−DW (πW − w)

 .
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The reduced modified Newton equations NTB(p)Nd = −NT
(
∇M(p) +B(p)∆p0

)
are then

HF + 2JTF D
−1
Y JF + 2

(
(DZ

1)−1 + (DZ
2)−1

)
−2JTF D

−1
Y JTF IF −IF 0

−2D−1Y J 2
(
D−1Y +D−1W

)
−Im 0 0 Im

JF −Im DY 0 0 0
IF 0 0 DZ

1 0 0
−IF 0 0 0 DZ

2 0
0 Im 0 0 0 DW




d1
d2
d3
d4
d5
d6



= −


gF − JTF

(
πY + (πY − y)

)
− (2πZ

1 − z1) + (2πZ
2 − z2)− 2

(
(DZ

1)−1rL + (DZ
2)−1rU

)
(2πY − y)− (2πW − w)
−DY (πY − y)
−DZ

1(πZ
1 − z1)− rL

−DZ
2(πZ

2 − z2) + rU
−DW (πW − w)

 .

Given any nonsingular matrix R, the direction d satisfies

RNTB(p)Nd = −RNT
(
∇M(p) +B(p)∆p0

)
.

In particular, if R is the block upper-triangular matrix R such that

R =


IF 0 −2JTF D

−1
Y −2(DZ

1)−1 2(DZ
2)−1 0

Im 2D−1Y 0 0 −2D−1W

Im 0 0 0
Z1 0 0

Z2 0
W

 ,

then R is nonsingular because Z1, Z2 and W are positive definite, and

RNTB(p)N =


HF 0 −JTF −IF IF 0
0 0 Im 0 0 −Im
JF −Im DY 0 0 0
Z1 0 0 Z1D

Z
1 0 0

−Z2 0 0 0 Z2D
Z
2 0

0 W 0 0 0 WDW

 =


HF 0 −JTF −IF IF 0
0 0 Im 0 0 −Im
JF −Im DY 0 0 0
Z1 0 0 Xµ

1 0 0
−Z2 0 0 0 Xµ

2 0
0 W 0 0 0 Sµ

 .
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Also, RNT
(
∇M(p) +B(p)∆p0

)
is given by

IF 0 −2JTF D
−1
Y −2(DZ

1)−1 2(DZ
2)−1 0

Im 2D−1Y 0 0 −2D−1W

Im 0 0 0
Z1 0 0

Z2 0
W




gF − JTF

(
πY + (πY − y)

)
− (2πZ

1 − z1) + (2πZ
2 − z2)− 2

(
(DZ

1)−1rL + (DZ
2)−1rU

)
(2πY − y)− (2πW − w)
−DY (πY − y)
−DZ

1(πZ
1 − z1)− rL

−DZ
2(πZ

2 − z2) + rU
−DW (πW − w)



=


gF − JTF y − z1 + z2

y − w
c− s+ µP(y − yE)

z1 · (EFx− `) + µB(z1 − zE
1 )

z2 · (u− EFx) + µB(z2 − zE
2 )

w · s+ µB(w − wE)

 .

This gives the following (unsymmetric) reduced modified Newton equations for d
HF 0 −JTF −IF IF 0
0 0 Im 0 0 −Im
JF −Im DY 0 0 0
Z1 0 0 Xµ

1 0 0
−Z2 0 0 0 Xµ

2 0
0 W 0 0 0 Sµ




d1
d2
d3
d4
d5
d6

 = −


gF − JTF y − z1 + z2

y − w
c− s+ µP(y − yE)

z1 · (EFx− `) + µB(z1 − zE
1 )

z2 · (u− EFx) + µB(z2 − zE
2 )

w · s+ µB(w − wE)

 . (7.15)

Then, (7.13) implies that 

∆x
∆x1
∆x2
∆s
∆y
∆z1
∆z2
∆w


= ∆p = ∆p0 +Nd =



ETF d1
(d1 − rL)
−(d1 − rU)

d2
d3
d4
d5
d6


.
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These identities allow us to write equations (7.15) in the form
HF 0 −JTF −IF IF 0
0 0 Im 0 0 −Im
JF −Im DY 0 0 0
Z1 0 0 Xµ

1 0 0
−Z2 0 0 0 Xµ

2 0
0 W 0 0 0 Sµ




∆xF

∆s
∆y
∆z1
∆z2
∆w

 = −


gF − JTF y − z1 + z2

y − w
c− s+ µP(y − yE)

z1 · (EFx− `) + µB(z1 − zE
1 )

z2 · (u− EFx) + µB(z2 − zE
2 )

w · s+ µB(w − wE)

 , (7.16)

with ∆x = ETF ∆xF , ∆x1 = ∆x− (`− EFx+ x1) and ∆x2 = −∆x+ (u− EFx− x2).

As in the bounded slack case, it is necessary to choose feasible x1 and x2, which gives EFx− x1 = ` and EFx+ x2 = u, and
it follows that ∆x1 = ∆x and ∆x2 = −∆x. (This assumption is made for the remainder of this section.) Under this feasibility
assumption, if X1 and X2 are written in terms of x, i.e., X1 = diag

(
eTjx − `j

)
and X2 = diag

(
uj − eTjx

)
, respectively, then

equations (7.16) are the Newton equations for a solution of the perturbed optimality conditions (7.3). The variables x1 and x2
may be computed implicitly for the line search, in which case the appropriate merit function is

f − (c− s)TyE +
1

2µP
‖c− s‖2 +

1

2µP
‖c− s+ µP(y − yE)‖2

−
∑
j∈F

{
µB [zE

1 ]j ln
(
xj − `j + µB

)
+ µB [zE

1 ]j ln
(
[z1]j(xj − `j + µB)

)
− [z1]j(xj − `j + µB)

}
−
∑
j∈F

{
µB [zE

2 ]j ln
(
uj − xj + µB

)
+ µB [zE

2 ]j ln
(
[z2]j(uj − xj + µB)

)
− [z2]j(uj − xj + µB)

}
−

m∑
i=1

{
µBwE

i ln
(
si + µB

)
+ µBwE

i ln
(
wi(si + µB)

)
− wi(si + µB)

}
.

7.5. Computation of the shifted primal-dual penalty-barrier direction

Next we consider the solution of the path-following modified Newton equations (7.16), which may be written in the form
HF 0 −JTF −IF IF 0
0 0 Im 0 0 −Im
JF −Im DY 0 0 0
IF 0 0 DZ

1 0 0
−IF 0 0 0 DZ

2 0
0 Im 0 0 0 DW




∆xF

∆s
∆y
∆z1
∆z2
∆w

 = −


gF − JTF y − z1 + z2

y − w
DY (y − πY )
DZ

1(z1 − πZ
1 )

DZ
2(z2 − πZ

2 )
DW (w − πW )

 .
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Consider the following reordered equations and variables:
DZ

1 0 0 0 IF 0
0 DZ

2 0 0 −IF 0
0 0 DW Im 0 0
0 0 −Im 0 0 Im
0 0 0 −Im J DY

−IF IF 0 0 HF −JTF




∆z1
∆z2
∆w
∆s
∆xF

∆y

 = −


DZ

1(z1 − πZ
1 )

DZ
2(z2 − πZ

2 )
DW (w − πW )

y − w
DY (y − πY )

gF − JTF y − z1 + z2

 . (7.17)

Applying the nonsingular matrix 
IF
0 IF
0 Im

D−1W Im
Im DW Im

(DZ
1)−1 −(DZ

2)−1 Im


to both sides of (7.17) gives the block upper-trapezoidal system

DZ
1 0 0 0 IF 0

0 DZ
2 0 0 −IF 0

0 0 DW Im 0 0
0 0 0 D−1W 0 Im
0 0 0 0 J DY +DW

0 0 0 0 HF +D−1Z −JTF




∆z1
∆z2
∆w
∆s
∆xF

∆y

 = −


DZ

1(z1 − πZ
1 )

DZ
2(z2 − πZ

2 )
DW (w − πW )
y − πW

DY (y − πY ) +DW (y − πW )
gF − JTF y − πZ

 .

with πZ = πZ
1 − πZ

2 , and D−1Z = (DZ
1)−1 + (DZ

2)−1. It follows that the solution of the Newton path-following equations (7.5) is
given by

∆x = ETF ∆xF ,

∆zX = [ g +H∆x− JT(y +∆y) ]X − zX
∆w = y +∆y − w,
∆s = −W−1

(
(w +∆w) · s+ µB(w +∆w − wE)

)
,

∆z1 = −(Xµ
1 )−1

(
z1 · (EF (x+∆x)− `+ µBe)− µBzE

1

)
,

∆z2 = −(Xµ
2 )−1

(
z2 · (u− EF (x+∆x) + µBe)− µBzE

2

)
,
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where ∆xF and ∆y satisfy the equations(
HF +D−1Z −JTF

JF DY +DW

)(
∆xF

∆y

)
= −

(
gF − JTF y − πZ

DY (y − πY ) +DW (y − πW )

)
.

7.6. Summary: bounded variables

Define the quantities

DY = µPI, πY = yE − 1

µP

(
c(x)− s

)
,

DZ

1 = Xµ
1 Z
−1
1 , πZ

1 = µB(Xµ
1 )−1zE

1 ,

DZ

2 = Xµ
2 Z
−1
2 , πZ

2 = µB(Xµ
2 )−1zE

2 ,

DZ =
(
(DZ

1)−1 + (DZ

2)−1
)−1

, πZ = πZ

1 − πZ

2 ,

DW = SµW−1, πW = µB(Sµ)−1wE ,

then ∆s, ∆w, ∆x1, ∆x2, ∆z1 and ∆z1 are given by

∆x = ETF ∆xF ,

ŷ = y +∆y, ∆w = ŷ − w,
ŵ = w +∆w, ∆s = −W−1

(
ŵ · s+ µB(ŵ − wE)

)
,

x̂ = x+∆x, ∆z1 = −(Xµ
1 )−1

(
z1 · (x̂− `+ µBe)− µBzE

1

)
,

∆z2 = −(Xµ
2 )−1

(
z2 · (u− x̂+ µBe)− µBzE

2

)
,

where ∆x and ∆y satisfy the equations(
HF +D−1Z −JT

JF DY +DW

)(
∆xF

∆y

)
= −

(
gF − JTF y − πZ

DY (y − πY ) +DW (y − πW )

)
.
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The line-search merit function is

f − (c− s)TyE +
1

2µP
‖c− s‖2 +

1

2µP
‖c− s+ µP(y − yE)‖2

−
∑
j∈F

{
µB [zE

1 ]j ln
(
xj − `j + µB

)
+ µB [zE

1 ]j ln
(
[z1]j(xj − `j + µB)

)
− [z1]j(xj − `j + µB)

}
−
∑
j∈F

{
µB [zE

2 ]j ln
(
uj − xj + µB

)
+ µB [zE

2 ]j ln
(
[z2]j(uj − xj + µB)

)
− [z2]j(uj − xj + µB)

}
−

m∑
i=1

{
µBwE

i ln
(
si + µB

)
+ µBwE

i ln
(
wi(si + µB)

)
− wi(si + µB)

}
. (7.18)
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8. Upper and Lower Bounds on all Variables and Slacks

Next we consider the case with upper and lower bounds on all the variables and slacks.

8.1. Problem statement and optimality conditions

The definition of the problem is

minimize
x∈Rn,s∈Rm

f(x) subject to c(x)− s = 0, `X ≤ x ≤ uX , `S ≤ s ≤ uS , (8.1)

where c : Rn 7→ Rm and f : Rn 7→ R are twice-continuously differentiable. The first-order KKT conditions for this problem are

g(x∗)− J(x∗)Ty∗ − z∗1 + z∗2 = 0, z∗1 ≥ 0, z∗2 ≥ 0, (8.2a)

y∗ − w∗1 + w∗2 = 0, w∗1 ≥ 0, w∗2 ≥ 0, (8.2b)

c(x∗)− s∗ = 0, (8.2c)

x∗ − `X ≥ 0, uX − x∗ ≥ 0, (8.2d)

s∗ − `S ≥ 0, uS − s∗ ≥ 0, (8.2e)

z∗1 · (x∗ − `X ) = 0, z∗2 · (uX − x∗) = 0, (8.2f)

w∗1 · (s∗ − `S) = 0, w∗2 · (uS − s∗) = 0, (8.2g)

where y∗ are the multipliers for the equality constraints c(x)−s = 0, and z∗1 , z∗2 , w∗1 , and w∗2 may be interpreted as the Lagrange
multipliers for the inequality constraints x− `X ≥ 0, uX − x ≥ 0, s− `S ≥ 0 and uS − s ≥ 0, respectively.

8.2. The path-following equations

Let zE
1 and zE

2 , wE
1 and wE

2 denote nonnegative estimates of the Lagrange multipliers for the inequality constraints x1 ≥ 0, x2 ≥ 0,
s1 ≥ 0 and s2 ≥ 0, respectively. Given small positive scalars µP and µB , consider the perturbed optimality conditions

g(x)− J(x)Ty − z1 + z2 = 0, z1 ≥ 0, z2 ≥ 0, (8.3a)

y − w1 + w2 = 0, w1 ≥ 0, w2 ≥ 0, (8.3b)

c(x)− s = µP(yE − y), (8.3c)

x− `X ≥ 0, uX − x ≥ 0, (8.3d)

s− `S ≥ 0, uS − s ≥ 0, (8.3e)

z1 · (x− `X ) = µB(zE

1 − z1), z2 · (uX − x) = µB(zE

2 − z2), (8.3f)

w1 · (s− `S) = µB(wE

1 − w1), w2 · (uS − s) = µB(wE

2 − w2), (8.3g)
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Consider the primal-dual path-following equations F (x, s, y, z1, z2, w1, w2 ;µP , µB , yE , zE
1 , z

E
2 , w

E
1 , w

E
2 ) = 0, with

F (x, s, y, z1, z2, w1, w2 ;µP , µB , yE , zE

1 , z
E

2 , w
E

1 , w
E

2 ) =



g(x)− J(x)T y − z1 + z2
y − w1 + w2

c(x)− s+ µP(y − yE)
z1 · (x− `X ) + µB(z1 − zE

1 )
z2 · (x− `X ) + µB(z2 − zE

2 )
w1 · (s− `S) + µB(w1 − wE

1 )
w2 · (s− `S) + µB(w2 − wE

2 )


. (8.4)

Any zero (x, s, y, z1, z2, w1, w2) of F that satisfies `X < x < uX , `S < s < uS , z1 > 0, z2 > 0, w1 > 0, and w2 > 0 approximates a
point satisfying the optimality conditions (8.2), with the approximation becoming increasingly accurate as the terms µP(y−yE),
µB(z1 − zE

1 ), µB(z2 − zE
2 ), µB(w1 − wE

1 ) and µB(w2 − wE
2 ) approach zero. For any sequence of zE

1 , zE
2 , wE

1 , wE
2 and yE such that

zE
1 → z∗1 , zE

2 → z∗2 , wE
1 → w∗1 , wE

2 → w∗2 , and yE → y∗, and it must hold that solutions (x, s, y, z1, z2, w1, w2) of (8.3) must satisfy
z1 · (x− `X )→ 0, z2 · (uX −x)→ 0, w1 · (s− `S)→ 0, and w2 · (uS −s)→ 0, This implies that any solution (x, s, y, z1, z2, w1, w2)
of (8.3) will approximate a solution of (8.2) independently of the values of µP and µB (i.e., it is not necessary that µP → 0 and
µB → 0).

If v = (x, s, y, z1, z2, w1, w2) is a given approximate zero of F such that `X −µB < x < uX +µB , `S −µB < s < uS +µB , z1 > 0,
z2 > 0, w1 > 0, and w2 > 0, the Newton equations for the change in variables (∆x,∆s,∆y,∆z1, ∆z2, ∆w1, ∆w2) are given by

H 0 −JT −I I 0 0
0 0 I 0 0 −I I
J −I DY 0 0 0 0
Z1 0 0 Xµ

1 0 0 0
−Z2 0 0 0 Xµ

2 0 0
0 W1 0 0 0 Sµ1 0
0 −W2 0 0 0 0 Sµ2





∆x
∆s
∆y
∆z1
∆z2
∆w1

∆w2


= −



g − JTy − z1 + z2
y − w1 + w2

c− s+ µP(y − yE)
z1 · (x− `X ) + µB(z1 − zE

1 )
z2 · (uX − x) + µB(z2 − zE

2 )
w1 · (s− `S) + µB(w1 − wE

1 )
w2 · (uS − s) + µB(w2 − wE

2 )


, (8.5)

where DY = µPI, Xµ
1 = diag(xj − `Xj + µB), Xµ

2 = diag(uX
j − xj + µB), Z1 = diag([z1]j), Z2 = diag([z2]j), W1 = diag([w1]i),

W2 = diag([w2]i), S
µ
1 = diag(si − `Si + µB), and Sµ2 = diag(uS

i − si + µB).
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8.3. A shifted primal-dual penalty-barrier function

Problem (8.1) is equivalent to

minimize
x,x1,x2,s,s1,s2

f(x)

subject to c(x)− s = 0,

x− x1 = `X , s− s1 = `S , x1 ≥ 0, s1 ≥ 0,

x+ x2 = uX , s+ s2 = uS , x2 ≥ 0, s2 ≥ 0.

Consider the shifted primal-dual penalty-barrier problem

minimize
x,x1,x2,s,s1,s2,y,z1,z2,w1,w2

M(x, x1, x2, s, s1, s2, y, w1, w2 ;µP , µB , yE , wE

1 , w
E

2 )

subject to x− x1 = `X , s− s1 = `S , x1 + µBe > 0, z1 > 0, s1 + µBe > 0, w1 > 0,

x+ x2 = uX , s+ s2 = uS , x2 + µBe > 0, z2 > 0, s2 + µBe > 0, w2 > 0,

(8.6)

where M(x, x1, x2, s, s1, s2, y, z1, z2, w1, w2 ;µP , µB , yE , zE
1 , z

E
2 , w

E
1 , w

E
2 ) is the shifted primal-dual penalty-barrier function

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

−
n∑
j=1

{
µB [zE

1 ]j ln
(
[x1 + µBe ]j

)
+ µB [zE

1 ]j ln
(
[ z1 · (x1 + µBe) ]j

)
− [ z1 · (x1 + µBe) ]j

}
−

n∑
j=1

{
µB [zE

2 ]j ln
(
[x2 + µBe ]j

)
+ µB [zE

2 ]j ln
(
[ z2 · (x2 + µBe) ]j

)
− [ z2 · (x2 + µBe) ]j

}
−

m∑
i=1

{
µB [wE

1 ]i ln
(
[ s1 + µBe ]i

)
+ µB [wE

1 ]i ln
(
[w1 · (s1 + µBe) ]i

)
− [w1 · (s1 + µBe) ]i

}
−

m∑
i=1

{
µB [wE

2 ]i ln
(
[ s2 + µBe ]i

)
+ µB [wE

2 ]i ln
(
[w2 · (s2 + µBe) ]i

)
− [w2 · (s2 + µBe) ]i

}
. (8.7)
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Let c, g and J denote the quantities c(x), g(x) and J(x), The gradient of the merit function as a function of x, x1, x2, s, s1, s2
y, z1, z2, w1, and w2, is

∇M =



g − JT
(
2(yE − 1

µP (c− s))− y
)

z1 − 2µB(Xµ
1 )−1zE

1

z2 − 2µB(Xµ
2 )−1zE

2

2
(
yE − 1

µP (c− s)
)
− y

w1 − 2µB(Sµ1 )−1wE
1

w2 − 2µB(Sµ2 )−1wE
2

c− s+ µP(y − yE)

x1 + µBe− µBZ−11 zE
1

x2 + µBe− µBZ−12 zE
2

s1 + µBe− µBW−11 wE
1

s2 + µBe− µBW−12 wE
2



.

Similarly, the Hessian of M(x, x1, x2, s, s1, s2, y, w1, w2) is given by

H1 0 0 − 2
µP J

T 0 0 JT 0 0 0 0

0 2µB(Xµ
1 )−2ZE

1 0 0 0 0 0 In 0 0 0
0 0 2µB(Xµ

2 )−2ZE
2 0 0 0 0 0 In 0 0

− 2
µP J 0 0 2

µP Im 0 0 −Im 0 In 0 0

0 0 0 0 2µB(Sµ1 )−2W E
1 0 0 0 0 Im 0

0 0 0 0 0 2µB(Sµ2 )−2W E
2 0 0 0 0 Im

J 0 0 −Im 0 0 µPIm 0 0 0 0
0 In 0 0 0 0 0 µBZ−21 ZE

1 0 0 0
0 0 In 0 0 0 0 0 µBZ−22 ZE

2 0 0
0 0 0 0 Im 0 0 0 0 µBW−21 W E

1 0
0 0 0 0 0 Im 0 0 0 0 µBW−22 W E

2


,
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where H1 = H(x, 2πY − y) + 2
µP J

TJ . Substituting µBZE
1 = Xµ

1Π
Z
1 , µBZE

2 = Xµ
2Π

Z
2 , µBW E

1 = Sµ1Π
W
1 and µBW E

2 = Sµ2Π
W
2 gives

H1 0 0 − 2
µP J

T 0 0 JT 0 0 0 0

0 2(Xµ
1 )−1ΠZ

1 0 0 0 0 0 In 0 0 0
0 0 2(Xµ

2 )−1ΠZ
2 0 0 0 0 0 In 0 0

− 2
µP J 0 0 2

µP Im 0 0 −Im 0 In 0 0

0 0 0 0 2(Sµ1 )−1ΠW
1 0 0 0 0 Im 0

0 0 0 0 0 2(Sµ2 )−1ΠW
2 0 0 0 0 Im

J 0 0 −Im 0 0 µPIm 0 0 0 0
0 In 0 0 0 0 0 Xµ

1 Z
−2
1 ΠZ

1 0 0 0
0 0 In 0 0 0 0 0 Xµ

2 Z
−2
2 ΠZ

2 0 0
0 0 0 0 Im 0 0 0 0 Sµ1W

−2
1 ΠW

1 0
0 0 0 0 0 Im 0 0 0 0 Sµ2W

−2
2 ΠW

2


.

8.4. Derivation of the shifted primal-dual penalty-barrier direction

The primal-dual penalty-barrier problem may be written in the form

minimize
p∈I

M(p) subject to Cp = 0, (8.8)

where I is the set of vectors p = (x, x1, x2, s, s1, s2, y, z1, z2, w1, w2) such that x1 + µBe > 0, x2 + µBe > 0, s1 + µBe > 0,
s2 + µBe > 0, z1 > 0, z2 > 0 > 0, w1 > 0, and w2 > 0, and

C =


In −In 0 0 0 0 0 0 0 0 0
In 0 −In 0 0 0 0 0 0 0 0
0 0 0 Im −Im 0 0 0 0 0 0
0 0 0 Im 0 −Im 0 0 0 0 0

 .

Given p ∈ I, the Newton direction ∆p is the solution of the subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆p

T∇2M(p)∆p subject to C∆p = −Cp. (8.9)

However, instead of solving (8.9), we define a linearly constrained modified Newton method by approximating the Hessian
∇2M(x, x1, x2, s, s1, s2, y, z1, z2, w1, w2) by a matrix B(x, x1, x2, s, s1, s2, y, z1, z2, w1, w2). Consider the matrix defined by replac-
ing πY by y, πZ

1 by z1, πZ
2 by z2, πW

1 by w1 and πW
2 by w2 everywhere in the matrix ∇2M(x, x1, x2, s, s1, s2, y, z1, z2, w1, w2). This
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gives an approximate Hessian B(x, s, sF , y, wF ) of the form

H1 0 0 − 2
µP J

T 0 0 JT 0 0 0 0

0 2(Xµ
1 )−1Z1 0 0 0 0 0 In 0 0 0

0 0 2(Xµ
2 )−1Z2 0 0 0 0 0 In 0 0

− 2
µP J 0 0 2

µP Im 0 0 −Im 0 In 0 0

0 0 0 0 2(Sµ1 )−1W1 0 0 0 0 Im 0
0 0 0 0 0 2(Sµ2 )−1W2 0 0 0 0 Im
J 0 0 −Im 0 0 µPIm 0 0 0 0
0 In 0 0 0 0 0 Xµ

1 Z
−1
1 0 0 0

0 0 In 0 0 0 0 0 Xµ
2 Z
−1
2 0 0

0 0 0 0 Im 0 0 0 0 Sµ1W
−1
1 0

0 0 0 0 0 Im 0 0 0 0 Sµ2W
−1
2


,

where

DZ

1 = Xµ
1 Z
−1
1 , πZ

1 = µB(Xµ
1 )−1zE

1 , (8.10a)

DZ

2 = Xµ
2 Z
−1
2 , πZ

2 = µB(Xµ
2 )−1zE

2 , (8.10b)

DW

1 = Xµ
1W

−1
1 , πW

1 = µB(Sµ1 )−1wE

1 , (8.10c)

DW

2 = Xµ
2W

−1
2 , πW

2 = µB(Sµ2 )−1wE

2 . (8.10d)

These definitions of DZ
1 , DZ

2 , DW
1 and DW

2 can be used to write B(x, x1, x2, s, s1, s2, y, z1, z2, w1, w2) in the form

H + 2JTD−1Y J 0 0 −2JTD−1Y 0 0 JT 0 0 0 0
0 2(DZ

1)−1 0 0 0 0 0 In 0 0 0
0 0 2(DZ

2)−1 0 0 0 0 0 In 0 0
−2D−1Y J 0 0 2D−1Y 0 0 −Im 0 In 0 0

0 0 0 0 2(DW
1 )−1 0 0 0 0 Im 0

0 0 0 0 0 2(DW
2 )−1 0 0 0 0 Im

J 0 0 −Im 0 0 DY 0 0 0 0
0 In 0 0 0 0 0 DZ

1 0 0 0
0 0 In 0 0 0 0 0 DZ

2 0 0
0 0 0 0 Im 0 0 0 0 DW

1 0
0 0 0 0 0 Im 0 0 0 0 DW

2


,
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where H = H(x, y). Given B(p) = B(x, x1, x2, s, s1, s2, y, z1, z2, w1, w2), a modified Newton direction is given by the solution of
the QP subproblem

minimize
∆p

∇M(p)T∆p+ 1
2∆p

TB(p)∆p subject to C∆p = −Cp. (8.11)

If p = (x, x1, x2, s, s1, s2, y, z1, z2, w1, w2) is feasible for the constraints then Cp = 0. In this case every feasible ∆p may be
written in the form ∆p = Nd, where N is a matrix whose columns form a basis for null(C), i.e., CN = 0 and

(
CT N

)
is

nonsingular. This implies that d must satisfy the reduced equations

NTB(p)Nd = −NT∇M(p).

Consider the particular null-space basis given by

N =



In 0 0 0 0 0 0
In 0 0 0 0 0 0
−In 0 0 0 0 0 0

0 Im 0 0 0 0 0
0 Im 0 0 0 0 0
0 −Im 0 0 0 0 0
0 0 Im 0 0 0 0
0 0 0 In 0 0 0
0 0 0 0 In 0 0
0 0 0 0 0 Im 0
0 0 0 0 0 0 Im


. (8.12)
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With this definition, the reduced modified Newton equations NTB(p)Nd = −NT∇M(p) for the linearly constrained problem
(8.6) are

H + 2JTD−1Y J + 2D−1Z −2JTD−1Y JT In −In 0 0

−2D−1Y J 2
(
D−1Y +D−1W

)
−Im 0 0 Im −Im

J −Im DY 0 0 0 0

In 0 0 DZ
1 0 0 0

−In 0 0 0 DZ
2 0 0

0 Im 0 0 0 DW
1 0

0 −Im 0 0 0 0 DW
2





d1

d2

d3

d4

d5

d6

d7



= −



g − JT(2πY − y)− (2πZ
1 − z1) + (2πZ

2 − z2)
)

(2πY − y)− (2πW
1 − w1) + (2πW

2 − w2)

DY (y − πY )

DZ
1(z1 − πZ

1 )

DZ
2(z2 − πZ

2 )

DW
1 (w1 − πW

1 )

DW
2 (w2 − πW

2 )


,

where DW =
(
(DW

1 )−1 + (DW
2 )−1

)−1
, and DZ =

(
(DZ

1)−1 + (DZ
2)−1

)−1
. Given any nonsingular matrix R, the direction d satisfies

RNTB(p)Nd = −RNT∇M(p).

In particular, if R is the block upper-triangular matrix

R =



I 0 −2JTD−1Y −2(DZ
1)−1 2(DZ

2)−1 0 0
I 2D−1Y 0 0 −2(DW

1 )−1 2(DW
2 )−1

I 0 0 0 0
Z1 0 0 0

Z2 0 0
W1 0

W2


,
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then

RNTB(p)N =



H 0 JT −In In 0 0
0 0 −Im 0 0 −Im Im
J −Im DY 0 0 0 0
Z1 0 0 Z1D

Z
1 0 0 0

−Z2 0 0 0 Z2D
Z
2 0 0

0 W1 0 0 0 W1D
W
1 0

0 −W2 0 0 0 0 W2D
W
2


=



H 0 JT −In In 0 0
0 0 −Im 0 0 −Im Im
J −Im DY 0 0 0 0
Z1 0 0 Xµ

1 0 0 0
−Z2 0 0 0 Xµ

2 0 0
0 W1 0 0 0 Sµ1 0
0 −W2 0 0 0 0 Sµ2


.

and

RNT∇M(p) = −



g − JTy − z1 + z2

y − w1 + w2

DY (y − πY )

Xµ
1 (z1 − πZ

1 )

Xµ
2 (z2 − πZ

2 )

Sµ1 (w1 − πW
1 )

Sµ2 (w2 − πW
2 )


,

Giving the transformed modified Newton system RNTB(p)Nd = −RNT∇M(p) as

H 0 JT −In In 0 0

0 0 −Im 0 0 −Im Im

J −Im DY 0 0 0 0

Z1 0 0 Xµ
1 0 0 0

−Z2 0 0 0 Xµ
2 0 0

0 W1 0 0 0 Sµ1 0

0 −W2 0 0 0 0 Sµ2





d1

d2

d3

d4

d5

d6

d7


= −



g − JTy − z1 + z2

y − w1 + w2

DY (y − πY )

Xµ
1 (z1 − πZ

1 )

Xµ
2 (z2 − πZ

2 )

Sµ1 (w1 − πW
1 )

Sµ2 (w2 − πW
2 )


.

Identities of the form

Xµ
1

(
z1 − πZ

1

)
= Xµ

1

(
z1 − µB(Xµ

1 )−1zE

1

)
= Z1(x1 + µBe)− µBzE

1 = z1 · (x− `) + µB(z1 − zE

1 )
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for each of the terms Xµ
1 (z1 − πZ

1 ), Xµ
2 (z2 − πZ

2 ), Sµ1 (w1 − πW
1 ), Sµ2 (w2 − πW

2 ) give

H 0 JT −In In 0 0

0 0 −Im 0 0 −Im Im

J −Im DY 0 0 0 0

Z1 0 0 Xµ
1 0 0 0

−Z2 0 0 0 Xµ
2 0 0

0 W1 0 0 0 Sµ1 0

0 −W2 0 0 0 0 Sµ2





d1

d2

d3

d4

d5

d6

d7


= −



g − JTy − z1 + z2

y − w1 + w2

DY (y − πY )

z1 · (x− `X ) + µB(z1 − zE
1 )

z2 · (uX − x) + µB(z1 − zE
1 )

w1 · (s− `S) + µB(w1 − wE
1 )

w2 · (uS − s) + µB(w2 − wE
2 )


. (8.13)

Then, the definition of N from (8.12) implies that

∆x
∆x1
∆x2
∆s
∆s1
∆s2
∆y
∆z1
∆z2
∆w1

∆w2


= ∆p = Nd =



In 0 0 0 0 0 0
In 0 0 0 0 0 0
−In 0 0 0 0 0 0

0 Im 0 0 0 0 0
0 Im 0 0 0 0 0
0 −Im 0 0 0 0 0
0 0 Im 0 0 0 0
0 0 0 In 0 0 0
0 0 0 0 In 0 0
0 0 0 0 0 Im 0
0 0 0 0 0 0 Im


=



d1
d1
−d1
d2
d2
−d2
d3
d4
d5
d6
d7


.

Using these identities to substitute for the components of d in (8.13) yields

H 0 JT −In In 0 0

0 0 −Im 0 0 −Im Im

J −Im DY 0 0 0 0

Z1 0 0 Xµ
1 0 0 0

−Z2 0 0 0 Xµ
2 0 0

0 W1 0 0 0 Sµ1 0

0 −W2 0 0 0 0 Sµ2





∆x

∆s

∆y

∆z1

∆z2

∆w1

∆w2


= −



g − JTy − z1 + z2

y − w1 + w2

DY (y − πY )

z1 · (x− `X ) + µB(z1 − zE
1 )

z2 · (uX − x) + µB(z1 − zE
1 )

w1 · (s− `S) + µB(w1 − wE
1 )

w2 · (uS − s) + µB(w2 − wE
2 )


. (8.14)

This system is identical to the Newton equations (8.5) for a solution of the path-following equations (8.3).
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8.5. Computation of the shifted primal-dual penalty-barrier direction

The symmetric path-following equations are

H 0 JT I −I 0 0
0 0 −I 0 0 I −I
J −I −DY 0 0 0 0
I 0 0 −Z−11 Xµ

1 0 0 0
−I 0 0 0 −Z−12 Xµ

2 0 0
0 I 0 0 0 −W−11 Sµ1 0
0 −I 0 0 0 0 −W−12 Sµ2





∆x
∆s
−∆y
−∆z1
−∆z2
−∆w1

−∆w2


= −



g − JTy − z1 + z2
y − w1 + w2

c− s+ µP(y − yE)
Z−11

(
z1 · (x− `X ) + µB(z1 − zE

1 )
)

Z−12

(
z2 · (uX − x) + µB(z2 − zE

2 )
)

W−11

(
w1 · (s− `S) + µB(w1 − wE

1 )
)

W−12

(
w2 · (uS − s) + µB(w2 − wE

2 )
)


.

(8.15)
After collecting terms and reordering the equations and unknowns, we obtain

DZ
1 0 0 0 0 In 0

0 DZ
2 0 0 0 −In 0

0 0 DW
1 0 Im 0 0

0 0 0 DW
2 −Im 0 0

0 0 −Im Im 0 0 Im
0 0 0 0 −Im J DY

−In In 0 0 0 H −JT





∆z1
∆z2
∆w1

∆w2

∆s
∆x
∆y


= −



DZ
1(z1 − πZ

1 )
DZ

2(z2 − πZ
2 )

DW
1 (w1 − πW

1 )
DW

2 (w2 − πW
2 )

y − w1 + w2

DY (y − πY )
g − JTy − z1 + z2


, (8.16)

where

DY = µPIm, πY = yE − 1

µP
(c− s),

DW

1 = Sµ1W
−1
1 , πW

1 = µB(Sµ1 )−1wE

1 , DZ

1 = Xµ
1 Z
−1
1 , πZ

1 = µB(Xµ
1 )−1zE

1 ,

DW

2 = Sµ2W
−1
2 , πW

2 = µB(Sµ2 )−1wE

2 , DZ

2 = Xµ
2 Z
−1
2 , πZ

2 = µB(Xµ
2 )−1zE

2 .

If we define H̄ = H + (DZ
1)−1 + (DZ

2)−1, D̄Y = DY +DW and DW =
(
(DW

1 )−1 + (DW
2 )−1

)−1, then premultiplying the equations
(8.16) by the matrix 

In
0 In
0 0 Im
0 0 0 Im
0 0 (DW

1 )−1 −(DW
2 )−1 Im

0 0 DW (DW
1 )−1 −DW (DW

2 )−1 DW In
(DZ

1)−1 −(DZ
2)−1 0 0 0 0 Im


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gives the block upper-triangular system

DZ
1 0 0 0 0 In 0

0 DZ
2 0 0 0 −In 0

0 0 DW
1 0 Im 0 0

0 0 0 DW
2 −Im 0 0

0 0 0 0 Im 0 DW

0 0 0 0 0 J D̄Y

0 0 0 0 0 H̄F −JT





∆z1

∆z2

∆w1

∆w2

∆s

∆x

∆y


= −



DZ
1(z1 − πZ

1 )

DZ
2(z2 − πZ

2 )

DW
1 (w1 − πW

1 )

DW
2 (w2 − πW

2 )

DW (y − πW )

DW (y − πW ) +DY (y − πY )

g − JTy − πZ


,

where πW = πW
1 − πW

2 and πZ = πZ
1 − πZ

2 . Using block back substitution, we may compute ∆x and ∆y by solving the equations(
H̄(x, y) +D−1Z −J(x)T

J(x) DY +DW

)(
∆x

∆y

)
= −

(
g(x)− J(x)T y − πZ

DW (y − πW ) +DY (y − πY )

)
, (8.17)

with DZ =
(
(DZ

1)−1 + (DZ
2)−1

)−1 and DW =
(
(DW

1 )−1 + (DW
2 )−1

)−1. The fifth block of equations gives

∆s = −DW (y +∆y − w1 + w2).

There are several ways of computing ∆w1 and ∆w2. Instead of using the block upper-triangular system above, we use the last
two blocks of equations of (8.5) to give

∆w1 = −(Sµ1 )−1
(
w1 · (s+∆s− `S + µBe)− µBwE

1

)
and ∆w2 = −(Sµ2 )−1

(
w2 · (uS − (s+∆s) + µBe)− µBwE

2

)
.

Similarly, using (8.5) to solve for ∆z1 and ∆z2 yields

∆z1 = −(Xµ
1 )−1

(
z1 · (x+∆x− `X + µBe)− µBzE

1

)
and ∆z2 = −(Xµ

2 )−1
(
z2 · (uX − (x+∆x) + µBe)− µBzE

2

)
.
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The variables x1, x2, s1 and s2 may be computed implicitly for the line search, and the appropriate merit function is

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

−
n∑
j=1

{
µB [zE

1 ]j ln
(
xj − `Xj + µB

)
+ µB [zE

1 ]j ln
(
[z1]j(xj − `Xj + µB)

)
− [z1]j(xj − `Xj + µB)

}
−

n∑
j=1

{
µB [zE

2 ]j ln
(
uX

j − xj + µB
)

+ µB [zE

2 ]j ln
(
[z2]j(u

X

j − xj + µB)
)
− [z2]j(u

X

j − xj + µB)
}

−
m∑
i=1

{
µB [wE

1 ]i ln
(
si − `Si + µB

)
+ µB [wE

1 ]i ln
(
[w1]i(si − `Si + µB)

)
− [w1]i(si − `Si + µB)

}
−

m∑
i=1

{
µB [wE

2 ]i ln
(
uS

i − si + µB
)

+ µB [wE

2 ]i ln
(
[w2]i(u

S

i − si + µB)
)
− [w2]i(u

S

i − si + µB)
}
. (8.18)
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8.6. Summary: upper and lower bounds on all variables and slacks

The results of Sections 6.5 and 7.5 imply that the solution of the path-following equations (8.5) may be computed as follows.
Let x and s be given primal variables such that

`X − µB < x < uX + µB , and `S − µB < s < uS + µB ,

and dual variables y, w1, w2, z1, and z2 such that

w1 > 0, w2 > 0, z1 > 0, and z2 > 0.

Let X1, X2, S1, and S2 denote the matrices diag
(
xj − `Xj

)
, diag

(
uX
j − xj

)
, diag

(
si − `Si

)
and diag

(
uS
i − si

)
, respectively. If DZ

1 ,
DZ

2 , DW
1 , DW

2 , DY , DZ , DW , πY , πZ
1 , πZ

2 , πW
1 and πW

2 denote the quantities

DY = µPI, πY = yE − 1

µP

(
c(x)− s

)
,

DZ

1 = Z−11 Xµ
1 , DZ

2 = Z−12 Xµ
2 ,

DW

1 = W−11 Sµ1 , DW

2 = W−12 Sµ2 ,

DZ =
(
(DZ

1)−1 + (DZ

2)−1
)−1

, πZ

1 = µB(Xµ
1 )−1zE

1 , πZ

2 = µB(Xµ
2 )−1zE

2 ,

DW =
(
(DW

1 )−1 + (DW

2 )−1
)−1

, πW

1 = µB(Sµ1 )−1wE

1 , πW

2 = µB(Sµ2 )−1wE

2 ,

then ∆x, ∆y, ∆s, ∆w1, ∆w2, ∆z1 and ∆z2, can be computed using the equations

πW = πW

1 − πW

2 , ŷ = y +∆y, ∆s = −DW

(
ŷ − πW

)
,

πZ = πZ

1 − πZ

2 , x̂ = x+∆x, ∆z1 = −(Xµ
1 )−1

(
z1 · (x̂− `X ) + µB(z1 − zE

1 )
)
,

∆z2 = −(Xµ
2 )−1

(
z2 · (uX − x̂) + µB(z2 − zE

2 )
)
,

ŝ = s+∆s, ∆w1 = −(Sµ1 )−1
(
w1 · (ŝ− `S) + µB(w1 − wE

1 )
)
,

∆w2 = −(Sµ2 )−1
(
w2 · (uS − ŝ) + µB(w2 − wE

2 )
)
,

where ∆x and ∆y satisfy the equations(
H(x, y) +D−1Z −J(x)T

J(x) DY +DW

)(
∆x
∆y

)
= −

(
g(x)− J(x)Ty − πZ

DY (y − πY ) +DW (y − πW )

)
. (8.19)

As (x, s)→ (x∗, s∗) it holds that ‖D̄W‖ → ∞, which implies that the matrix and right-hand side of this system goes to infinity.

If D̂W is the diagonal matrix such that D̂2
W = D−1W , equations (8.19) may be written in the form(

H(x, y) +D−1Z −(D̂WJ(x))T

D̂WJ(x) D̂2
WDY + I

)(
∆x
∆ŷ

)
= −

(
g(x)− J(x)Ty − πZ

D̂W (DY (y − πY ) +DW (y − πW ))

)
, ∆y = D̂W∆ŷ. (8.20)
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In this case, the scaled KKT matrix remains bounded if H(x, y) is bounded. Similarly, the right-hand side remains bounded if

‖D̂WDW (y − πW )‖ is bounded.
The associated line-search merit function M(x, s, y, z1, z2, w1, w2) of (8.18) can be written as

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

−
n∑
j=1

{
µB [zE

1 ]j ln
(
[z1]j(xj − `Xj + µB)2

)
− [z1]j(xj − `Xj + µB)

}
−

n∑
j=1

{
µB [zE

2 ]j ln
(
[z2]j(u

X

j − xj + µB)2
)
− [z2]j(u

X

j − xj + µB)
}

−
m∑
i=1

{
µB [wE

1 ]i ln
(
[w1]i(si − `Si + µB)2

)
− [w1]i(si − `Si + µB)

}
−

m∑
i=1

{
µB [wE

2 ]i ln
(
[w2]i(u

S

i − si + µB)2
)
− [w2]i(u

S

i − si + µB)
}
,

for which the gradient ∇M(x, s, y, z1, z2, w1, w2) can be written as

g − JT
(
πY + (πY − y)

)
−
(
πZ + (πZ − z)

)
πY + (πY − y)−

(
πW + (πW − w)

)
−DY (πY − y)

−DZ
1(πZ

1 − z1)

−DZ
2(πZ

2 − z2)

−DW
1 (πW

1 − w1)

−DW
2 (πW

2 − w2)


,

where z = z1 − z2, w = w1 − w2.
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The residuals of the unsymmetric path-following equations (8.5) may be written as

r =



g − JTy − z
y − w

c− s+ µP(y − yE)
z1 · (x− `X ) + µB(z1 − zE

1 )
z2 · (uX − x) + µB(z2 − zE

2 )
w1 · (s− `S) + µB(w1 − wE

1 )
w2 · (uS − s) + µB(w2 − wE

2 )


=



g − JTy − z
y − w

µP(y − πY )
Xµ

1 (z1 − πZ
1 )

Xµ
2 (z2 − πZ

2 )
Sµ1 (w1 − πW

1 )
Sµ2 (w2 − πW

2 )


,

with z = z1 − z2 and w = w1 − w2.
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9. General case: upper and lower Bounds on all variables

Next we consider the case with upper and lower bounds on both the variables and slacks, together with both implicit and explicit
bounds on the variables.

9.1. Problem statement and optimality conditions

The definition of the problem is

minimize
x∈Rn,s∈Rm

f(x) subject to

{
c(x)− s = 0, LXs = hX , `S ≤ LFs ≤ uS ,

Ax− b = 0, EXx = bX , `X ≤ EFx ≤ uX ,
(9.1)

where c : Rn 7→ Rm and f : Rn 7→ R are twice-continuously differentiable. Throughout the discussion, the functions c : Rn 7→ Rm
and f : Rn 7→ R are assumed to be twice-continuously differentiable. The matrices associated with the linear constraints
EXx = bX and Ax = b have linearly independent rows. The matrices LX and LF are formed from rows of the identity matrix
Im in such a way that sX = LXs and sF = LFs are the vectors of “fixed” and “free” components of s. It follows that there is an
m×m permutation matrix P such that

Ps =

(
LF

LX

)
,

with the matrices LF and LX satisfying the identities LFL
T
F = IF , LXL

T
X = IX , and LFL

T
X = 0. The matrices EX and EF define

an analogous partition of x into fixed and free components xF and xX of x. The bound constraints involving EX and LX are
enforced exactly. The linear constraints Ax− b = 0 are imposed using a shifted primal-dual penalty method.

The first-order KKT conditions for problem (9.1) are

g(x∗)− J(x∗)Ty∗ −ATv∗ − ETXz∗X − ETF z∗1 + ETF z
∗
2 = 0, z∗1 ≥ 0, z∗2 ≥ 0, (9.2a)

y∗ − LTXw∗X − LTFw∗1 + LTFw
∗
2 = 0, w∗1 ≥ 0, w∗2 ≥ 0, (9.2b)

c(x∗)− s∗ = 0, LXs
∗ − hX = 0, (9.2c)

Ax∗ − b = 0, EXx
∗ − bX = 0, (9.2d)

EFx
∗ − `X ≥ 0, uX − EFx

∗ ≥ 0, (9.2e)

LFs
∗ − `S ≥ 0, uS − LFs

∗ ≥ 0, (9.2f)

z∗1 · (EFx
∗ − `X ) = 0, z∗2 · (uX − EFx

∗) = 0, (9.2g)

w∗1 · (LFs
∗ − `S) = 0, w∗2 · (uS − LFs

∗) = 0, (9.2h)

where y∗ are the multipliers for the equality constraints c(x)−s = 0, and z∗1 , z∗2 , w∗1 , and w∗2 may be interpreted as the Lagrange
multipliers for the inequality constraints EFx − `X ≥ 0, uX − EFx ≥ 0, LFs − `S ≥ 0 and uS − LFs ≥ 0, respectively. The
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components of v∗ are the multipliers for the linear equality constraints Ax = b. If x1 = EFx− `X , x2 = uX −EFx, s1 = LFs− `S ,
and s2 = uS − LFs, then z∗1 , z∗2 , w∗1 , and w∗2 are the Lagrange multipliers for the inequality constraints x1 ≥ 0, x2 ≥ 0, s1 ≥ 0,
and s2 ≥ 0, respectively.

9.2. The path-following equations

Let zE
1 and zE

2 , wE
1 and wE

2 denote nonnegative estimates of z∗1 and z∗2 , w∗1 and w∗2 . Given small positive scalars µP , µA and µB ,
consider the perturbed optimality conditions

g(x)− J(x)Ty −ATv − ETXzX − ETF z1 + ETF z2 = 0, z1 ≥ 0, z2 ≥ 0, (9.3a)

y − LTXwX − LTFw1 + LTFw2 = 0, w1 ≥ 0, w2 ≥ 0, (9.3b)

c(x)− s = µP(yE − y), EXx
∗ − bX = 0, LXs

∗ − hX = 0, (9.3c)

Ax− b = µA(vE − v), (9.3d)

EFx− `X ≥ 0, uX − EFx ≥ 0, (9.3e)

LFs− `S ≥ 0, uS − LFs ≥ 0, (9.3f)

z1 · (EFx− `X ) = µB(zE

1 − z1), z2 · (uX − EFx) = µB(zE

2 − z2), (9.3g)

w1 · (LFs− `S) = µB(wE

1 − w1), w2 · (uS − LFs) = µB(wE

2 − w2), (9.3h)

Consider the primal-dual path-following equations F (x, s, y, v, wX , zX , z1, z2, w1, w2 ;µA, µP , µB , yE , vE , zE
1 , zE

2 , wE
1 , wE

2 ) = 0,
with

F (x, s, y, v, z1, z2, w1, w2 ;µP , µB , yE , vE , zE

1 , z
E

2 , w
E

1 , w
E

2 ) =



g(x)− J(x)Ty −ATv − ETXzX − ETF z1 + ETF z2
y − LTXwX − LTFw1 + LTFw2

c(x)− s+ µP(y − yE)

Ax− b+ µA(v − vE)

LXs− hX

z1 · (EFx− `X ) + µB(z1 − zE
1 )

z2 · (uX − EFx) + µB(z2 − zE
2 )

w1 · (LFs− `S) + µB(w1 − wE
1 )

w2 · (uS − LFs) + µB(w2 − wE
2 )

EXx− bX


. (9.4)

Any zero (x, s, y, v, wX , zX , z1, z2, w1, w2) of F such that `X < EFx < uX , `S < LFs < uS , z1 > 0, z2 > 0, w1 > 0, and w2 > 0
approximates a point satisfying the optimality conditions (9.2), with the approximation becoming increasingly accurate as the
terms µP(y − yE), µA(v − vE), µB(z1 − zE

1 ), µB(z2 − zE
2 ), µB(w1 − wE

1 ) and µB(w2 − wE
2 ) approach zero. For any sequence of zE

1 ,
zE
2 , wE

1 , wE
2 , vE and yE such that zE

1 → z∗1 , zE
2 → z∗2 , wE

1 → w∗1 , wE
2 → w∗2 , vE → v∗ and yE → y∗, and it must hold that solutions
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(x, s, y, v, z1, z2, w1, w2) of (9.3) must satisfy z1 · (x− `X )→ 0, z2 · (uX − x)→ 0, w1 · (s− `S)→ 0, and w2 · (uS − s)→ 0, This
implies that any solution (x, s, y, v, wX , zX , z1, z2, w1, w2) of (9.3) will approximate a solution of (9.2) independently of the
values of µP , µA and µB (i.e., it is not necessary that µP → 0, µA → 0 and µB → 0).

9.3. A shifted primal-dual penalty-barrier function

Problem (9.1) is equivalent to

minimize
x,x1,x2,s,s1,s2

f(x)

subject to c(x)− s = 0, Ax− b = 0,

EFx− x1 = `X , LFs− s1 = `S , x1 ≥ 0, s1 ≥ 0,

EFx+ x2 = uX , LFs+ s2 = uS , x2 ≥ 0, s2 ≥ 0,

EXx− bX = 0, LXs− hX = 0.

Consider the primal-dual shifted penalty-barrier problem

minimize
x,x1,x2,s,s1,s2,y,v,z1,z2,w1,w2

M(x, x1, x2, s, s1, s2, y, v, w1, w2 ;µP , µB , yE , vE , wE

1 , w
E

2 )

subject to EFx− x1 = `X , LFs− s1 = `S , x1 + µBe > 0, z1 > 0, s1 + µBe > 0, w1 > 0,

EFx+ x2 = uX , LFs+ s2 = uS , x2 + µBe > 0, z2 > 0, s2 + µBe > 0, w2 > 0,

EXx− bX = 0, LXs− hX = 0,

(9.5)
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where M(x, x1, x2, s, s1, s2, y, v, z1, z2, w1, w2 ;µP , µB , yE , vE , zE
1 , z

E
2 , w

E
1 , w

E
2 ) is the shifted penalty-barrier function

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

− (Ax− b)TvE +
1

2µA
‖Ax− b‖2 +

1

2µA
‖Ax− b+ µA(v − vE)‖2

−
nF∑
j=1

{
µB [ zE

1 ]j ln
(
[ z1 ]j [x1 + µBe ]2j

)
− [ z1 · (x1 + µBe) ]j

}
−

nF∑
j=1

{
µB [ zE

2 ]j ln
(
[ z2 ]j [x2 + µBe ]2j

)
− [ z2 · (x2 + µBe) ]j

}
−

mF∑
i=1

{
µB [wE

1 ]i ln
(
[w1 ]i[ s1 + µBe ]2i

)
− [w1 · (s1 + µBe) ]i

}
−

mF∑
i=1

{
µB [wE

2 ]i ln
(
[w2 ]i[ s2 + µBe ]2i

)
− [w2 · (s2 + µBe) ]i

}
. (9.6)

∇M(x, x1, x2, s, s1, s2, y, v, z1, z2, w1, w2) =



g −AT
(
2(vE + 1

µA (Ax− b))− v
)
− JT

(
2(yE − 1

µP (c− s))− y
)

z1 − 2µB(Xµ
1 )−1zE

1

z2 − 2µB(Xµ
2 )−1zE

2

2
(
yE − 1

µP (c− s)
)
− y

w1 − 2µB(Sµ1 )−1wE
1

w2 − 2µB(Sµ2 )−1wE
2

c− s+ µP(y − yE)

Ax− b+ µA(v − vE)

x1 + µBe− µBZ−11 zE
1

x2 + µBe− µBZ−12 zE
2

s1 + µBe− µBW−11 wE
1

s2 + µBe− µBW−12 wE
2



.
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The gradient may be written in several equivalent forms

∇M =



g −AT
(
2(vE + 1

µA (Ax− b))− v
)
− JT

(
2(yE − 1

µP (c− s))− y
)

z1 − 2µB(Xµ
1 )−1zE

1

z2 − 2µB(Xµ
2 )−1zE

2

2
(
yE − 1

µP (c− s)
)
− y

w1 − 2µB(Sµ1 )−1wE
1

w2 − 2µB(Sµ2 )−1wE
2

c− s+ µP(y − yE)

Ax− b+ µA(v − vE)

x1 + µBe− µBZ−11 zE
1

x2 + µBe− µBZ−12 zE
2

s1 + µBe− µBW−11 wE
1

s2 + µBe− µBW−12 wE
2



=



g −AT
(
2(vE + 1

µA (Ax− b))− v
)
− JT

(
2(yE − 1

µP (c− s))− y
)

(Xµ
1 )−1

(
z1 · x1 + µBzE

1 + µB(z1 − zE
1 )
)

(Xµ
2 )−1

(
z2 · x2 + µBzE

2 + µB(z2 − zE
2 )
)

2
(
yE − 1

µP (c− s)
)
− y

(Sµ1 )−1
(
w1 · s1 + µBwE

1 + µB(w1 − wE
1 )
)

(Sµ2 )−1
(
w2 · s2 + µBwE

2 + µB(w2 − wE
2 )
)

c− s+ µP(y − yE)

Ax− b+ µA(v − vE)

Z−11

(
z1 · x1 + µB(z1 − zE

1 )
)

Z−12

(
z2 · x2 + µB(z2 − zE

2 )
)

W−11

(
w1 · s1 + µB(w1 − wE

1 )
)

W−12

(
w2 · s2 + µB(w2 − wE

2 )
)



=



g −AT
(
πA + (πA − v)

)
− JT

(
πY + (πY − y)

)
−
(
πZ
1 + (πZ

1 − z1)
)

−
(
πZ
2 + (πZ

2 − z2)
)

πY + (πY − y)

−
(
πW
1 + (πW

1 − w1)
)

−
(
πW
2 + (πW

2 − w2)
)

−DY (πY − y)

−DA(πA − v)

−DZ
1(πZ

1 − z1)

−DZ
2(πZ

2 − z2)

−DW
1 (πW

1 − w1)

−DW
2 (πW

2 − w2)



,

9.4. Derivation of the shifted primal-dual penalty-barrier direction

9.5. Computation of the shifted primal-dual penalty-barrier direction

Next we consider the solution of the path-following Newton equations (9.4). If v = (x, s, y, v, wX , zX , z1, z2, w1, w2) is a
given approximate zero of F (v) such that `X − µB < EFx < uX + µB , `S − µB < LFs < uS + µB , z1 > 0, z2 > 0, w1 > 0, and
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w2 > 0, the Newton equations for the change in variables ∆v = (∆x, ∆s, ∆y, ∆v, ∆wX , ∆zX , ∆z1, ∆z2, ∆w1, ∆w2) are given
by F ′(v)∆v = −F (v), where

F (v) =



g(x)− J(x)Ty −ATv − ETXzX − ETF z1 + ETF z2
y − LTXwX − LTFw1 + LTFw2

c(x)− s+ µP(y − yE)
Ax− b+ µA(v − vE)

LXs− hX

EXx− bX
z1 · (EFx− `X ) + µB(z1 − zE

1 )
z2 · (uX − EFx) + µB(z2 − zE

2 )
w1 · (LFs− `S) + µB(w1 − wE

1 )
w2 · (uS − LFs) + µB(w2 − wE

2 )


(9.7)

and

F ′(v) =



H 0 −JT −AT 0 −ETX −ETF ETF 0 0
0 0 Im 0 −LTX 0 0 0 −LTF LTF
J −Im DY 0 0 0 0 0 0 0
A 0 0 DA 0 0 0 0 0 0
0 LF 0 0 0 0 0 0 0 0
EX 0 0 0 0 0 0 0 0 0
Z1EF 0 0 0 0 0 Xµ

1 0 0 0
−Z2EF 0 0 0 0 0 0 Xµ

2 0 0
0 W1LF 0 0 0 0 0 0 Sµ1 0
0 −W2LF 0 0 0 0 0 0 0 Sµ2


, (9.8)

where DY = µPIm, DA = µAIA, Xµ
1 = diag(EFx − `X + µBe), Xµ

2 = diag(uX − EFx + µBe), Z1 = diag(z1), Z2 = diag(z2),
W1 = diag([w1]i), W2 = diag([w2]i), S

µ
1 = diag(LFs− `S + µBe), and Sµ2 = diag(uS − LFs+ µBe).

Any s may be written as s = LTF sF + LTXsX , where sF and sX denote the components of s corresponding to the “free” and
“fixed” components of s, respectively. Throughout, we assume that s satisfies LXs − hX = 0, in which case ∆sX = 0 and ∆s
satisfies

∆s = LTF∆sF + LTX∆sX = LTF∆sF .

Similarly, any x may be written as x = ETF xF +ETXxX , where xF and xX denote the components of x corresponding to the “free”
and “fixed variables”, respectively. Throughout, we assume that xX satisfies EXx − bX = 0, in which case ∆xX = 0 and ∆x
satisfies

∆x = ETF ∆xF + ETX∆xX = ETF ∆xF .
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After premultiplying the first and fourth block of equations by LF and AF respectively, these identities allow us to write the
equations (7.5) in the reduced form F̂ ′∆vF = −F̂ , where ∆vF = (∆xF , ∆sF , ∆y, ∆v, ∆wX , ∆zX , ∆z1, ∆z2, ∆w1, ∆w2),

HF 0 −JTF −ATF −IxF IxF 0 0
0 0 LF 0 0 0 −IsF IsF
JF −LTF DY 0 0 0 0 0
AF 0 0 DA 0 0 0 0
Z1 0 0 0 Xµ

1 0 0 0
−Z2 0 0 0 0 Xµ

2 0 0
0 W1 0 0 0 0 Sµ1 0
0 −W2 0 0 0 0 0 Sµ2





∆xF

∆sF
y
∆v
∆z1
∆z2
∆w1

∆w2


= −



gF − JTF y −ATF v − z1 + z2
yF − w1 + w2

c(x)− s+ µP(y − yE)
Ax− b+ µA(v − vE)

z1 · (EFx− `X ) + µB(z1 − zE
1 )

z2 · (uX − EFx) + µB(z2 − zE
2 )

w1 · (LFs− `S) + µB(w1 − wE
1 )

w2 · (uS − LFs) + µB(w2 − wE
2 )


, (9.9)

where AF = AETF are the columns of A associated with the “free” components of x. The vectors ∆s and ∆wX are recovered
as ∆s = LTF∆sF and ∆wX = [ y + ∆y − w ]X . Similarly, ∆x and ∆zX are recovered as ∆x = LTF∆xF and ∆zX = [ g + H∆x −
JT(y +∆y)− z ]X . After scaling the last four blocks of equations by (respectively) Z−11 , Z−12 , W−11 and W−12 , collecting terms
and reordering the equations and unknowns, we obtain

DA 0 0 0 0 0 AF 0
0 DZ

1 0 0 0 0 IxF 0
0 0 DZ

2 0 0 0 −IxF 0
0 0 0 DW

1 0 IsF 0 0
0 0 0 0 DW

2 −IsF 0 0
0 0 0 −IsF IsF 0 0 LF

0 0 0 0 0 −LTF JF DY

−ATF −IxF IxF 0 0 0 HF −JTF





∆v
∆z1
∆z2
∆w1

∆w2

∆sF
∆xF

∆y


= −



DA(v − πA)
DZ

1(z1 − πZ
1 )

DZ
2(z2 − πZ

2 )
DW

1 (w1 − πW
1 )

DW
2 (w2 − πW

2 )
yF − w1 + w2

DY (y − πY )
gF − JTF y −ATF v − z1 + z2


, (9.10)

where AF = AETF are the columns of A associated with the “free” components of x, and

DY = µPIm, πY = yE − 1

µP
(c− s), DA = µAIA, πA = vE − 1

µA
(Ax− b),

DW

1 = Sµ1W
−1
1 , πW

1 = µB(Sµ1 )−1wE

1 , DZ

1 = Xµ
1 Z
−1
1 , πZ

1 = µB(Xµ
1 )−1zE

1 ,

DW

2 = Sµ2W
−1
2 , πW

2 = µB(Sµ2 )−1wE

2 , DZ

2 = Xµ
2 Z
−1
2 , πZ

2 = µB(Xµ
2 )−1zE

2 .

If we define H̄F = HF + ATFD
−1
A AF + (DZ

1)−1 + (DZ
2)−1, D̄Y = DY + LTFDWLF and DW =

(
(DW

1 )−1 + (DW
2 )−1

)−1, then
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premultiplying the equations (9.10) by the matrix

IA
0 IxF
0 0 IxF
0 0 0 IsF
0 0 0 0 IsF
0 0 0 (DW

1 )−1 −(DW
2 )−1 IsF

0 0 0 LTFDW (DW
1 )−1 −LTFDW (DW

2 )−1 LTFDW IxF
ATFD

−1
A (DZ

1)−1 −(DZ
2)−1 0 0 0 0 Im


gives the block upper-triangular system

DA 0 0 0 0 0 AF 0

0 DZ
1 0 0 0 0 IxF 0

0 0 DZ
2 0 0 0 −IxF 0

0 0 0 DW
1 0 IsF 0 0

0 0 0 0 DW
2 −IsF 0 0

0 0 0 0 0 IsF 0 DWLF

0 0 0 0 0 0 JF D̄Y

0 0 0 0 0 0 H̄F −JTF





∆v

∆z1

∆z2

∆w1

∆w2

∆sF

∆xF

∆y


= −



DA(v − πA)

DZ
1(z1 − πZ

1 )

DZ
2(z2 − πZ

2 )

DW
1 (w1 − πW

1 )

DW
2 (w2 − πW

2 )

DW (yF − πW
F )

LTFDW (yF − πW
F ) +DY (y − πY )

gF − JTF y −ATF πA − πZ
F


,

where πW = LTF π
W
1 − LTF πW

2 and πZ = ETF π
Z
1 − ETF πZ

2 . Using block back substitution, we may compute ∆x and ∆y by solving
the equations (

H̄F (x, y) +ATFD
−1
A AF +D−1Z −JF(x)T

JF(x) DY + LTFDWLF

)(
∆xF

∆y

)
= −

(
gF (x)− JF (x)T y −ATF πA − πZ

F

LTFDW (yF − πW
F ) +DY (y − πY )

)
, (9.11)

with DZ =
(
(DZ

1)−1 + (DZ
2)−1

)−1 and DW =
(
(DW

1 )−1 + (DW
2 )−1

)−1. The full vector ∆x is then computed as ∆x = ETF ∆xF .
Using the identity ∆s = LTF∆sF in the fifth block of equations gives

∆s = −LTFDWLF(y +∆y − πW ).

There are several ways of computing ∆w1 and ∆w2. Instead of using the block upper-triangular system above, we use the last
two blocks of equations of (9.9) to give

∆w1 = −(Sµ1 )−1
(
w1 · (LF(s+∆s)− `S + µBe)− µBwE

1

)
and ∆w2 = −(Sµ2 )−1

(
w2 · (uS − LF(s+∆s) + µBe)− µBwE

2

)
.
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Similarly, using (9.9) to solve for ∆z1 and ∆z2 yields

∆z1 = −(Xµ
1 )−1

(
z1 · (EF(x+∆x)− `X + µBe)− µBzE

1

)
and ∆z2 = −(Xµ

2 )−1
(
z2 · (uX − EF(x+∆x) + µBe)− µBzE

2

)
.

Similarly, using the fourth and fifth block of equations of the Newton equations for a zero of (9.7) to solve for ∆v gives
∆v = −(v− π̂A), with π̂A = vE − 1

µA

(
A(x+∆x)− b

)
. Finally, the vectors ∆wX and ∆zX are recovered as ∆wX = [ y+∆y−w ]X

and ∆zX = [ g +H∆x− JT(y +∆y)− z ]X .

9.6. Summary: computations associated with the general problem

The results of the preceding section implies that the solution of the path-following equations F ′(v)∆v = −F (v) with F and F ′

given by (9.7) and (9.8) may be computed as follows. Let x and s be given primal variables such that EXx = bX , LXs = hX ,
with

`X − µBe < EFx < uX + µBe, and `S − µBe < LFs < uS + µBe,

and dual variables y, w1, w2, z1, and z2 such that w1 > 0, w2 > 0, z1 > 0, and z2 > 0. Let X1, X2, S1, and S2 denote the
matrices diag

(
[xF − `X ]i

)
, diag

(
[uX − xF ]i

)
, diag

(
[ sF − `S ]i

)
and diag

(
[uS − sF ]i

)
, respectively, and define the quantities

DY = µPIm, πY = yE − 1

µP
(c− s),

DA = µAIA, πA = vE − 1

µA
(Ax− b),

(DZ

1)−1 = (Xµ
1 )−1Z1, (DW

1 )−1 = (Sµ1 )−1W1,

(DZ

2)−1 = (Xµ
2 )−1Z2, (DW

2 )−1 = (Sµ2 )−1W2,

D−1Z = (DZ

1)−1 + (DZ

2)−1, D−1W = (DW

1 )−1 + (DW

2 )−1,

πZ

1 = µB(Xµ
1 )−1zE

1 , πW

1 = µB(Sµ1 )−1wE

1 ,

πZ

2 = µB(Xµ
2 )−1zE

2 , πW

2 = µB(Sµ2 )−1wE

2 ,

πZ = ETF π
Z

1 − ETF πZ

2 , πW = LTF π
W

1 − LTF πW

2 .

Solve the KKT system(
HF (x, y) +ATFD

−1
A AF +D−1Z −JF(x)T

JF(x) DY + LTFDWLF

)(
∆xF

∆y

)
= −

(
EF

(
g(x)− J(x)T y −ATπA − πZ

)
LTFDWLF

(
y − πW

)
+DY (y − πY )

)
. (9.12)
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∆x = ETF ∆xF x̂ = x+∆x, ∆z1 = −(Xµ
1 )−1

(
z1 · (EF x̂− `X + µBe)− µBzE

1

)
,

∆z2 = −(Xµ
2 )−1

(
z2 · (uX − EF x̂+ µBe)− µBzE

2

)
,

ŷ = y +∆y, ∆s = −LTFDWLF(ŷ − πW ),

ŝ = s+∆s, ∆w1 = −(Sµ1 )−1
(
w1 · (LF ŝ− `S + µBe)− µBwE

1

)
,

∆w2 = −(Sµ2 )−1
(
w2 · (uS − LF ŝ+ µBe)− µBwE

2

)
,

π̂A = vE − 1

µA
(Ax̂− b), ∆v = π̂A − v,

v̂ = v +∆v ∆wX = [ ŷ − w ]X ,

∆zX = [ g +H∆x− JTŷ − z ]X .

As (x, s)→ (x∗, s∗) it holds that ‖D−1Z ‖ is bounded, but ‖DW‖ → ∞ and ‖ATFD−1A AF‖ → ∞. This implies that the matrix
and right-hand side of this system goes to infinity. In the situation where ATFD

−1
A AF is diagonal, then the KKT system can be

rescaled so that the equations to be solved are bounded. If D̂Z and D̂W denote diagonal matrices such that D̂2
Z = (ATFD

−1
A AF)−1

and D̂2
W = (LTFDWLF)−1, then ‖D̂Z‖ and ‖D̂W‖ are bounded as (x, s) → (x∗, s∗). The equations (9.12) may be written in the

form (
D̂ZHF (x, y)D̂Z + D̂2

ZD
−1
Z + I −(D̂WJF(x)D̂Z)T

D̂WJF(x)D̂Z DY + LTFDWLF

)(
∆xF

∆y

)
= −

(
D̂ZEF

(
g(x)− J(x)Ty −ATπA − πZ

)
D̂W

(
LTFDWLF

(
y − πW

)
+DY (y − πY )

)) , (9.13)

with ∆xF = D̂Z∆x̂F and ∆y = D̂W∆ŷ. In this case, the scaled KKT matrix remains bounded if H(x, y) is bounded. Similarly,

the right-hand side remains bounded if ‖D̂WL
T
FDWLF

(
y − πW

)
‖ is bounded.
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The associated line-search merit function (9.6) can be written as

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

− (Ax− b)TvE +
1

2µA
‖Ax− b‖2 +

1

2µA
‖Ax− b+ µA(v − vE)‖2

−
nF∑
j=1

{
µB [ zE

1 ]j ln
(
[ z1 ]j [xF − `X + µBe ]2j

)
− [ z1 · (xF − `X + µBe) ]j

}
−

nF∑
j=1

{
µB [ zE

2 ]j ln
(
[ z2 ]j [u

X − xF + µBe ]2j
)
− [ z2 · (uX − xF + µBe) ]j

}
−

mF∑
i=1

{
µB [wE

1 ]i ln
(
[w1 ]i[ sF − `S + µBe ]2i

)
− [w1 · (sF − `S + µBe) ]i

}
−

mF∑
i=1

{
µB [wE

2 ]i ln
(
[w2 ]i[u

S − sF + µBe ]2i
)
− [w2 · (uS − sF + µBe) ]i

}
. (9.14)

The residuals of the unsymmetric path-following equations may be written as

r =



g − JTy − z
y − w

c− s+ µP(y − yE)
z1 · (x− `X ) + µB(z1 − zE

1 )
z2 · (uX − x) + µB(z2 − zE

2 )
w1 · (s− `S) + µB(w1 − wE

1 )
w2 · (uS − s) + µB(w2 − wE

2 )


=



g − JTy − z
y − w

µP(y − πY )
Xµ

1 (z1 − πZ
1 )

Xµ
2 (z2 − πZ

2 )
Sµ1 (w1 − πW

1 )
Sµ2 (w2 − πW

2 )


,

with z = z1 − z2 and w = w1 − w2.
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10. General case: upper and lower bounds on some of the variables

Finally, we assume that the problem has nonlinear equality constraints c(x) − s = 0, where s is the vector of slack variables.
In addition, it is assumed that a subset of the components of x and s are fixed and that a subset of the other components are
subject to upper and lower bounds.

10.1. Problem statement and optimality conditions

The problem of interest has the form

minimize
x∈Rn,s∈Rm

f(x) subject to

{
c(x)− s = 0, LXs = hX , `S ≤ LLs, LUs ≤ uS ,

Ax− b = 0, EXx = bX , `X ≤ ELx, EUx ≤ uX ,
(10.1)

where c : Rn 7→ Rm and f : Rn 7→ R are twice-continuously differentiable. The quantity EX denotes an nX × n matrix formed
from nX independent rows of In, the identity matrix of order n. This implies that the equality constraints EXx = bX fix nX

components of x at the corresponding values of bX . Similarly, EL and EU denote matrices formed from subsets of In such that
ETXEL = 0, ETXEU = 0, i.e., a variable is either fixed or free to move, possibly bounded by an upper or lower bound. Note that a
variable xj need not be subject to a lower or upper bound, or may be bounded below and above, in which case ej is not a row
of EX , EL or EU . Analogous definitions hold for LX , LL and LU as subsets of rows of Im. However, we impose the restriction
that a given sj must be either fixed or restricted by an upper or lower bound, i.e., there are no unrestricted slacks. The shifted
primal-dual penalty-barrier equations can be derived without this restriction, but the derivation is beyond the scope of this note.
In addition, EF and LF denote rows of In and Im such that

(
ETX ETF

)
and

(
ETX ETF

)
are column permutations of In and Im.

It follows that the rows of EL and EU are a subset of the rows of EF , and that LF is formed from the rows of LL and LU . The
bound constraints involving EX and LX are enforced explicitly. The linear constraints Ax− b = 0 are imposed using the shifted
primal-dual augmented Lagrangian.

The first-order KKT conditions for problem (10.1) are

g(x∗)− J(x∗)Ty∗ −ATv∗ − ETXz∗X − ETL z∗1 + ETU z
∗
2 = 0, z∗1 ≥ 0, z∗2 ≥ 0, (10.2a)

y∗ − LTXw∗X − LTL w∗1 + LTUw
∗
2 = 0, w∗1 ≥ 0, w∗2 ≥ 0, (10.2b)

c(x∗)− s∗ = 0, LXs
∗ − hX = 0, (10.2c)

Ax∗ − b = 0, EXx
∗ − bX = 0, (10.2d)

ELx
∗ − `X ≥ 0, uX − EUx

∗ ≥ 0, (10.2e)

LLs
∗ − `S ≥ 0, uS − LUs

∗ ≥ 0, (10.2f)

z∗1 · (ELx
∗ − `X ) = 0, z∗2 · (uX − EUx

∗) = 0, (10.2g)

w∗1 · (LLs
∗ − `S) = 0, w∗2 · (uS − LUs

∗) = 0, (10.2h)
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where y∗ are the multipliers for the equality constraints c(x)− s = 0, and z∗1 , z∗2 , w∗1 and w∗2 may be interpreted as the Lagrange
multipliers for the inequality constraints ELx − `X ≥ 0, uX − EUx ≥ 0, LLs − `S ≥ 0 and uS − LUs ≥ 0, respectively. The
components of v∗ are the multipliers for the linear equality constraints Ax = b. If x1 = ELx− `X , x2 = uX −EUx, s1 = LLs− `S ,
and s2 = uS − LUs, then z∗1 , z∗2 , w∗1 , and w∗2 are the Lagrange multipliers for the inequality constraints x1 ≥ 0, x2 ≥ 0, s1 ≥ 0,
and s2 ≥ 0, respectively. In the derivations that follow, the vectors z and w are defined as

z = ETXzX + ETL z1 − ETU z2, and w = LTXwX + LTL w1 − LTUw2. (10.3)

10.2. The path-following equations

Let zE
1 and zE

2 , wE
1 and wE

2 denote nonnegative estimates of z∗1 and z∗2 , w∗1 and w∗2 . Given small positive scalars µP , µA and µB ,
consider the perturbed optimality conditions

g(x)− J(x)Ty −ATv − ETXzX − ETL z1 + ETU z2 = 0, z1 ≥ 0, z2 ≥ 0, (10.4a)

y − LTXwX − LTL w1 + LTUw2 = 0, w1 ≥ 0, w2 ≥ 0, (10.4b)

c(x)− s = µP(yE − y), EXx
∗ − bX = 0, LXs

∗ − hX = 0, (10.4c)

Ax− b = µA(vE − v), (10.4d)

ELx− `X ≥ 0, uX − EUx ≥ 0, (10.4e)

LLs− `S ≥ 0, uS − LUs ≥ 0, (10.4f)

z1 · (ELx− `X ) = µB(zE

1 − z1), z2 · (uX − EUx) = µB(zE

2 − z2), (10.4g)

w1 · (LLs− `S) = µB(wE

1 − w1), w2 · (uS − LUs) = µB(wE

2 − w2), (10.4h)

Consider the primal-dual path-following equations F (x, s, y, v, wX , zX , z1, z2, w1, w2 ;µA, µP , µB , yE , vE , zE
1 , zE

2 , wE
1 , wE

2 ) = 0,
with

F (x, s, y, v, z1, z2, w1, w2 ;µP , µB , yE , vE , zE

1 , z
E

2 , w
E

1 , w
E

2 ) =



g(x)− J(x)Ty −ATv − ETXzX − ETL z1 + ETU z2
y − LTXwX − LTL w1 + LTUw2

c(x)− s+ µP(y − yE)

Ax− b+ µA(v − vE)

EXx− bX
LXs− hX

z1 · (ELx− `X ) + µB(z1 − zE
1 )

z2 · (uX − EUx) + µB(z2 − zE
2 )

w1 · (LLs− `S) + µB(w1 − wE
1 )

w2 · (uS − LUs) + µB(w2 − wE
2 )


. (10.5)
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Any zero (x, s, y, v, wX , zX , z1, z2, w1, w2) of F such that `X < EL, EUx < uX , `S < LLs, LU < uS , z1 > 0, z2 > 0, w1 > 0,
and w2 > 0 approximates a point satisfying the optimality conditions (10.2), with the approximation becoming increasingly
accurate as the terms µP(y − yE), µA(v − vE), µB(z1 − zE

1 ), µB(z2 − zE
2 ), µB(w1 − wE

1 ) and µB(w2 − wE
2 ) approach zero. For any

sequence of zE
1 , zE

2 , wE
1 , wE

2 , vE and yE such that zE
1 → z∗1 , zE

2 → z∗2 , wE
1 → w∗1 , wE

2 → w∗2 , vE → v∗ and yE → y∗, and it must
hold that solutions (x, s, y, v, z1, z2, w1, w2) of (10.4) must satisfy z1 · (x − `X ) → 0, z2 · (uX − x) → 0, w1 · (s − `S) → 0, and
w2 · (uS − s) → 0, This implies that any solution (x, s, y, v, wX , zX , z1, z2, w1, w2) of (10.4) will approximate a solution of
(10.2) independently of the values of µP , µA and µB (i.e., it is not necessary that µP → 0, µA → 0 and µB → 0).

10.3. A shifted primal-dual penalty-barrier function

Problem (10.1) is equivalent to

minimize
x,x1,x2,s,s1,s2

f(x)

subject to c(x)− s = 0, Ax− b = 0,

ELx− x1 = `X , LLs− s1 = `S , x1 ≥ 0, s1 ≥ 0,

EUx+ x2 = uX , LUs+ s2 = uS , x2 ≥ 0, s2 ≥ 0,

EXx− bX = 0, LXs− hX = 0.

Consider the shifted primal-dual penalty-barrier problem

minimize
x,x1,x2,s,s1,s2,y,v,z1,z2,w1,w2

M(x, x1, x2, s, s1, s2, y, v, w1, w2 ;µP , µB , yE , vE , wE

1 , w
E

2 )

subject to ELx− x1 = `X , LLs− s1 = `S , x1 + µBe > 0, z1 > 0, s1 + µBe > 0, w1 > 0,

EUx+ x2 = uX , LUs+ s2 = uS , x2 + µBe > 0, z2 > 0, s2 + µBe > 0, w2 > 0,

EXx− bX = 0, LXs− hX = 0,

(10.6)
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where M(x, x1, x2, s, s1, s2, y, v, z1, z2, w1, w2 ;µP , µB , yE , vE , zE
1 , z

E
2 , w

E
1 , w

E
2 ) is the shifted primal-dual penalty-barrier function

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

− (Ax− b)TvE +
1

2µA
‖Ax− b‖2 +

1

2µA
‖Ax− b+ µA(v − vE)‖2

−
nF∑
j=1

{
µB [ zE

1 ]j ln
(
[ z1 ]j [x1 + µBe ]2j

)
− [ z1 · (x1 + µBe) ]j

}
−

nF∑
j=1

{
µB [ zE

2 ]j ln
(
[ z2 ]j [x2 + µBe ]2j

)
− [ z2 · (x2 + µBe) ]j

}
−

mF∑
i=1

{
µB [wE

1 ]i ln
(
[w1 ]i[ s1 + µBe ]2i

)
− [w1 · (s1 + µBe) ]i

}
−

mF∑
i=1

{
µB [wE

2 ]i ln
(
[w2 ]i[ s2 + µBe ]2i

)
− [w2 · (s2 + µBe) ]i

}
. (10.7)

The gradient of M may be defined in terms of the quantities Xµ
1 = diag(ELx − `X + µBe), Xµ

2 = diag(uX − EUx + µBe),
Z1 = diag(z1), Z2 = diag(z2), W1 = diag([w1]i), W2 = diag([w2]i), S

µ
1 = diag(LLs− `S + µBe) and Sµ2 = diag(uS − LUs+ µBe).

In particular,

∇M(x, x1, x2, s, s1, s2, y, v, z1, z2, w1, w2) =



g −AT
(
2(vE + 1

µA (Ax− b))− v
)
− JT

(
2(yE − 1

µP (c− s))− y
)

z1 − 2µB(Xµ
1 )−1zE

1

z2 − 2µB(Xµ
2 )−1zE

2

2
(
yE − 1

µP (c− s)
)
− y

w1 − 2µB(Sµ1 )−1wE
1

w2 − 2µB(Sµ2 )−1wE
2

c− s+ µP(y − yE)

Ax− b+ µA(v − vE)

x1 + µBe− µBZ−11 zE
1

x2 + µBe− µBZ−12 zE
2

s1 + µBe− µBW−11 wE
1

s2 + µBe− µBW−12 wE
2



.
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The gradient may be written in several equivalent forms

∇M =



g −AT
(
2(vE + 1

µA (Ax− b))− v
)
− JT

(
2(yE − 1

µP (c− s))− y
)

z1 − 2µB(Xµ
1 )−1zE

1

z2 − 2µB(Xµ
2 )−1zE

2

2
(
yE − 1

µP (c− s)
)
− y

w1 − 2µB(Sµ1 )−1wE
1

w2 − 2µB(Sµ2 )−1wE
2

c− s+ µP(y − yE)

Ax− b+ µA(v − vE)

x1 + µBe− µBZ−11 zE
1

x2 + µBe− µBZ−12 zE
2

s1 + µBe− µBW−11 wE
1

s2 + µBe− µBW−12 wE
2



=



g −AT
(
2(vE + 1

µA (Ax− b))− v
)
− JT

(
2(yE − 1

µP (c− s))− y
)

(Xµ
1 )−1

(
z1 · x1 + µBzE

1 + µB(z1 − zE
1 )
)

(Xµ
2 )−1

(
z2 · x2 + µBzE

2 + µB(z2 − zE
2 )
)

2
(
yE − 1

µP (c− s)
)
− y

(Sµ1 )−1
(
w1 · s1 + µBwE

1 + µB(w1 − wE
1 )
)

(Sµ2 )−1
(
w2 · s2 + µBwE

2 + µB(w2 − wE
2 )
)

c− s+ µP(y − yE)

Ax− b+ µA(v − vE)

Z−11

(
z1 · x1 + µB(z1 − zE

1 )
)

Z−12

(
z2 · x2 + µB(z2 − zE

2 )
)

W−11

(
w1 · s1 + µB(w1 − wE

1 )
)

W−12

(
w2 · s2 + µB(w2 − wE

2 )
)



=



g −AT
(
πA + (πA − v)

)
− JT

(
πY + (πY − y)

)
−
(
πZ
1 + (πZ

1 − z1)
)

−
(
πZ
2 + (πZ

2 − z2)
)

πY + (πY − y)

−
(
πW
1 + (πW

1 − w1)
)

−
(
πW
2 + (πW

2 − w2)
)

−DY (πY − y)

−DA(πA − v)

−DZ
1(πZ

1 − z1)

−DZ
2(πZ

2 − z2)

−DW
1 (πW

1 − w1)

−DW
2 (πW

2 − w2)



,

where DY = µPIm, DA = µAIA, DZ
1 = Xµ

1 Z
−1
1 , DZ

2 = Xµ
2 Z
−1
2 , πZ

1 = µB(Xµ
1 )−1zE

1 , and πZ
2 = µB(Xµ

2 )−1zE
2 .
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10.4. Derivation of the shifted primal-dual penalty-barrier direction

10.5. Computation of the shifted primal-dual penalty-barrier direction

Next we consider the solution of the path-following Newton equations (10.5). If v = (x, s, y, v, wX , zX , z1, z2, w1, w2) is a given
approximate zero of F (v) such that `X − µB < ELx, EUx < uX + µB , `S − µB < LLs, LUs < uS + µB , z1 > 0, z2 > 0, w1 > 0, and
w2 > 0, the Newton equations for the change in variables ∆v = (∆x, ∆s, ∆y, ∆v, ∆wX , ∆zX , ∆z1, ∆z2, ∆w1, ∆w2) are given
by F ′(v)∆v = −F (v), where

F (v) =



g(x)− J(x)Ty −ATv − z
y − w

c(x)− s+ µP(y − yE)
Ax− b+ µA(v − vE)

LXs− hX

EXx− bX
z1 · (ELx− `X ) + µB(z1 − zE

1 )
z2 · (uX − EUx) + µB(z2 − zE

2 )
w1 · (LLs− `S) + µB(w1 − wE

1 )
w2 · (uS − LUs) + µB(w2 − wE

2 )


(10.8)

and

F ′(v) =



H 0 −JT −AT 0 −ETX −ETL ETU 0 0
0 0 Im 0 −LTX 0 0 0 −LTL LTU
J −Im DY 0 0 0 0 0 0 0
A 0 0 DA 0 0 0 0 0 0
0 LF 0 0 0 0 0 0 0 0
EX 0 0 0 0 0 0 0 0 0
Z1EL 0 0 0 0 0 Xµ

1 0 0 0
−Z2EU 0 0 0 0 0 0 Xµ

2 0 0
0 W1LL 0 0 0 0 0 0 Sµ1 0
0 −W2LU 0 0 0 0 0 0 0 Sµ2


(10.9)

(recall that z = ETXzX + ETL z1 − ETU z2 and w = LTXwX + LTL w1 − LTUw2. Any s may be written as s = LTF sF + LTXsX , where LF

are the rows of Im orthogonal to the rows of LX , i.e., LTFLX = 0. The vectors sF and sX are the components of s corresponding
to the “free” and “fixed” components of s, respectively. The variables LLs and LUs form a subset of sF . Throughout, we assume
that s satisfies LXs− hX = 0, in which case ∆sX = 0 and ∆s satisfies

∆s = LTF∆sF + LTX∆sX = LTF∆sF .
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Similarly, any x may be written as x = ETF xF +ETXxX , where xF and xX denote the components of x corresponding to the “free”
and “fixed variables”, respectively. The variables ELx and EUx form a subset of xF . Throughout, we assume that xX satisfies
EXx− bX = 0, in which case ∆xX = 0 and ∆x satisfies

∆x = ETF ∆xF + ETX∆xX = ETF ∆xF .

After premultiplying the first and fifth blocks of equations of (10.9) by EF and LF respectively, and substituting ∆x = ETF ∆xF

and ∆s = LTF∆sF , the equations (10.9) can be written in the reduced form F̂ ′∆vF = −F̂ , where ∆vF = (∆xF , ∆sF , ∆y, ∆v,
∆z1, ∆z2, ∆w1, ∆w2),

HF 0 −JTF −ATF −ETLF ETUF 0 0
0 0 LF 0 0 0 −LTLF LTUF

JF −LTF DY 0 0 0 0 0
AF 0 0 DA 0 0 0 0

Z1ELF 0 0 0 Xµ
1 0 0 0

−Z2EUF 0 0 0 0 Xµ
2 0 0

0 W1LLF 0 0 0 0 Sµ1 0
0 −W2LUF 0 0 0 0 0 Sµ2





∆xF

∆sF
∆y
∆v
∆z1
∆z2
∆w1

∆w2


= −



EF

(
g − JTy −ATv − z

)
LF

(
y − w

)
c(x)− s+ µP(y − yE)
Ax− b+ µA(v − vE)

z1 · (ELx− `X ) + µB(z1 − zE
1 )

z2 · (uX − EUx) + µB(z2 − zE
2 )

w1 · (LLs− `S) + µB(w1 − wE
1 )

w2 · (uS − LUs) + µB(w2 − wE
2 )


, (10.10)

where HF = EFHE
T
F , JF = JETF , AF = AETF , gF = EFg, ELF = ELE

T
F , EUF = EUE

T
F , yF = LFy, LLF = LLL

T
F and LUF = LUL

T
F .

The matrices JF , AF , ELF and EUF are the columns of J , A, EL and EU associated with the “free” components of x. The matrices
LLF and LUF are the columns of LL and LU associated with the “free” components of s. Given the definitions (10.3), the vectors
∆s and ∆wX are recovered as ∆s = LTF∆sF and ∆wX = [ y+∆y−w ]X . Similarly, ∆x and ∆zX are recovered as ∆x = LTF∆xF

and ∆zX = [ g+H∆x− JT(y+∆y)− z ]X . After scaling the last four blocks of equations by (respectively) Z−11 , Z−12 , W−11 and
W−12 , collecting terms and reordering the equations and unknowns, we obtain

DA 0 0 0 0 0 AF 0
0 DZ

1 0 0 0 0 ELF 0
0 0 DZ

2 0 0 0 −EUF 0
0 0 0 DW

1 0 LLF 0 0
0 0 0 0 DW

2 −LUF 0 0
0 0 0 −LTLF LTUF 0 0 LF

0 0 0 0 0 −LTF JF DY

−ATF −ETLF ETUF 0 0 0 HF −JTF





∆v
∆z1
∆z2
∆w1

∆w2

∆sF
∆xF

∆y


= −



DA(v − πA)
DZ

1(z1 − πZ
1 )

DZ
2(z2 − πZ

2 )
DW

1 (w1 − πW
1 )

DW
2 (w2 − πW

2 )
LF

(
y − w

)
DY (y − πY )

EF

(
g − JTy −ATv − z

)


, (10.11)
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where AF = AETF are the columns of A associated with the “free” components of x, and

DY = µPIm, πY = yE − 1

µP
(c− s), DA = µAIA, πA = vE − 1

µA
(Ax− b),

DW

1 = Sµ1W
−1
1 , πW

1 = µB(Sµ1 )−1wE

1 , DZ

1 = Xµ
1 Z
−1
1 , πZ

1 = µB(Xµ
1 )−1zE

1 ,

DW

2 = Sµ2W
−1
2 , πW

2 = µB(Sµ2 )−1wE

2 , DZ

2 = Xµ
2 Z
−1
2 , πZ

2 = µB(Xµ
2 )−1zE

2 .

The diagonal matrix LF(LTL (DW
1 )−1LL +LTU (DW

2 )−1LU )LTF is nonsingular if every slack is either fixed or bounded above or below.
If we define DW =

(
LF(LTL (DW

1 )−1LL + LTU (DW
2 )−1LU )LTF

)−1, then premultiplying the equations (10.11) by the matrix

IA
0 IxLF
0 0 IxUF

0 0 0 IsLF
0 0 0 0 IsUF

0 0 0 LTLF(DW
1 )−1 −LTUF(DW

2 )−1 IsF
0 0 0 LTFDWL

T
LF(DW

1 )−1 −LTFDWL
T
UF(DW

2 )−1 LTFDW IxF
ATFD

−1
A ETLF(DZ

1)−1 −ETUF(DZ
2)−1 0 0 0 0 Im


gives the block upper-triangular system

DA 0 0 0 0 0 AF 0

0 DZ
1 0 0 0 0 ELF 0

0 0 DZ
2 0 0 0 −EUF 0

0 0 0 DW
1 0 LLF 0 0

0 0 0 0 DW
2 −LUF 0 0

0 0 0 0 0 D−1W 0 LF

0 0 0 0 0 0 JF D̄Y

0 0 0 0 0 0 H̄F −JTF





∆v

∆z1

∆z2

∆w1

∆w2

∆sF

∆xF

∆y


= −



DA(v − πA)

DZ
1(z1 − πZ

1 )

DZ
2(z2 − πZ

2 )

DW
1 (w1 − πW

1 )

DW
2 (w2 − πW

2 )

LF (y − πW )

LTFDWLF

(
y − πW

)
+DY

(
y − πY

)
EF

(
g − JTy −ATπA − πZ

F

)


,

where H̄F = EF (H + ATD−1A A + ETL (DZ
1)−1EL + ETU (DZ

2)−1EU )ETF , D̄Y = DY + LTFDWLF , πW = LTL π
W
1 − LTUπW

2 and πZ
F =

ETL π
Z
1 − ETU πZ

2 . Using block back substitution, ∆xF and ∆y can be computed by solving the equations(
HF −JTF
JF D̄Y

)(
∆xF

∆y

)
= −

(
EF

(
g − JTy −ATπA − πZ

F

)
LTFDWLF

(
y − πW

)
+DY

(
y − πY

)) . (10.12)
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The full vector ∆x is then computed as ∆x = ETF ∆xF . Using the identity ∆s = LTF∆sF in the sixth block of equations gives

∆s = −LTFDWLF(y +∆y − πW ).

There are several ways of computing ∆w1 and ∆w2. Instead of using the block upper-triangular system above, we use the last
two blocks of equations of (10.10) to give

∆w1 = −(Sµ1 )−1
(
w1 · (LL(s+∆s)− `S + µBe)− µBwE

1

)
and ∆w2 = −(Sµ2 )−1

(
w2 · (uS − LU (s+∆s) + µBe)− µBwE

2

)
.

Similarly, using (10.10) to solve for ∆z1 and ∆z2 yields

∆z1 = −(Xµ
1 )−1

(
z1 · (EL(x+∆x)− `X + µBe)− µBzE

1

)
and ∆z2 = −(Xµ

2 )−1
(
z2 · (uX − EU (x+∆x) + µBe)− µBzE

2

)
.

Similarly, using the fourth and fifth block of equations of the Newton equations for a zero of (10.8) to solve for ∆v gives
∆v = −(v− π̂A), with π̂A = vE − 1

µA

(
A(x+∆x)− b

)
. Finally, the vectors ∆wX and ∆zX are recovered as ∆wX = [ y+∆y−w ]X

and ∆zX = [ g +H∆x− JT(y +∆y)− z ]X .

10.6. Summary: computations associated with the general problem

The results of the preceding section implies that the solution of the path-following equations F ′(v)∆v = −F (v) with F and F ′

given by (10.8) and (10.9) may be computed as follows. Let x and s be given primal variables and slack variables such that
EXx = bX , LXs = hX with `X − µB < ELx, EUx < uX + µB , `S − µB < LLs, LUs < uS + µB . Similarly, let z1, z2, w1, w2 and y
denotes dual variables such that w1 > 0, w2 > 0, z1 > 0, and z2 > 0. Consider the diagonal matrices Xµ

1 = diag(ELx−`X +µBe),
Xµ

2 = diag(uX −EUx+ µBe), Z1 = diag(z1), Z2 = diag(z2), W1 = diag([w1]i), W2 = diag([w2]i), S
µ
1 = diag(LLs− `S + µBe) and

Sµ2 = diag(uS − LUs+ µBe). Given the quantities

DY = µPIm, πY = yE − 1

µP
(c− s),

DA = µAIA, πA = vE − 1

µA
(Ax− b),

(DZ

1)−1 = (Xµ
1 )−1Z1, (DW

1 )−1 = (Sµ1 )−1W1,

(DZ

2)−1 = (Xµ
2 )−1Z2, (DW

2 )−1 = (Sµ2 )−1W2,

D−1Z = ETL (DZ

1)−1EL + ETU (DZ

2)−1EU )ETF , D−1W = LF(LTL (DW

1 )−1LL + LTU (DW

2 )−1LU )LTF ,

πZ

1 = µB(Xµ
1 )−1zE

1 , πW

1 = µB(Sµ1 )−1wE

1 ,

πZ

2 = µB(Xµ
2 )−1zE

2 , πW

2 = µB(Sµ2 )−1wE

2 ,

πZ = ETL π
Z

1 − ETU πZ

2 , πW = LTL π
W

1 − LTUπW

2 .



10. General case: upper and lower bounds on some of the variables 108

Solve the KKT system(
HF (x, y) +ATFD

−1
A AF +D−1Z −JF(x)T

JF(x) DY + LTFDWLF

)(
∆xF

∆y

)
= −

(
EF

(
g(x)− J(x)T y −ATπA − πZ

)
LTFDWLF

(
y − πW

)
+DY (y − πY )

)
. (10.13)

∆x = ETF ∆xF x̂ = x+∆x, ∆z1 = −(Xµ
1 )−1

(
z1 · (ELx̂− `X + µBe)− µBzE

1

)
,

∆z2 = −(Xµ
2 )−1

(
z2 · (uX − EU x̂+ µBe)− µBzE

2

)
,

ŷ = y +∆y, ∆s = −LTFDWLF(ŷ − πW ),

ŝ = s+∆s, ∆w1 = −(Sµ1 )−1
(
w1 · (LLŝ− `S + µBe)− µBwE

1

)
,

∆w2 = −(Sµ2 )−1
(
w2 · (uS − LU ŝ+ µBe)− µBwE

2

)
,

π̂A = vE − 1

µA
(Ax̂− b), ∆v = π̂A − v,

v̂ = v +∆v ∆wX = [ ŷ − w ]X ,

∆zX = [ g +H∆x− JTŷ − z ]X .

As (x, s)→ (x∗, s∗) it holds that ‖D−1Z ‖ is bounded, but ‖DW‖ → ∞ and ‖ATFD−1A AF‖ → ∞. This implies that the matrix
and right-hand side of this system goes to infinity. In the situation where ATFD

−1
A AF is diagonal, then the KKT system can be

rescaled so that the equations to be solved are bounded. If D̂Z and D̂W denote diagonal matrices such that D̂2
Z = (ATFD

−1
A AF)−1

and D̂2
W = (LTFDWLF)−1, then ‖D̂Z‖ and ‖D̂W‖ are bounded as (x, s)→ (x∗, s∗). The equations (10.13) may be written in the

form (
D̂ZHF (x, y)D̂Z + D̂2

ZD
−1
Z + I −(D̂WJF(x)D̂Z)T

D̂WJF(x)D̂Z DY + LTFDWLF

)(
∆xF

∆y

)
= −

(
D̂ZEF

(
g(x)− J(x)Ty −ATπA − πZ

)
D̂W

(
LTFDWLF

(
y − πW

)
+DY (y − πY )

)) , (10.14)

with ∆xF = D̂Z∆x̂F and ∆y = D̂W∆ŷ. In this case, the scaled KKT matrix remains bounded if H(x, y) is bounded. Similarly,

the right-hand side remains bounded if ‖D̂WL
T
FDWLF

(
y − πW

)
‖ is bounded.
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The associated line-search merit function (10.7) can be written as

f(x)−
(
c(x)− s

)T
yE +

1

2µP
‖c(x)− s‖2 +

1

2µP
‖c(x)− s+ µP(y − yE)‖2

− (Ax− b)TvE +
1

2µA
‖Ax− b‖2 +

1

2µA
‖Ax− b+ µA(v − vE)‖2

−
nL∑
j=1

{
µB [ zE

1 ]j ln
(
[ z1 ]j [ELx− `X + µBe ]2j

)
− [ z1 · (ELx− `X + µBe) ]j

}
−

nU∑
j=1

{
µB [ zE

2 ]j ln
(
[ z2 ]j [u

X − EUx+ µBe ]2j
)
− [ z2 · (uX − EUx+ µBe) ]j

}
−

mL∑
i=1

{
µB [wE

1 ]i ln
(
[w1 ]i[LLs− `S + µBe ]2i

)
− [w1 · (LLs− `S + µBe) ]i

}
−

mU∑
i=1

{
µB [wE

2 ]i ln
(
[w2 ]i[u

S − LUs+ µBe ]2i
)
− [w2 · (uS − LUs+ µBe) ]i

}
. (10.15)
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